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Abstract

Benign landscapes provide a geometric explanation for the success of iterative methods on
nonconvex problems arising in data science. The landscape is benign if every local minimizer is
global and every other critical point is a strict saddle. For methods that avoid strict saddles,
convergence to a critical point therefore implies convergence to a global minimizer. For smooth
stochastic optimization, a common strategy for establishing such landscapes proceeds in two steps:
(7) establish benign geometry for the population objective—which is often easier to analyze—
and (i) transfer this geometry to the empirical objective using concentration of gradients
and Hessians. Recent work has extended saddle-point avoidance guarantees to weakly convex
nonsmooth optimization through the notion of active strict saddles. We show, however, that
benign population geometry need not transfer to empirical objectives in this setting. Specifically,
for robust phase retrieval with Gaussian measurements—a well-studied and highly structured
problem—the population objective is benign. Nevertheless, the empirical objective has sharp
spurious local minima with probability bounded away from zero as the sample size tends to
infinity. This asymptotic probability lower bound is independent of the dimension.

1 Introduction

Simple iterative methods, such as gradient descent, have proven to be highly effective at solving non-
convex optimization problems stemming from data science, machine learning, and signal processing.
A working geometric explanation for this success is the benign landscape of the objective: all local
minima are global, and every other critical point is a strict saddle—meaning that its Hessian has a
strictly negative eigenvalue. Under this geometry, many suitably tuned first-order methods escape
strict saddles and consequently recover global minimizers whenever they converge [41,53|. Further,
stochastically perturbed variants of gradient descent enjoy strong nonasymptotic guarantees [36].
This geometric explanation is supported by a number of high-impact problems that exhibit benign
landscapes under suitable assumptions [8,32,33,47,49,50,61,65,69|.

Most of these examples arise from statistical models and admit both population and empirical
objectives. Formally, for samples z1, ..., 2z, from some distribution, these objectives are defined as

F(z) :=E,f(z,2), and  Fp(z) = %Zf(x,zz),
i=1

where f is problem specific. Although the objective being minimized is often F,, the population
objective F' tends to be simpler to analyze. This motivates a common two-stage approach to establish
benign geometry: first, show that it holds for the population objective F' and then prove that this
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geometry persists for the empirical objective F,, whenever n is sufficiently large. The second step is
carried out by exploiting the concentration of gradients and Hessians of F}, around those of F'.

The seminal work of Davis and Drusvyatskiy [17] extended saddle-avoidance guarantees to
nonsmooth weakly convex optimization—a broad class encompassing many problems arising in data
science [15]. Unlike in the smooth setting, a classical Hessian is not available for these functions.
To overcome this obstacle, they introduce the notion of an active strict saddle. In a nutshell, these
are critical points lying on a manifold along which the objective is smooth—and has a direction of
strictly negative curvature—and away from which the function grows sharply; see Figure 1 for an
illustration and Section 2 for a formal definition. Just as in the smooth setting, several first-order
methods are guaranteed to avoid these active strict saddles [4,14,17,19,55|. These results provide a
reason to seek nonsmooth objectives with benign landscapes and raise a natural question:

Does benign population geometry transfer to the empirical landscape
in nonsmooth optimization?

We answer this question negatively: for general weakly
convex problems, this is not the case. To do so, we consider
phase retrieval, an inverse problem with a long history in
physics and signal processing [29,60|. Although phase re-
trieval is commonly formulated over the complex numbers,
we study a stylized real version in which the goal is to
recover a vector * € R% up to sign, from n nonlinear
measurements of the form (a;, 2*)2, where the vectors a;
are i.i.d. standard Gaussians. To solve this problem, we

consider the robust formulation Figure 1: The function (z,y) + |z| — y?
1™ ) o has an active strict saddle at zero, with
F(x) = n Z ‘(ai» )" — (ai,z")"| . (1.1)  the y-axis as the active manifold.
i=1

This objective is highly structured: it is weakly convex, a single-index model, and exhibits composite
structure, i.e., it is a composition of a convex function with a smooth map [26]. Further, this
formulation and related low-rank matrix recovery formulations have been studied extensively and serve
as standard testbeds for theory and algorithms in weakly convex optimization [12,13,15,20,21,23,57|.

Population objective. The population counterpart of (1.1) and its first-order landscape were
characterized in [21]. For a unit-norm z*, the critical points of F(z) = E| (a, ) — (a,z*)?| are

{2z} U {0} US with S :={ru||jul| =1and u L 2*},

where 7 ~ 0.4416 is the unique solution of a certain equation. That is, the critical points correspond
to the true underlying solutions +x*, zero, and a (d — 2)-dimensional sphere orthogonal to the
solution. We show here that F is twice continuously differentiable on R%\ {£2*}. Further, zero
and the vectors on the sphere S are all standard saddles. Close to the ground-truth solutions, the
population objective is sharp, i.e., the objective can be bounded below by a constant multiple of
the distance to the minimizer set. In turn, the landscape is benign: the only local minimizers are
the ground-truth solutions, and all other critical points are (standard) strict saddles—which are
consequently active strict saddles with an active manifold corresponding to the full domain.

Empirical landscape. The geometry of F,, differs substantially from that of its population
counterpart. We establish three complementary results.



1. (Active strict saddles) Suppose n > 2d. Then, almost surely,
every critical point of Fj, is either a strict local minimizer or an active strict saddle.

This dichotomy classifies the critical points, but leaves open whether every local minimizer is
global. Our next result shows that this need not be the case.

2. (Expected number of spurious minimizers) Let My,, denote the number of sharp spurious
local minimizers. Here, sharpness means that the objective grows at least linearly with distance
from each such minimizer in a sufficiently small neighborhood. For every fixed dimension
d > 4, we show that

EMgy, = Q <nd/2_1> as n — oo.

Thus, the expected number of spurious minimizers grows at least polynomially with the sample
size. However, this alone does not rule out their absence with high probability: the growing
expectation could be driven by rare events with very many spurious minimizers.

3. (Probability of having a spurious minimizer) We therefore establish a stronger guarantee:

lim inf P(F,, has a spurious sharp local minimum) > 0.136, for any fixed d > 4.

n—oo
This lower bound is independent of dimension. Moreover, the spurious minimizers constructed
in our proof approach the population saddle set S as n — oo. Thus, sharp empirical local
minima can accumulate at population strict saddles, even as the sample size grows.

Intuition. Our results may initially seem counterintuitive in light of the population-to-empirical
landscape transfer familiar from smooth optimization. The key difference is that nonsmooth empirical
perturbations can introduce linear growth that dominates the negative curvature of the population
objective. To illustrate this point, consider the one-dimensional empirical objective

1 n
=1

where agp,...,q, are i.i.d. standard Gaussian random variables. The population objective is
EH,(t) = —t2, so the origin is a strict maximizer and hence a strict saddle. Yet, for every finite
n, the empirical coefficient n ! Yo, «; is positive with probability 1/2. On this event, the linear
term dominates the negative quadratic term sufficiently close to the origin, creating a sharp local
minimum. Although the perturbation vanishes as n grows, the probability of creating this local
minimum remains unchanged. This illustrates the mechanism behind the sharp local minima that
arise near the population saddle set S.

Outline. The remainder of this section covers related work. Section 2 introduces the necessary
background for the rest of the paper. Section 3 presents our results on the population and empirical
landscapes, and Section 4 outlines the proof strategy. Section 5 studies algorithmic recovery from
perturbations of the population saddle sphere. Finally, Section 6 summarizes our conclusions and
discusses limitations and future directions. All technical proofs are deferred to the appendix.

Related work

Population-to-empirical transfer. For smooth losses, [31,51] established general results for
the uniform concentration of gradients and Hessians under mild assumptions. For weakly convex
optimization, [16] showed the graphical convergence of subdifferentials for weakly convex stochastic



problems. Similarly, [57] studied uniform convergence of the subdifferentials for a more structured
family of weakly convex functions and used it to analyze robust phase retrieval [21]. To our knowledge,
our result is the first to identify a second-order obstruction in this setting. Beyond weakly convex
optimization, [59] established uniform laws of large numbers for random set-valued mappings and
applied them to the consistency of stationary points in nonsmooth stochastic programming. On
the other hand, [63,64] provided negative and positive results for uniform convergence of Clarke
subdifferentials of Lipschitz objectives.

