
Lecture 3 Mon Jan/29/2024

Last time Today
D Characteristic Functions I Weak convergence
& Levy's inversion ↳ Levy's Convergence

/formula Theorem

Weak convergence
We ve P(RR) to denote probability measures

on IR
,
and CDIR) to denote bounded continuous

functions on IR.

Def Consider a sequence (Mn)n = P(R) and
-

:

MG P(IR). We say that In comerges
weakly toM iff

Jf(xdmn(x) ->Sf(dM(X) Kft Cp(R).
This is often written asmn - M .

-

Remark. We identify I with its probability-

distribution FCX := MC - X, X], and a random









To prove the converse
, suppose In is not

fight . Thas, JE and a subsequence
n(k) = D such that

1 - Fnck(K) + Full) (k) = E UK
.

WLOG Fuck)> F . Let a < ocb be

continuity points of F , then

1 -F(b) + F(a) = him 1-Fnci(b) + Fuck(a)
R->*

= Liminf 1- Fnc(1) +Fn2,(12)K
I E .

Taking b -> X and a -> -X
,
we have

that him F(X) # 1 or lim F(EC) FO .
X->x

X--A I

Levy's Convergence Theorem

Theorem : Let (In) be a sequence of--

dens . 8 and letIn be the ch . f. of
Fr. Suppose that

g(0) := him Un(G) exists HOEIR,

and that g is cont
.

at 0. Then

g = 41 for some distribution I and



In F

Prof We start by noticing that the
converse is true : If En -F

,
then by

def. Y (6) -> Y+(f) .Fu
= Integral of bounded cont function.

Now, let's assumeora moment that In
is dight. Then, Helly's selection Theorem
--

tell us F (Fuck) and a dist . 8. such that

Facil = F.
Then

,
we would have Ynx(0) -> Up (t) Fr .

Thus, g = YE :

Searching contradiction , assume In does

not converge to F
. This Jx a cont

point of F and a subsequence
(Fm)) s i

t
.

FmX - F(X) / = 2 UK
. (i)

But (Fmaalk is fight so
N

Fm(k) > F .

But
, then 4 Fm -> 4- So 4 = 4I :






