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Brownian Motion DExis' nceten
Formal construction

Last time we closed with
Theorem () :n assigns probability one
-

to paths w:z->I that are uniform-
by continuous in C2 · +
The proof of this result follows easily
from : Process defined on (2qFl

A D
Theorem (o) : Suppose that ElXs-X-1
& KI-SI* where X, > 0. Then

if y
< /B then with probability

one 7 C(W) so that
g

- 19-rl quez.
-

Proof of Theorem (D) :

Notice that by our construction
EIBI-BsI" = ElBt-s1" = EI(t-s)Bill

= (t -s)2 E By = 3 ( - S1?
* N(0,1)



Thus invoKing Theorem ( .) Yields as.

- C St.

181-Bs/cit-s ,See,

which immediately implies uniform continuity.
+

Proof of Theorem (o) :

Note that it suffices to show that
IXq-Xr/ A 1grp qrEche Sit.

(b) ↑ 19 - U1 ES
.

Real valued -
U.V. A(W) ,

&(W) 20

If (8) holds then s& EQ2
we can find s = $0 ... Sn = t s .

t

1Sc-Si-1 & S and

1s-X71 = IXs- Xs , + 12-Xs ,
1 . . . + /X - Youl

= A ((s -s
,/ + . ..

+ /X1 -Su/)
= A 15,1 + ... + 1x+ - Sul) IS-EI

-

18-t 10 18-710

=> A /S-EN
2 A rs") 15-710.
&
C(w)



Thus
,
we focus on proving (*) .

Let
Sn = (1X(M/2n)

- X (m-=/2) / < -On Ifor all 1 m=22

By Markov's ineg :

Ym
-

[IX(/24 - X (m - n)/20n] = [Im1] un
= k2
-(1 +x - 8B)

Thus
, taking union bound

(i) = 2 1 2- (1 +x -UB)
= 2 - n(a-0B)

The proof follows from the following
Lemma :

Lemma()On Hn =1In n ,
we have

-Xrle 19- queche
St. 19-r12-*

+
we will come back to the proof of
this Lemma

,
but for now note that

①

(H) < & (2) = & 2-n(x-OB)
= N n=N

2

-21- UB) ↓
-

A

Since 8< = & (H) < X. By
B N= 1



-N(x -8B)
=

21-UB)
2

↓

Since 8<PC) *. By
B

Borell Cantelli >
Hi only holds for finite

N
,

so (X) holds, concluding the

Proof of Theorem (. ).
E

Proof of Lemma (B) : Take rqeC
-Nwith Ocr-q2 . Define

M

I
m

= [m-1/2n , m/2n) .

Let = maxnim st In and reIna
Let's see a pic

ture :

ist
n

I m 2 Im+ 1

a ---- 1[
↑2

[ S- ↑ I

g z
M ↓
-

2n
Then we can write

r = m2 + 2
:*

+... + 2
- Ve

q = m2
-"

- 27 -
... - 24



andwhere q . . .<9 N2, ... re·
Then

,

19- Xrl = IXg - X (4/2-+) I

+ 1X(m/z -nt) - X rl
Ncq : I

&

N <U , E 2-4j + E2-rj)
i=1

j=1

t-n2qi L- 2
- nt

2
-j 2 nan, 2n toE 2
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