Nonsmooth landscapes. For symmetric rank-one matrix factorization with entrywise ¢; loss, the
recent works [34,39] established that every second-order stationary point, defined through the second
subderivative, is globally optimal. Moreover, [34] showed that nonglobal stationary points may lack
active manifolds and that arbitrarily small linear perturbations can lead to spurious local minima.
More recently, [66] developed a deterministic second-order branching criterion that rules out the
existence of identifiable manifolds at critical points of finite-max composite problems. They showed
that this criterion holds with high probability in overparameterized robust low-rank recovery and
almost surely at common interpolators of random minimax regression, suggesting that the absence
of identifiable manifolds can be typical in modern nonsmooth models. This line of work studies the
failure of manifold identification at a fixed critical point, whereas our obstruction is the creation of
sharp empirical local minima near a population saddle. The asymmetric analogue of this matrix
factorization formulation was studied in [38], which characterized precisely when it has no spurious
local minima. For orthogonal dictionary learning, [3] used uniform concentration of subdifferentials
to establish recovery guarantees for a randomly initialized Riemannian subgradient method applied
to a sphere-constrained ¢ objective. For the nonsmooth amplitude least-squares formulation of phase
retrieval, which differs from (1.1), McRae [48] establishes benign empirical landscape guarantees
with constant rank overparameterization. The paper leaves open whether the original formulation
without overparameterization has spurious local minima. The authors of [68] established the benign
empirical landscape of a smoothed version of (1.1) with a sufficiently small fixed positive smoothing
parameter. Intuitively, this landscape seems to smooth out the sharp kinks we identify in the purely
nonsmooth objective. The second-order analysis and possible existence of spurious local minima for
robust phase retrieval (1.1) were explicitly identified as relevant unresolved problems in [34,68].

Nonsmooth algorithmic guarantees. Sharpness, together with Lipschitzness and weak convexity,
yields fast local convergence of subgradient and prox-linear methods [12,20,26,54]. These convergence
results require initialization near the solution set and do not deal with stationary points outside
that region. Beyond local convergence, [37] developed a smoothing algorithm to find approximate
second-order stationary points of a smooth population risk from a sufficiently accurate, potentially
nonsmooth uniform approximation. To our knowledge, all general-purpose guarantees for convergence
to second-order critical points of nonsmooth objectives rely on active strict saddles [4,14,17,19,55].
Our results suggest that we need to reevaluate this algorithmic explanation if we wish to explain the
empirical success of first-order methods on statistical recovery problems.

2 Preliminaries
In this section, we introduce the notation and background required for the rest of the paper.

Basic notation. We use (-,) and ||| for the Euclidean inner product and norm, and ||-||,,, for the
operator norm. Set addition and scalar multiplication are understood elementwise: A+ B = {a +b:



a€ Abe B} and Sv = {sv:s € S} for S C R. Given a differentiable map g: RY — R™, we use
Vg to denote its Jacobian. When m = 1, this corresponds to the gradient map, and, further, when
g is a twice differentiable function, the symbol V2g denotes its Hessian map.

Manifolds. Our treatment of manifolds here is rather brief since we will only focus on Euclidean
manifolds, i.e., affine subspaces. We refer the interested reader to the textbooks by Boumal [9]
and Lee [42]. A CP manifold M C R? is locally a level set G~1(0) of a CP map whose Jacobian
has full row rank. Its tangent space at x is Th(x) = ker VG (x). When M is an affine subspace,
Tam(z) is equal to the same affine subspace shifted to the origin. We endow M with a Riemannian
inner product induced by the Euclidean inner product. Given a C? function g: M — R, we use the
symbol V3,g(z) to denote the Riemannian Hessian at . When M is affine, V3 ,g(z) is represented
by V'V2g(x)V, where the columns of V form an orthonormal basis of T)(z) and § is any C?
extension of g to a neighborhood of z.

Nonsmooth analysis. A proper closed function f: R — R U {400} is p-weakly convex if
r— f(x)+ 4 |||* is convex, where p > 0. For z € domf, its subdifferential df(x) consists of the
vectors v € R? satisfying

f(y)Zf($)+<v7y—x>—gHy—xH2 for all y € R%.

We call z a critical point if 0 € df(z). This class includes compositions h o G with h convex and
L-Lipschitz and G having a (-Lipschitz Jacobian: such functions are LS-weakly convex [20]. For
the empirical objective F,, in (1.1), we show in Theorem 3.2 that F,, is 2 H% Yoy aiaj“op—weakly
convex for every realization of the measurements.

Nonsmooth optimization admits several different notions of second order information [56]. We
adopt the notion of an active strict saddle introduced by Davis and Drusvyatskiy [17], which underlies
saddle-avoidance guarantees for several first-order methods [4,19]. To introduce this notion, we
require an auxiliary definition.

Definition 2.1 (Active manifold). Consider a closed, weakly convex function f, and let T be a
critical point. A set M containing T is an active CP manifold at Z if there is some neighborhood U

of & for which the following holds.
1. (Smoothness) The set M NU is a CP manifold and the restriction f|pmnu is CP-smooth.

2. (Sharpness) Subgradients are bounded away from zero off the manifold,
inf{|jv]| : v € Of(z), z € U\ M} > 0.

The notion of “active sets” has a long history in nonsmooth optimization [1,10,11,24,27,28,30,58|.
Beyond the definition we follow here, this notion has been modeled in a variety of ways, including
identifiable surfaces [67], partial smoothness [44], VU-decompositions [43], and cone reducibility [6].
Furthermore, these notions have led to a range of algorithmic developments [18,22,40,45,46,52].
Armed with Definition 2.1 we can now introduce active strict saddles.

Definition 2.2 (Active strict saddles). A critical point T of a weakly convex function f is an active
strict saddle if it admits an active C* manifold M such that V3,(f|m)(Z) has a negative eigenvalue.’
A function f exhibits the active strict saddle property if every critical point is either a local minimizer
or an active strict saddle.

!This is equivalent to the parabolic-subderivative definition in [17]; see [4, Definition 4 and footnote 2].



Intuitively, at an active strict saddle, the function has a direction of negative curvature along the
active manifold and grows sharply away from it. The existence of an active manifold appears crucial
for saddle avoidance by simple iterative methods: without one, subgradient methods may converge
to critical points that are not local minimizers [17]. Finally, a function f: RY — R U {+oc} with a
minimizer set X, is sharp if there exists a constant y > 0 such that

f(z) —inf f > pdist(z, X,) for all z € RY
A point Z € domf is a sharp local minimizer if there exist constants p,r > 0 such that
flx)—f(@) > pllz—z| whenever ||z — Z| < r.

Whenever f is p-weakly convex, p-sharp and L-Lipschitz, then several first order methods converge
fast towards a minimum provided they are initialized near enough [20,25].

3 The second-order nonsmooth landscape of phase retrieval

In this section, we formally describe our results on the second-order landscape of robust phase
retrieval. The first subsection covers the population objective, while the second subsection covers
the empirical objective. Throughout, we make the blanket assumption that the signal we wish to
recover has norm one, i.e., ||2*|| = 1. The assumption is made only for convenience, as it simplifies
expressions that would otherwise depend on its norm.

3.1 Population landscape

We start by showing that F is C%-smooth everywhere but at the solutions and that each critical
point is either a global minimum or a saddle. The proof of this proposition appears in Appendix A.

Proposition 3.1. Fiz a unit-norm vector z* € R% and consider the population objective F(x) =
E| (a,z)? — (a,2*)*| with a ~ N(0,1;). Then, F(-) is a closed, weakly convex function, and its critical
points correspond to
{xz*} U {0} US with S = {7u||jul| =1 and u L z*}, (3.1)
where T is the unique solution of the equation arctant + 7/(1+ 7%) = 7 /4. The function F is C* on
R4\ {£2*}, and its Hessian evaluates to
16 T
2 _ 2 _ T

Further, F is 2/mw-sharp with global minimizers +x*.

—a*z*") forall Tu € S.

The characterization of critical points in (3.1) was first established in [21]. As direct consequences,
the origin is a strict local maximizer, while each point 7u € S is a saddle with positive curvature in
the radial direction u, negative curvature along x*, and zero curvature in directions tangent to S.
Since F is C? near these nonglobal critical points, each is also an active strict saddle, with active
manifold equal to the whole space R%. Together with the sharpness of the global minimizers +*,
this establishes the benign geometry of the population landscape.

3.2 Empirical landscape

In this subsection, we state our main results for the empirical objective F;,, defined in (1.1). To
describe these guarantees, we first define the active index set at a vector z € R? as

I(z)={ie{l,...,n}: (a;,z)* = (ai,m*>2}. (3.2)



As it turns out, when n > 2d, almost surely every critical point ¢ {£+x*} has an active manifold
encoded via I(z). The proof of the following theorem appears in Appendix B.

Theorem 3.2 (Active strict saddle property). Fiz a unit-norm vector x* € R%. The empirical
objective Fy, in (1.1) is 2 H% Yoy amﬂ!op-weakly convex for any realization of the measurements
{ai}. If n > 2d, then almost surely every critical point x4 of F, is either a strict local minimizer or
an active strict saddle. In the latter case, the active manifold is

My, = {x € R? | (a;,x) = (a;,xy) for alli€ I(xu)}.

Let us make a few remarks. This guarantee, in tandem with the saddle-avoidance results
from [4,19], shows that certain stochastically perturbed variants of the subgradient method can
converge only to local minimizers of the empirical objective F,,. Since any subset of d Gaussian
vectors {a;} is almost surely linearly independent, at every critical point zy ¢ {£2*} the index set
satisfies |I(xy)| < d, and moreover, when equality holds, the manifold reduces to a single point and
x4 is a sharp local minimizer. This simple observation will be key in our later developments.

Theorem 3.2, together with the benign population landscape described in Proposition 3.1, might
give the impression that the empirical objective exhibits benign geometry as well. The next result
shows that this is not the case. Recall that Mg, denotes the random variable that counts the number
of spurious sharp local minima of F,,. We defer the proof of this guarantee to Appendix C.

