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The setting
suppose we consider the setting
with CIR, B) and set

- = 4 (wi , wa ... ) / Wi RY
T = Br Be ...

Xn(w) = Wn Kn

Let En be the sub-o-algebra general
red by events that are invariant

&

under permutations that fix the

fail ht ! n +2, ...
and let E= En

be the exchangeable o-algebra.
Example 1: Ballot Theorem
Consider two candidates B and 7





Let us show 14) Note that if Such
the result is trivially true . Assume

Sn < n . Let us snow that that

X-j is a backwards martingale.
Because of symmetry
[5j +1 / E-Cjt11] = -

,

E23mnlF-(it e

-[Sj+1/E-cjt1)]

=it i

Since X- = (Si -35+1)/j we

have that

# [X -j/F- (+1) = [ [Sj+1 1 E(jt1)]
- 25jt/F-(yt1)]]

(A)
= ! (Six-S
- Si = X

- 15+1) .

j + 1

Let N = inf 4 K /KEG- . . .
-n] , XkEfy



and set N =-1 if the set is empty.
N is the first point whereT leads

-

Note that on the event G -N+1 is

such that SN+1 > N +1 SNESN +IN
-> SV11 and by def Xv =

1.

On the other hand, on the event
G we have N = - 1s then

Xn = X
-1

=
1 < 1 => Xv = 0

.

Thus
,
we have Xn = 190. Therefor

P(G< Xon) = [Xv /X -n]
Follows ↳

from optional I X-n
slopping why?

-S t



Example 2:Strong law of large numbers
Let 31 , 32 ... Ind rv's with #Bil <X.

Let Sn= Bis X-n = Sn/n, and

En = 0 /Sn
, Sma ... ) .

Our goal is to show that

& -> #3 ,
a .s .

The same computation as in (A)
we obtain that X-n is a backwards

martingales .

Fact (Hewitt-Savage) If X Xz ,
...
are

--

iid -> FAEE IP(A) E40, 17.

By the Convergence Thm for backwards

Martingale
lim E -> #[Y-11 F-x)

Since F-nCEn- ExE and by
Hewitt-savage the sets in Fro are trivial

,





one of the potential topics for the
final projects. t

Summary
In the last lectures we covered

D Conditional Expectation
D Martingales
i stopping times
D Optional stopping
Almost sure convergence.
20 convergence
↓ UniformIntegrability & 2 convergence.
- Backwards martingales .

Next we willtackle MarkovChains
.