Theorem 3.3 (Existence of spurious sharp local minima). Fiz a unit-norm vector z* € R?,
consider the empirical objective F,, in (1.1), and suppose that d > 4. Then, there exists a positive
constant cq depending solely on d such that the following hold true.

1. (Bounded moments) The first moment is asymptotically bounded by

lim inf ——= > ¢g4.
n—oo nd/2-1 = d

2. (Constant probability) Furthermore,

lim inf P(F,, has a sharp spurious local minimum) > 0.136.
n— oo

Remarkably, the limiting probability lower bound is uniform over d > 4. Our proof constructs
these sharp local minima within a shrinking tube around the population saddle sphere S, so their
distance to this saddle set tends to zero as n increases. The next section outlines the proof strategy.
Section 5 studies algorithmic recovery from perturbations of S.

4 Proof strategy

In this section, we sketch our proof strategy for establishing Theorem 3.3. A full proof appears in
Appendix C. Before starting, let us provide a roadmap. The key idea is to define a random variable
Ny that counts a selected family of sharp spurious local minima inside a tube, denoted T},, around
the sphere of saddles S. This tube shrinks as n goes to infinity. Since Mg, counts all sharp spurious
local minima, it follows that

Mgy, > Ngp, and so P(Mg, > 0) > P(Ngpn > 0). (4.1)

Thus, it suffices to lower bound the probability that our selected family contains at least one
minimum. The proof progresses in three steps: (i) define the family counted by Ng,,, (i7) compute
the asymptotic first moment of Ng,,, (ii7) compute the second moment of Ny, and use the Paley-
Zygmund inequality to obtain the desired probability bound. Throughout, we assume that d > 4 is
fixed, and let n tend to infinity.



A family of spurious sharp minimizers. The following lemma, proved in Appendix B.1,
characterizes critical points and sharp local minima. Recall the active index set I(x) in (3.2).

Lemma 4.1 (Characterization of critical points and sharp local minima). Suppose n > 2d. Then,
almost surely, every x € R\ {+2*} satisfies |I(z)| < d. Such a point is critical if, and only if, there
exist scalars \; € (—1,1) with i € I(x), satisfying

0= > sign((a;,z)* — (a5, 2*)) (@i, 2) a;i + > i (@i, @) a;. (4.2)

i¢I(z) i€l(z)

Moreover, a critical point x is a sharp local minimum if, and only if, it is critical and |I(x)| = d.

The lemma implies a simple way to count sharp spurious local minima: enumerate the candidates
determined by their active indices and check which are critical. We will use this strategy to
bound Ng,, but first we will describe the family of sharp local minima that Ng, counts. For
I={ii<---<ig} C{l,...,n} and s € {£1}%, the active equations az-Tja: = sjaizj*, almost surely,
determine a unique candidate

xrs = A7t diag(s)Arz*. (4.3)
Here Aj is the matrix with rows aiTj. To define Ng,,, we fix the pattern s° = (1,...,1,—1,—1), with
d — 2 plus signs, and write 7 = 7 . Counting sharp minima with only this pattern suffices for a
lower bound as in (4.1). Yet, we will count an even smaller subset of these x;.

We express the criticality condition (4.2) in a form that will help us estimate the probability
that a candidate z; is a sharp local minimum. Define Sy(z) =3 ¢, sign((a] 2)% — (a] 2*)?)(a] 2)a;
and let Q7(x) have columns (aiT:U)ai, 1 € I, in increasing index order. By Lemma 4.1, x; is a sharp
local minimum precisely when

~Si(zr) € Qr(xr)(-1,1)%, (4.4)
where the set on the right consists of the vectors Qr(x7)\ with A € (—1,1)<.

To make the probability of (4.4) easier to estimate, we impose two further restrictions. First,
we require the selected measurement vectors {a;};cr to have bounded norms and the determinants
|det A7| and |det Q7 (z1)| to be bounded below by positive constants. These bounds prevent the
equations defining x; from becoming nearly dependent and ensure that the set on the right-hand
side of (4.4) has volume bounded away from zero. The constants depend only on d and are chosen
so that these bounds hold with positive probability. We do not include them here since their precise
values are not particularly insightful. Second, we count only candidates in the tube

T, = {n_l/zzlx* +(r+n")u|u Lo, |u| =1, and z € [1, 1]2} . (4.5)

The set T}, is a tube around the population saddle sphere S that shrinks to S as n — co. The width
n~1/2 matches the fluctuations exhibited by critical points of the empirical objective [57].

The first moment. For any fixed set I, the probability that x; is counted in the family described
above is exactly the same, thus

ENgn = ZP(QUI is counted) = (n
I

d) P(z; is counted). (4.6)

We therefore fix one set I and focus on computing this probability. Our plan to do so is to
integrate over the possible locations of the candidate x;. For a proposed location z, write X(z) =
Arzx — diag(s®)Arz*, so that Xj(x) = 0 precisely when x = x;. Let Hy(x) be a boolean function that
is equal to one precisely when the selected measurements a; satisfy our bounds on their norms and
associated determinants, and the condition (4.4) holds with x; replaced by z, and zero otherwise.



The Kac—Rice formula [2] yields the following identity
Pmmmm@:/pm()ﬂmmml|& = 0] dz, (4.7)
T

where px,(,)(0) is the probability density of X;(z) evaluated at zero.
To describe the asymptotic value of (4.7), we establish the following two estimates, with the first
holding uniformly over z € T,,

[| det A[|H[ | X[ 0] =4 nid/2, and / pXI(x)(O)dx =4 n~t. (48)
Here =, denotes comparison up to positive constants depending only on d. Before explaining the
rationale behind these two results, let us derive an immediate consequence. Recall that (Z) =4 n%:
combining this fact with (4.6), (4.7), and (4.8) yields ENg,, =4 n% - n~%2.n=t = n%/2~1_ This
establishes the asymptotic lower bound in Theorem 3.3. A detailed computation accounting for the
hidden constants yields two positive constants v, and Z; such that

n*d/zﬂENd,n — vaIyg as n — 0o. (4.9)

Here 4 > 0 accounts for the selected measurements, while Z; > 0 accounts for the Gaussian density
across the tube. Their precise expressions and the full calculation appear in Appendix C.2.

Let us quickly summarize the arguments behind (4.8). For a fixed location = € T,,, we condition
further on the selected measurement vectors {a;}ic;. This fixes the set Q7(z)(—1,1)¢, while the
remaining measurements retain their independent standard Gaussian distributions. When our norm
and determinant bounds hold, the determinant factor |det A;| is bounded above and below by
positive constants independent of n, and the set Qr(z)(—1, l)d is bounded with volume bounded
away from zero. The condition Hy(z) = 1 then reduces to asking whether —S7(x) lies in this
fixed set. Each summand in S7(z) has mean $VF(z). Since VF vanishes on S and is Lipschitz
continuous nearby, this mean has norm O(n~'/2) on T,,, whose points lie within distance O(n~1/2) of
S. Summing the n — d terms, the mean of Sy(x) therefore has norm of order at most /n, uniformly
over x € T,,. We can show that its standard deviation in every unit direction is also of order /n,
uniformly over x € T},. A local limit theorem implies a Gaussian approximation to the probability of
entering this region, yielding a probability of order n~=%?2 uniformly over the selected measurements
satisfying our bounds and the locations in T},. The first estimate in (4.8) then follows.

For the second estimate in (4.8), we consider the volume of T;,. The tube restricts the component
along z* to within n~1/2 of zero and the length of the perpendicular component to within rn~1/2
of 7. These two restrictions give its volume order n~!. We can prove that the density pXI(x)(O) is
bounded above and below by positive constants on T}, so its integral has order n=!.

A probability bound uniform in dimension. We use the Paley—Zygmund inequality to turn
moment estimates into a lower bound on the probability that Ny, > 0, namely

ENg,)?
liminf P(Ng, > 0) > lim M.

n—00 n—00 ENgn

(4.10)

Thus, to derive our lower bound we also asymptotically characterize EN? dn . Computing the second
moment follows a similar Kac—Rice approach as for the first moment, but the dependence between
candidate pairs (z,z;) makes the argument significantly more technical. We defer the proof to
Appendix C.3 and simply state here the resulting estimate

n_d+2ENin — Y3 Ta as n — oo,



where J; > 0 is finite and depends on d. Combining this estimate with (4.9) and (4.10) implies

IQ
. . > 7d
hnrglo%f]p(Nd’” >0)> A

the 4 factor cancels exactly. By arguing directly with the definitions of Z; and J; we show that this
ratio can be further lower bounded by an explicit quantity c, that is independent of the dimension.
Combining analytic estimates with certified numerical computations, as described in Appendix C.5,
we show that the value of ¢, is lower bounded by 0.1361.

5 Numerical experiments

In this section, we numerically test our theory. The objective of our experiments is two-fold: (i) to
show that for moderate d and n, we observe empirically that the probability of having a spurious
sharp minimum is large and (i7) to show that despite our negative results, simple subgradient methods
do not often get trapped at these minima. We present two numerical experiments supporting these
claims. For both experiments we set £* = e, the first canonical vector. The code to reproduce these
experiments can be found at https://github.com/PenghaoWang1225/Phase-Retrieval.

Probability of having a spurious sharp minimum. We estimate the probability that F;,
has a sharp spurious minimum for d = 4 and n € {12,16,24,32,48,64}. For each n, we draw 100
independent problem instances with n i.i.d. Gaussian measurement vectors. For each instance, we
enumerate all pairs (I, s) with |I| = d and nonconstant s € {£1}%, and test the candidates z
defined in (4.3). We count an instance as positive if at least one candidate satisfies the criticality
condition (4.2) up to the numerical tolerances specified in Appendix G. Each estimate is the fraction
of positive instances, and the shaded band shows 95% confidence intervals.

Figure 2(a) shows that the estimates change little with n and remain above 0.5 across all tested
settings. These results are qualitatively consistent with Theorem 3.3, but suggest that its asymptotic
lower bound of 0.136 is conservative. This may reflect the fact that our proof counts only a strict
subset of the sharp spurious minima.

Recovery near the saddle sphere. For this experiment, we estimate how often a perturbed
subgradient method recovers z* up to sign. We fix d = 100 and vary the measurement ratio
n/d € {2,3,...,12} and perturbation radius v € {277,...,2'}. For each measurement ratio, we
conduct 100 independent trials. In each trial, we draw n i.i.d. Gaussian measurement vectors.
For each radius v, we draw fresh independent u ~ Unif(S) and v ~ Unif(S%"!), then initialize
xo = u + vv. We run the stochastically perturbed subgradient method analyzed in [19] for at most
5 x 10° updates per initialization, with updates

0.05
Trr1 = T — m(g(ka) + O-ka)7

where g(z;) € dF,(z) and the vectors & ~ Unif(S?!) are independent. We count a run as
recovered if an updated iterate satisfies both dist(zg, {Ze1}) < 1073 and F,(z;) < 1074

Figure 2(b) suggests that the perturbation radius v = ||xg — u|| has little effect on recovery
frequency over the tested range. The measurement ratio n/d has a stronger effect, with a sharp
increase in recovery near n/d = 4. Thus, sharp spurious minima near the saddle S do not preclude
high recovery rates for this method for a sufficiently large number of samples.
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Figure 2: (a) Estimated probability of a sharp spurious minimum. (b) Recovery frequency of the
perturbed subgradient method. White denotes a recovery fraction of one and black denotes zero.

6 Conclusion and limitations

Our main result shows that even for highly structured weakly convex stochastic objectives, benign
population geometry need not transfer to empirical risk minimization. As a consequence, active strict
saddle theory alone cannot explain the practical success of iterative methods applied to robust phase
retrieval. We conjecture that a similar phenomenon occurs in other nonsmooth formulations for
low-rank matrix recovery problems. This opens two directions for future research: (i) to understand
which other geometric properties enable these iterative methods to find global solutions for these
nonsmooth formulations, and (i) to characterize general geometric conditions of weakly convex
stochastic problems under which population-to-empirical transfer holds. Our analysis has several
limitations: it covers only noiseless real Gaussian measurements and takes n — oo at each fixed
dimension. Although the limiting probability bound is independent of d, our proof does not quantify
how large n must be relative to d or characterize regimes in which both grow. Extending the analysis
to noisy or non-Gaussian measurements would clarify the scope of this obstruction.

7 Use of AI in proof discovery

We established Proposition 3.1 and Theorem 3.2 in 2021. After failing to prove a population-to-
empirical landscape transfer, we questioned whether such a result could hold and conjectured instead
that the empirical objective admits spurious sharp local minima. We did not make this work public
at the time because the conjecture remained unresolved.

In August 2026, we began interacting with ChatGPT 5.6 Sol and asked it to test the conjecture
numerically. The resulting experiments convinced us that the conjecture was true, and we began
working with the model on a proof. At that stage, we did not expect to obtain a positive probability
lower bound independent of d as n — oo for every fixed d > 4.

In the subsequent proof discussions, ChatGPT proposed counting spurious sharp local minima
in a tube of width O(n_l/ 2) around the population saddle sphere. The preliminary argument only
yielded a probability lower bound that tended to zero as n — oco. We then supplied this argument
to qmd-prover, a proof-development harness developed by Xiao Ma.? We used separate instances of
ChatGPT 5.6 Sol with the ultra reasoning setting as prover and verifier. These interactions produced

2The repository and its creator are not affiliated with the authors.
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draft first- and second-moment arguments based on a weighted Kac—Rice formula and local limit
theorems, leading to the dimension-independent probability bound in Theorem 3.3.

In later interactions with GPT-5.6 and GPT-6, we checked the hypotheses of the probabilistic
tools, filled in details for special cases, and reorganized the dependencies among the lemmas. The
authors parsed, completed, and simplified the resulting arguments and rewrote all proofs in the final
manuscript with human readability in mind. Beyond proof discovery, we used ChatGPT 6.0 Astra
to proofread the manuscript, polish the writing, and implement the numerical experiments. We
reviewed all Al-assisted work and take full responsibility for the content of this paper.
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This appendix is rather long, so we start by providing the reader with a roadmap. Appendices A,
B, and C present the proofs of our three main results, Proposition 3.1, Theorem 3.2, and Theorem 3.3,
respectively. The proof of the last of these is quite involved and requires several auxiliary results.
Appendix D develops the probabilistic tools used to count spurious sharp local minima, while
Appendix E establishes certain estimates appearing in our characterization of the second moment
EN in' Appendix F collects the remaining auxiliary lemmas, and Appendix G provides the details
of the numerical criticality checks in our first experiment.
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A Proof of Proposition 3.1

Proof. The set of critical points of F' is characterized in |21, Theorem 5.3]. The function F' is
continuous and hence closed. Using the identity |u — v| = max{u — v,v — u}, we derive
F(z) + ||z||” = Emax{2(a'2)* — (a"2*)?, (a'2%)?},

which is convex since it is the expectation of a maximum of convex quadratics, so F' is closed and
weakly convex. Next, we prove the statements about smoothness, the Hessian, and sharpness.
We write

F(z) =E [|(a"2)® - (aTa")?

} =E Ha—r(az — )
where Y = a'(z —2*) and Z = a' (z + 2*). Both Y and Z are real Gaussian random variables with
ElY] =E[Z] =0, E[Y?]=|c—2"*, E[Z%=|e+a"*, and E[YZ]= |« -1.

Take x ¢ span{z*} and write z = tz* + ru, where u is a unit vector orthogonal to z* and r > 0.
Applying [35, Lemma 1| to the normalized Y and Z, we obtain

‘aT(az + )

| =Elvz),

2.2
F(x) = 2 <2r + (t* + 7% — 1) arctan t—{—2r1> . (A1)

T r
We denote the function above by (¢, 7). Since ¢ is C? when r > 0, the chain rule implies that F is
C? on R\ span{z*}. Moreover, for any & = 7u on the saddle sphere S, a direct computation shows
o 0% 0% 0% 167
—(0,7) = —(0,7)=——5(0,7) = ————.
ar ) = B gz 07 =~ 07 = Ty
The chain rule yields

(0,7)=0 and

2 2
V2F(Tu) = ‘Z—Z’(o Tt (@) + ;tg (0,7)(a*u" +u(z*)")
2
+g@§(0 T)uu —8—¢( ) (Ig — 2*(2*) " —wu")
167
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Now, let us study smoothness near a point toz* of the axis span{xz*} with ¢y # £1. For x near toz*,
set t = ()T, r = || — ta*|), and ¢ = ||lz||* — 1, which stays away from zero. Using the identity
arctan s = sign(s) 7/2 —arctan(1/s) for s # 0, and a Taylor expansion of y —arctany at 0, we derive
from (A.1) that
2 2r 3 9
F(z) = |q| + - 2r —|q| arctang = |q| + r°h(t,r?),

where h is smooth near (tg,0); in particular, the remainder term r3h(t,72) is O(r3) as r — 0. Both
expressions remain valid on the axis, where r = 0 and F(z) = |¢| E(a"2*)? = |q|. Since ¢, 72, and |q]
are smooth in z, and r3 = ||z — t2*|® is C2, the function F is C? near toz*, and hence on R\ {#2*}.
At the origin, the same representation implies

F(z)=1— |z’ + O(J«|’)  asz 0,

so V2F(0) = —2I,.

Finally, F' > 0 and F'(+2*) = 0, so £x* are global minimizers. To establish sharpness, fix z # +x*
and let p = ||z — z*|| ||z + =*||. The normalized variables Y/ ||z — 2*|| and Z/ ||x 4+ «*|| are standard
normal with correlation p = (||z||* = 1)/p € [=1,1]. The Gaussian product formula [35, Lemma 1,
equation (45)] therefore implies

2 2
F(x) = b (\/1 — p? +parcsinp) > L
0 T
The inequality holds because the expression in parentheses has minimum 1 at p = 0: its derivative
on (—1,1) is arcsin p, which is negative for p < 0 and positive for p > 0. It remains to compare p
to the distance to the solution set. The triangle inequality implies 2 max{||x — z*||, ||z + =*||} >
|z — z*|| + ||z + «*|| > ||22*|| = 2. Thus,
p=min{||z — 2|, |z + 2|} max{|lz — 2*||, [z + ="}
> min{l|z — 2|, |lz + 2*||}
= dist(z, {£z*}).
Combining the two bounds with min F' = 0, we obtain F(z) — min F' > 2dist(x, {+2*}). The same
inequality holds, with equality, at © = +2*. Hence, F' is 2/m-sharp with global minimizers +x*. [

B Proof of Theorem 3.2

The proof has three parts. First, we characterize the critical points and sharp local minima of F}, in
Lemma B.1. Second, in Proposition B.2, we use this characterization to establish the existence of an
active manifold at each critical point other than £x*. Third, we analyze the Hessian along these
manifolds to prove the active strict saddle property.

B.1 Part 1: Characterization of critical points and sharp local minima

Lemma B.1 (Characterization of critical points and sharp local minima). The empirical function
F, is2 H% Yoy aiaiTHop-weak:ly convex. For every x € RY, the subdifferential of F, at  is

[\)

OFn(z) = > sign((af 2)® = (o] 2*)*) (] 2)ai + Y [-1,1](a] x)a;
)

i¢l(z) i€l(x
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Suppose n > 2d. Then, almost surely, every x € R?\ {£a*} satisfies |I(z)| < d. Moreover, such a
point x is critical if, and only if, there exist coefficients \; € (—1,1), i € I(x), satisfying

0= Z sign((a;ras)2 - (a;rx*)2)(a;-r:v)ai + Z Ni(a] x)a;.

1¢I(x) i€l (x)

Furthermore, such a point x is a sharp local minimum if, and only if, it is critical and |I(x)| = d.

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that z* = e, where e is the first standard basis vector. For every realization of the
measurements, F,, is weakly convex. Indeed, the identity |s — ¢| + s = max{2s — ¢, ¢} implies

n

Faa) 4+ S (ale)? = 13 max{2(a])? — (] )%, (o] )%},
=1 =1

and the right-hand side is convex. Since %Z?:l aia] = H% Sy aiaiTHop 1,, it follows that F},
is 2 H% Yoy aia;r“op—weakly convex. The formula for the subdifferential of F), follows directly
from the standard chain rule |56, Theorem 10.6|. For the remainder of the proof, we work on the

probability-one event

& ={a] e #0for all i € [n]} N{(a;)icr are linearly independent for all I C [n] with |I| < d}.
(B.1)

Bound on active set size. For any fixed I C [n] with |I| = d and s € {—1,1}, let 2/ ; denote
the solution of the equations aiT:E = siaiTe, i € I. On &1, this solution exists and is unique, and
it depends only on (a;);er. Suppose that some z # +e has more than d active indices. Choose
I C I(z) with |I| =d and j € I(z) \ I. Since every i € I is active at x, there are signs s; with
aiTx = siaiTe, so x = x7,. Hence the event &7 ; = {x[,S # teand j € I(a:LS)} occurs. Since j ¢ I,
the vector a; is stochastically independent of (a;);cr and hence of 7. Conditional on (a;);er and
on xy s # +e, the event j € I(zys) requires QJ-T(:L'LS —e)=0or ajT(acLs +e) = 0. Each is a nonzero
linear constraint on a standard Gaussian vector, so P(£r,,;) = 0. A union bound over the finitely

many triples (I, s,7) shows that, almost surely, |I(x)| < d for every x € R%\ {+e}.

Characterization of criticality. Recall that x is a critical point if, and only if, there exist
coefficients \; € [—1,1], ¢ € I(x), such that

0= > sign((aj 2)* — (¢ )*)(a] 2)a; + > Xi(a] z)as. (B.2)
igI(x) icl(x)
We will show that, almost surely, every critical point x # +e satisfies this equation with all active
coefficients in (—1,1). We work on the intersection of £ and the probability-one event that every
x # +e has at most d active indices. For any such point, the vectors a;, i € I(z), are linearly
independent, and a;rx = :I:a;-re # 0 for every i € I(x). Thus, if x is critical, the coefficients \; in
(B.2) are unique. If I(z) = @, there is nothing to prove. It therefore remains to rule out the existence
of a critical point & # +e for which |A\;| = 1 for some k € I(z). Fix a nonempty index set I C [n]
with |I| < d, active measurement signs s € {—1,1}!, and inactive residual signs ¢ € {—1,1}'".
Define the event
{there is a critical point x # +e with I(x) = I, aiT:v = sia;re for all ¢ € I,}
I,s,0 *— T T .

sign((a; )? — (aj €)®) =oj forall j ¢ I, and |\;| =1 for some k € I

J J

Since there are only finitely many choices of I, s, and o, it suffices to show that P(£r5,) = 0.
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For each ¢ € I, write a; = Rju;, where R; = ||a;|| and u; = a;/ ||a;||. Since the vectors a;
are independent standard Gaussian vectors, the active radii (R;);c; are independent of the active
directions (u;)ier and the inactive vectors (a;);¢7. Moreover, each R? has a continuous distribution.
The proof proceeds in two steps. First, we show that any critical point with active set I, active signs
s, and inactive signs ¢ must equal a single candidate & that is determined without using the active
radii R;. We then condition on the active directions and inactive vectors and show that |A;| = 1 for
some k € I would force one of the continuously distributed radii to take a specific value.

Step 1: critical points are independent of the active radii. The active equations do not depend on
the radii and take the form
u) T = sgu, e for all i € I.
If |I| = d, linear independence of the active directions implies that the active equations already
determine a unique point &, which is therefore independent of the radii. For the rest of this step,
suppose that |I| < d. Choose an orthonormal basis vy, . .. ;Ug—|1) of the orthogonal complement of
span{u;};cr and let V = [vl, e 7Ud—|1|]- Also choose a solution Z of the active equations. Both V
and Z can be chosen as measurable functions of the active directions and the fixed signs s. Every
solution of the active equations then has the form
z=z+Vz with z € R4

If 2 is a critical point with active set I and signs (s, o), multiplying (B.2) by V' eliminates the
active terms and leads to

0=v" Z oiaia, T + Z NRZ(u] x)u; | = V7 Z oia;a; | . (B.3)
igl icl il
Substituting x = Z + Vz and setting H = Zigl aiaiaiT yields
V'HVz=-V'Hz.
Lemma F.2 implies that
P(det(VTHV) = 0| (u;)icr) =0 almost surely.

Thus, almost surely, any critical point with the specified active set and signs must equal
T-V(VTHV) W THz.
In other words, the set of critical points with active set I and signs (s, o) is contained in {Z}, where
¥ is a measurable function of (u;)ier and (a;);¢r alone. The candidate Z need not itself be critical

or realize all the specified signs. Even when it does realize them, whether & is critical still depends
on the active radii through the constraint |A;| < 1, and Step 2 exploits this dependence.

z

Step 2: Use the active radii to exclude boundary coefficients. When |I| < d, the projected stationarity
equation (B.3) shows that VT HZ = 0, so HZ € span{u; : i € I}. When |I| = d, the same
inclusion holds because the active directions span R¢. Moreover, the active equations imply that
;ri“ = siug— e # 0 for every i € I. By linear independence, there are therefore unique coefficients ¢;,

1 € 1, satisfying

Z oiaa; &+ Z ci(u] #)u; = 0.

il icl
These coefficients are determined entirely by the active directions and inactive vectors. In particular,
both # and the coefficients ¢; are fixed once we condition on (u;)icr and (a;);¢r.

Now suppose that a critical point z has active set I and signs s,o. By Step 1, we have x = Z.
Substituting a; = R;u; into the stationarity condition and comparing the result with the preceding

u
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equation, we conclude by uniqueness of the coefficients that )\iRi2 = ¢; for every ¢ € I. Equivalently,
the only possible active coefficients are A\; = ¢;/ RZZ. Since R; > 0, we have

’)\Z":1 <~ R?: ’Cz‘

Conditional on the active directions and inactive vectors, the value |c;| is fixed, whereas R? remains
continuously distributed. For each i € I, the equality on the right therefore has conditional probability
zero. Consequently, almost surely,

P(Erso | (uidier, (as)igr) < S P(RE = [l | (widier, (as)igr) = 0.
el
Taking expectations yields P(£7s,) = 0. Finally, taking a finite union over all choices of I, s, and o
shows that, almost surely, every critical point x # +e satisfies (B.2) with coefficients \; € (—1,1)
for all i € I(x).

Characterization of sharp local minima. We start by proving the contrapositive. Suppose
x # +e is a critical point with |I(z)| < d. Choose a nonzero vector v orthogonal to every a; with
i € I(x). Along x + tv, the active residuals remain zero, while the inactive residuals retain their signs
for sufficiently small ¢. Thus t — F,,(z + tv) is locally smooth, and (B.2) implies that its derivative
at zero vanishes. Consequently, Fy,(x + tv) — F,,(x) = O(¢?), which rules out sharpness.

Conversely, suppose z is critical and |I(x)] = d. Set I = I(x), let A\; € (—1,1) be its active
coefficients, and write b;(h) = (a; z)(a; h). Expanding the residuals at = and using (B.2) to cancel
the inactive linear terms implies

2
Fo(w+h) = Fy(z) = = > (16i(B)] = Aibi(h)) + O(||h]?).
i€l
Let n = 1 —max;es [A;] > 0. Each summand is at least n|b;(h)|. On the event &, the vectors (a; x)a;,

i € I, form a basis, so there is a constant ¢y > 0 such that ), ; |b;(h)| > co ||h]| for every h. Hence

2nc
Fu(w+h) = Fu(@) > =22 4] = C 4]
for some C' > 0 and all sufficiently small h. Shrinking the neighborhood if necessary yields the required
positive linear lower bound and proves sharpness, which completes the proof of Lemma B.1. O

B.2 Part 2: Existence of active manifolds

Proposition B.2. Suppose n > 2d. Then, almost surely, every critical point xo € R4\ {+x*} of F),
admits the C'*° active manifold

Mgy ={y € R :a) (y — o) =0 for alli € I(z0)}.
In particular, if I(zg) = @, then My, = R%.

Proof. By rotational invariance, we may assume without loss of generality that z* = e, where € is
the first standard basis vector. By Lemma B.1, we may work on a probability-one event on which
the conditions in (B.1) hold and every critical point satisfies the stationarity condition (B.2) with
coefficients \; € (—1,1). Fix a critical point zop € R?\ {£e}. We will show that it admits an active
manifold. For brevity, write I = I(zg) and M = M,,.

If I = @, then F,, is C'™° near xg, so R? is an active manifold at xy. For the remainder of the
proof, suppose |I| > 1. The restriction of F,, to M is smooth near xy. It remains to establish
sharpness: we must find a neighborhood U of xy and a constant ¢ > 0 such that

dist(0,0F,(x)) > ¢ forall z € U\ M.
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We first introduce two positive constants. Set
=min{l — [\;|} > 0.
n z’el{ |Ail}

Since the vectors a;, © € I, are linearly independent and ‘a;xo‘ = ‘aiTe‘ > 0 for every i € I, the
vectors (a; wo)a;, i € I, are also linearly independent. Define
co = Hlel}l dist((a;rxo)ai, Span{(a;-rzno)aj: jeI\{i}}) >o.
7
We claim that there exists a radius ¢ > 0 such that dist(0, 9F,,(x)) is bounded below by a positive
constant uniformly over = € Bs(xo) \ M. By continuity, we can choose § sufficiently small that,
for every i € I° and x € Bgs(w), the sign of (a] 7)? — (a/ €)? agrees with its sign at x9. We may
also shrink this neighborhood so that, for every ¢ € I, aiTx and al-T:co have the same sign. Now fix

x € Bs(xo) \ M. Since = ¢ M, there is an index i, € I such that aiTza: # a;;mo. We consider the case
(aiTI:):)2 > (a;x0)2 = (aiTIe)Q.

The case with the reverse inequality is analogous. In the displayed case, every element of 9F;,(x)
can be written as

2
- E )\Q(az—m)ai + (agm)ail + E sig;m((a;rx)2 — (a:e)Q)(aiTx)ai ,
" i€\ {iz} iele

where X, € [—1,1]. Omitting the factor % for the moment, we decompose this expression as follows:

Z MNo(a; z)a; + (a;;m)aiz + Z sign((a] )% — (a; €)?)(a; z)a;

€\{ix} iele
= Z Ni(a] wo)a; + (a; xo)as, + Z sign((a; z0)? — (a] €)%)(a] o)a;
iel\{iz} iele
I
+ Z M(a] (x — 20))a; + (ai,,x — z0) a;, + Z sign((a, )2 — (a] €))(a] (x — x0))a; .
i€\ {iz} icle
A Is

By continuity, the norms of Iy and I3 can be made arbitrarily small by choosing ¢ sufficiently small.
For I, the stationarity condition at xy implies that

I = Z N(a wo)a; + (a] wo)a;, + Z sign((a, z0)? — (a; €)?)(a; xo)a;

i€\ {iz} icle
= Z ()\2 — /\i)(aiT:co)ai + (1 — )\ix)(aiz:co)aix.
ie\{iz}

Since the first sum lies in span{ (a;xo)aj: j € I'\ {iz}}, the definitions of n and ¢y give

||| > (1 — )\iz)dist((aizxo)aiz, span{(a;r:vo)aj: je I\{zx}}) > neg > 0.

Consequently, by choosing ¢ sufficiently small that ||I3| + [|[3]] < ° and restoring the factor 2/n,
we establish the desired sharpness with ¢ = n¢g/n. O

B.3 Part 3: Active strict saddle property

Proof of Theorem 3.2. By rotational invariance, we may assume without loss of generality that
x* = e, where e is the first standard basis vector. We work on a probability-one event on which
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the conclusions of both Lemma B.1 and Proposition B.2 hold. Fix a critical point z¢ ¢ {£e}. By
Proposition B.2, an active manifold at xq is

My =1{y:a] (y —x0) = 0,i € I(x0)}.

We consider two cases. If |I(zg)| = d, then the last part of Lemma B.1 shows that xg is a sharp, and
hence strict, local minimizer of F,,. Now, suppose that |I(xg)| < d. For brevity, write I = I(xg) and
M = M,,. Points on the manifold can be written as

r=x0+Vz WithzeRd*m,

where the columns of V = [vl, . 7Ud—|1|] form an orthonormal basis of the tangent space of M.
Near zo, the restriction of F,, to M is quadratic. Define H = 2 Doidl sign((a; z0)? — (a] )} a;a; .
In these coordinates, the Riemannian Hessian of the restriction at x is VT HV. By Lemma F.2, this
Riemannian Hessian is almost surely nonsingular. If it is positive definite, then xq is a strict local
minimizer of F;, on M,,, and hence also on R? by Lemma F.3. Otherwise, nonsingularity implies
that it has a negative eigenvalue, so g is an active strict saddle.

Finally, +e are strict local minimizers. Indeed, near e, every a;rm has the same sign as a;-re. Thus,
F,(z) = 0 implies a, = = a; e for every i, and hence 2 = e because the measurement vectors span R

The same argument applies at —e. This proves that F;, has the active strict saddle property. O

C Proof of Theorem 3.3

We first prove a first-moment result, Theorem C.2 (Appendix C.2), which directly implies part (1)
of Theorem 3.3. Then, together with the second-moment result in Theorem C.3 (Appendix C.3),
we prove part (2) of Theorem 3.3 (Appendix C.4). We put all supporting tools in Appendices D
and E, together with explanations of their roles in the proof. We first fix some common notation in
Appendix C.1, which is used consistently in Appendices C, D, and E.

C.1 Common notation

Throughout Appendices C, D, and E, fix an integer d > 4 and a deterministic unit vector z* € R%.
We start by defining the notation we will use in the proof. Most of the intuition for what we are
about to introduce already appeared in Section 4. We adopt the following convention throughout.
All our asymptotic symbols of the form O(-) and o(-) refer to limits n — co. Sometimes we will add
subscripts on O(+) or o(-) to highlight the parameters that are held fixed and on which the implicit
constants may depend.

We use the following constant

k=87/[r(1+712)% >0, (C.1)

where again 7 is the unique solution of the equation arctant 4 7/(1 4+ 72) = m/4. Throughout, we
fix the following active sign pattern,

s=(s1,...,8q¢) =(1,...,1,—-1,—-1). (C.2)
—
d—2
For any realization of (aq,...,ay), let A denote the matrix whose jth-row corresponds to the vector
aj. For any index set J = {j; < --- < j,} C [n], define the submatrix indexed by J as
T
AJ:(ajl CL]‘T) .
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For any z,y € R? and a random vector a ~ N (0, I), define the objects

Zy(a) :==sign((a' z)? — (a" %)) (a' z)a, (C.3)
u(x) = E[Zo(@)], S» = Cov(Zs(a)), and %, := (g E 3) (C.4)
For any pair of matrices B = (61 e bd) e R4 and C = ( e ) € R™4 define
Q(z;B) == ((b{ )by -+ (bjz)ba), and Z
=1
For any index set I = {i; < --- < iq} C [n], define
a;g (x — s12™)
Xi(z) = : = Arx — diag(s)Arx™. (C.5)
azi(x — 8qx%)

Almost surely, Ay is invertible, and the solution of X(z) = 0 is denoted by
x; = A7 'diag(s)Arz*. (C.6)
By Lemma 4.1, almost surely, x is a sharp spurious local minimum with active index set I and active
sign pattern s if, and only if, the following holds:
0 S(z; Are) + Q(x; Ar)(—1,1)4, and Xi(z)=0.
Recall the saddle radius 7 and the population saddle sphere S from Proposition 3.1, and the tube
T,, from (4.5). We write S 2 = {u: |jul| = 1, v L 2*}, so that S = 78?2, When n~1/2? < 7, every
x € T, can be written uniquely as z = a,a* + (7 + Sz )uz with u, € S“2 and |a,|, |fe| < n=1/2; we
call (e, Bz, uz) the tube coordinates of x. We will restrict to well-conditioned active matrices, using

the following lemma. We defer its proof to Appendix D.1.

Lemma C.1 (Choice of regularity constants). Fiz a dimension d > 4. Then, there exist finite
deterministic constants Mg, \g,¥q > 0, depending only on d, with the following properties. For
x € R?, define the set

o {B e R4 max, 1b;|| < My, |det B| > \q, and |det Q(x; B)| > )\d}

and, forn >d and I C [n] with \I! = d, the conditional expectation
a(z) = E[|det A;||det Q(z; Ar)| 1k, (A7) | X1(x) = 0].
The function a(-) is independent of the choice of I, is continuous near S, and satisfies
a(tu) = vy for every u € ST72,
Moreover, for any fized d,

sup |a(z) — Y4 — 0 asn — oo.
xeTn

We fix the constants My, A\g, and ¥4 from Lemma C.1 for the rest of the proof. We count only
those sharp spurious local minimizers that also lie in the tube 7T;, around the population saddle
sphere and whose active matrix satisfies Ar € K;,, with K, as in Lemma C.1. Formally, for a set
I C [n] with |I| = d, define the random indicator function

Xi(ats .- an) = Varery ., (ADV - s@par0)eQ@rian(-1,)7), - and
Nan(ai,...,an) = Z XT- (C.7)
=
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Then x7 = 1 precisely when the candidate solution x; is a sharp spurious local minimum lying in 7,
and satisfying A; € K,,. Thus Ny, counts the total number of such sharp spurious local minima
for a given realization.

C.2 First moment characterization

For the next result, recall that My, Ay, and ¥4 are the constants provided by Lemma C.1, and X,
and Ng, were defined in (C.4) and (C.7), respectively.

Theorem C.2. For any d > 4, we have that
nid/QJFIE[Nd’n] — vqlg asmn — oo

with
9drd=2y9
d![2m(1 4 72)]

Va = /2’ and  Ig= / / Os,0 (—R212* + Kzou) dzdo(u),
sd-2 J[—1,1]2

where do is the surface measure on S*=2, and pyx, is the density of N(0,%).

Proof. By rotational invariance, we may assume without loss of generality that 2* = e, where € is
the first standard basis vector. Recall that Ng,, = Z‘ I)=d X7- Since the Gaussian rows are i.i.d. and
every ordered active set uses the same sign pattern, all the indicators x7 have the same expectation.
Hence, for any fixed I C [n] with |I| =d,

n n n
B[N = 3 Bl = (B
I T]=d
Since (1)) =n?/d! (1 + Oq(n™1)), it suffices to prove
E[x}] = dlvqZan™*"! + 0g(n~%271). (C.8)

In what follows we decompose the expectation of x into a leading term and a negligible remainder,
and then evaluate the leading term in tube coordinates. To do so, we leverage the Kac-Rice formula
(Lemma D.4(I)), which gives

E[x7] = /T Px; () (O)E[|det Ar| 1xc, (A1 _g(4:a,0)e0(@Ar) (1,00 | X1(z) = 0]dz

_ / Py oy (OE[|det Af| Iy | X7 (x) = 0]dar,
T,

n

where px, (;) is the density of the R? Gaussian vector X7(z), and

L =E [1/Cz(AI)1—S(:c;AIc)EQ(x;AI)(—l,l)d Ar, Xi(z) = 0} :

We use a local central limit theorem, Lemma D.7(I), to approximate

d
I = 2755/2 [det Q(x3 Ap)| i, (A)gs, (—Vn — du(x)) + 1

(n— d) /2 1/CI(AI)Tn($§AI),

(n—d)

I I3

where ¢y, is the density of N(0,%). To justify this approximation, note that X;(z) depends only on
Aj. Since Ajc is independent of Ay, its rows remain independent standard Gaussian vectors under
the conditioning in I;. The remainder I3 is negligible, in particular, Lemma D.7(I) ensures that the
function r,, satisfies the uniform bound

sup sup lx, (A) |rn(x; A)| < (C.9)
z€Ty AcRdxd
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for some deterministic sequence 1, — 0, so that |I3| < (n — d)~%?n, for all z € T,.
Substituting Iy = Is + I3 into the integral above, we split the contribution of this active set into
the leading term I, and the remainder I5:

Elx}] = /T Pxy () (O)E[|det Af| I | Xp(z) = 0]dx + /T Px;(x) (0)E[|det Af| Is | X (x) = 0]dx.

14 I5

To control the remainder term I5, we use (C.9) together with the following bounds, valid for x € T,
and A; € Ky:

det A7] < JJlleill < Mg, |det Q(a; Ap)| <[] H(a?x)az = O4(1),
i€l el
a1
Vol(T,) = Og(n™"),  and  px,(0) = (2m) "] sl = Oq4(1).
_1 i

The first three bounds follow from our construction. To derive the last relation, i.e., the density
formula, write I = {i; < --- < igq}. For fixed z, the coordinates al-Tj(x —sje) of Xy(x) are independent
N(0, ||z — s;e||*) variables, so their densities at zero, (21)~'/2 ||z — s;el| ", multiply to produce the
displayed expression. Moreover, on Ty,, we have ||z — sje| > 7 —n~1/2 > 7/2 for sufficiently large n,
which implies the uniform Og4(1) bound. Since (n —d)/n — 1 and 7, — 0, these bounds imply

Is = Od(nfd/Qil).
It remains to evaluate the leading term

I=20 = d) " [ i @a(e)ps, (—Vi— dn(e))da

Ty
By Lemma C.1, a(tu) = 94 > 0 for every u € S*~2. In what follows, we do a change of variables to
integrate over the tube. For sufficiently large n such that n=/2 < 7, parametrize T}, by

T=Tpu= %e + (T + \j%) U with z € [—1, 1]2, and wu e S¥2

d—2
Hence dz = % <7' + 272) dzdo(u), where do is surface measure on S9=2. Therefore,

27( T+2:2 4D
w0 ) oy @) atns) P (VT T ) 02 ).

n(n — d)4/2
We now let n — oo. Since e L u and |e|| = |Ju|| = 1, a direct calculation shows that

2(T29 — 8;21) | 23+ 23
_|_
vn n

uniformly for z € [~1,1]? and u € S?2. Substituting this into the density yields the uniform limit

@z — siel|” =1+ 72+ forall i € {1,...,d} — 1+ 72

pXI(x"aZ’“)( 27T 2 H Hxn Z,u Sz€H [27T(1 * TQ)}_d/Q.

Lemma C.1 and Lemma D.8 provide the remaining limits, namely
a’(xn,z,u) - ﬁda V1 — dﬂ(xnvzﬂ‘b) — —Kzie+ kzou, and Hzxn%u o Eﬁ’_uHop =0,

uniformly for z € [~1,1]? and u € S*2. Since ¥, = 72(Ig + 2uu') = 7214, the Gaussian densities
also converge uniformly. The radial factor converges uniformly to 79-2. Passing to the limit on this
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fixed integration domain, using (n — d)/n — 1 and the symmetry px(—v) = px(v), we obtain

Iy =

Zy

Combining this asymptotic formula for I, with the bound for I5 proves (C.8), completing the
proof. O

C.3 Second moment characterization

For the following result and its proof, recall that My, A\g, and ¥, are the constants provided by
Lemma C.1, and the objects x, ¥, and Ng, were defined in (C.1), (C.4) and (C.7), respectively.
Theorem C.3. For any d > 4, we have that

n_d+2E[N§,n] - ’7c2l*7d’

where
2d d— 219d
d'[27(1 4 72)]4/2’

—Kz12* + Kzou
jd - /,L’UESd 2 / 1 1]4 9027'114,7"1) (<_K/w1ﬂf* + K/U]Q’U)) dZ dw dU(u) dO'(’U)

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that 2* = e. Recall that Ng,, = Zm:d X7 and that (x7)? = x%. Expanding the
square and grouping the off-diagonal terms by the overlap r = |[I N J|, we obtain

and

Yd =

d—1
E[N7,] =E[Ngn]+ Y Dpn  where Dy, = > E[xPx%]-
r=0 I,JCn]
[|=|J|=d, [InJ|=r
The sum defining D,.,, is over ordered pairs, so no factor of two is needed. By Theorem C.2, we
have E[Ng,] = Oq(n/271) = 04(n?=2). Tt therefore suffices to establish J; < oo and the estimates

Doy, = Vﬁjd nd=2 4 od(ndfz), and D,, = od(nd72) forl<r<d-1. (C.10)
The rest of the proof proceeds in three steps. We first express each E[x}xj] as a conditional

Kac—Rice integral. We then split the integration domain into three regions and use the estimates
from Appendix E to control the integral in each region. Finally, we combine these estimates.

Step 1: Express each pair contribution as a conditional integral. Fix distinct index sets
I,J Cn]with |I|=|J|=dand [INJ|=7r. Let U= (IUJ)¢and v = |U| =n — 2d + r. The sums
over the two sets of inactive measurements decompose as

S(x; Are) = S(w; Ang) + S(@; Av),  and  S(y; Aye) = S(y; Apg) + S(y; Av).

Conditioning on Ay fixes the first term in each decomposition. The rows of Ay remain independent
standard Gaussian vectors, since they are independent of Ay s and the constraints X(z) = X (y) =0
involve only rows in I U J. The sums S(z; Ay) and S(y; Ay) depend on the same Gaussian rows
and are generally dependent, so the two inclusion events must be treated jointly.

For a deterministic matrix B € R(Z4=7)%d whose rows are indexed by TUJ, let C = (g1,... ,gl,)T,
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where the g; are independent N (0, I;) vectors, and define
—S(x;C) € Q(a; Br)(—1,1)" + S(a; By 1),
—S(y:C) € Q(y: By)(—1,1)" + S(y: Bp ;) } '
This is the probability appearing in Lemma D.7(IT). Thus, Lemma D.4(II), followed by conditioning
on Ajyy, implies
EX7x7]
= / DXy (2),X () (0, 0) E[[|det Af| [det Aj| 1ic, (Ar) 1k, (Ap)Tn 1,0 (2, y; Apus) | Xr(z) = X;(y) = 0]dzdy,

TEI’“IRLJ

(C.11)

where Ry j = {(a:, y): Cov ())?((Z;) - 0} , and Py, (z),x,(y) 18 the density of the Gaussian vector
J

X1 (93)> 2d : :
€ R*® on this region.
(XJ(?J) &

Step 2: Split the integral into three regions. For all sufficiently large n such that n=1/2 < /2,
every x € T}, has a unique representation

x = age+ (T4 By)uy with |ag|, |8 < n™Y2, and u, € ST

For a pair (z,y), define

6(z,y) = min{[Juz — uyl|, [[ua + uyll}, and p(z,y) = \/(% — sign(u] uy)ay)” + (B — B,)”.
The quantity § measures angular separation up to sign. When 6 < 1, the quantity p measures how
much the two points differ in their normal coordinates, after replacing y by —y if u, is closer to —u,
than to u,.

Fix 0 < dg < 1. Pairs with § > §p form the separated region, where the local limit estimate in
Lemma D.7(II) applies. The limiting covariance ¥;y, r4, becomes singular at u, = Fu,, so pairs
with 0 < Jp require separate estimates. We divide these nearby pairs by comparing their angular
separation d with their normal separation p. Formally, we define three regions

PP = {(,y) € T3 N Ry : 8(x,y) > &},

Q0 = {(z,y) € T2N Ry : 6(x,y) < o, plx,y) <(z,y)}, and

Qe = {(:Z},y) € T?% N RI,J : 5($,y) < 507 p(:l?,y) > 5(‘T7y)}
We call them the separated, tangential, and normal-dominated regions, respectively. As u varies,
the base point 7u moves along the saddle sphere S, while a and 3 describe displacements normal
to it. In the tangential region, angular separation is at least as large as separation in the normal
coordinates; in the normal-dominated region, the latter is larger.

For a fixed pair I, J with overlap r, let I;) denote the integral in (C.11) restricted to 5P,

Define Dy by summing I3} over all ordered pairs I,J C [n] with |I| = |J| =d and [INJ]| = 7.
Define D4 and D}! in the same way, using the restrictions of (C.11) to Q%" and Q"", respectively.

We suppress the dependence of the regions and of Iy on I,.J, as well as the dependence of the
regions, integrals, and sums on §y. Since the three regions partition the integration domain, we have

_ sep tan nor
Dy»,n _ Dr,n + Dr,n + Dr,n'

Let J4(dp) denote the integral defining J; in the theorem, with the additional restriction
min{|lu — v, |lu +v||} > do. For each fixed dy, Lemma D.8 implies Amin(Xru,rv) > €a6, > 0
uniformly over the restricted angular domain. Since ¥, r, is a 2d X 2d covariance matrix, the

28



Gaussian density satisfies
1

1
< <
@Eru,ﬂ) (5) — (QW)d\/m - (27TCd,§0)d

Thus the integrand defining J4(&o) is uniformly bounded. Since [—1,1]* has finite volume and S%~2
has finite surface measure, J;(dg) < oo.

Table 1 summarizes the estimates, proved in Appendix E, for the three regional terms. All
asymptotics in the table are as n — oo with gy fixed. In particular, the separated region supplies
the leading term for disjoint pairs, while the tangential error can be made small by subsequently
decreasing Jy.

for every ¢ € R??.

Term Asymptotic estimate Reference

r=20: ’ygjd@o)nd*Q + 04,50 (nd’2),

Dsep
rn
1<r<d-1: odﬁo(nd_Q)

Lemma E.1

Dtan r=0: < Cdnd*25g/2_1 + Cyn/2-1, Lemma B2
o 1<r<d-1: o44, (ndiZ)
Dy 0<r<d-1: o44 (nd=2) Lemma E.7

Table 1: Estimates for the three regional terms at fixed dg. The constant Cy > 0 depends only on d,
and 74 is as in Theorem C.2.

Step 3: Combine the estimates and remove the angular cutoff. For 1 <r <d —1, fix any
8o € (0,1). All three terms in Table 1 are og.s,(n%~2), which proves the second estimate in (C.10).

It remains to treat r = 0. Fix &y € (0,1) and multiply the estimates in Table 1 by n?>~%. As
n — oo with this cutoff fixed, we have

n2—dD(s]ep N ,ngd(éo)’ 0 S n2—dD8?:ll S Cd(s(C)l/Q—l + Cdnl_d/Q, and 7’L2_dD(I)170nr —0.

,n

1-d/2

Since the regional terms are nonnegative and n — 0, we have

13 J4(80) < liminf n>~4Dy,, < limsupn® 9Dy, < 13T4(60) + Cady> " (C.12)

n—oo n—o00
The total Dy, is independent of dy. Taking dyp = 1/2 in the upper bound of (C.12), and using
Ja(1/2) < oo, shows that

L :=limsup n2_dD0,n < 00.
n—oo

The lower bound in (C.12) then implies 72 J4(do) < L for every &y € (0,1). As &g | 0, the angular
integration domains increase to {(u,v) : u # £v}. Since the integrand is nonnegative, monotone
convergence yields

lim Jy(60) = Ju < L/v3 < 0.
5010

Finally, let dp | 0 in (C.12). Since Jy(do) T J4 and Cdég/zfl — 0, both the lower and upper bounds
tend to ’yﬁjd. This proves the first estimate in (C.10) and completes the proof. O
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C.4 Constant-probability lower bound

For the following result, recall that My and Az are the constants provided by Lemma C.1, and
Ny was defined in (C.7). We show via numerical computation in Appendix C.5 that we can take
¢, = 0.136 in the following theorem.

Theorem C.4. For any d > 4, we have
liminf P(Ng, > 0) > c,,
n—oo

where ¢, > 0 is a universal constant independent of d.

Proof. By rotational invariance, we may assume without loss of generality that z* = e, where e is
the first standard basis vector. The Paley—Zygmund inequality implies that

Theorems C.2 and C.3 then imply, at fixed d,
T
lim inf P(Ng,, > 0) > =4,
n—oo d

where

Iy :/ / s, (—kz1€ + Kzou) dzdo(u), and
sd-2 J[-1,1)2

= —KZz1€ + Kzau
\.7d - A7U§ij2 /_171]4 @E‘ru,rv <<_ffwle + K)’U}Q’U)) dz dw dU(u) dO’(’U)

Here k = 87/[r(1 + 72)%], and ¢y is the density of N(0,¥). By Lemma D.8, we have

Srw=712(I;+2uu"), and (C.13)
(T2 (Ig+ 2uuT) C(u,v)
ETu,Tv — < C(’LL, U)T TZ(Id 4 QUUT)> ) (C14)

where
C(u,v) = 7°E | (a"u)(a " v)sign (7'2(aTu)2 - (aTe)Q) sign (72(aTv)2 - (aTe)z) aaT} .
We claim that
T, = £ 2prAy, and Ja < /<f4CA3, (C.15)
where
_ d—2 2\ —(d—2)/2 _ kY K _
Ag=0o(S7%)(2n77) , and p; (2<I> (7_) 1) (2<I> <\/§T> 1> > 0, (C.16)

where ® denotes the standard Gaussian distribution function, and C' < oo is a numerical constant.
Since 7 and k are numerical constants independent of d, these bounds will imply the theorem.

The roadmap for the rest of the proof goes as follows. We first characterize Z;, then bound J; in
terms of the joint tangential density. Finally, we show that the constant in the latter bound can be
chosen independently of d.

Step 1: Characterizing Z;. For each u,v € S¥2, let (G4, G,) be an R?? Gaussian vector with
mean zero and covariance Xy 7.
For each u, choose an orthonormal basis by, . ..,bs_ of {e,u}™, and set

Hy=(b{Gy,...,b) 5G,)", and N, = (e'Gyu,u'Gy).

30



Equation (C.13) implies that H, and N, are independent, with
H, ~N(0,7°I;-5), and N, ~ N(0,diag(?,37?)).

We note that the law of H, is independent of the choice of orthonormal basis due to rotational

invariance. Fix u € S¥~2. The vector —kzie + Kk2zou has zero component in {e, u}L, and its normal
coordinates are (—kz1, kz2). Set (s,t) = (—k21,K22), so that dz = k~2dsdt and (s,t) € [—k, k]2

Then, we have

/ s, (—kz1e + kzou) dz = pg, (0) / PN, (—kz1, K2z2) dz
(-1,1]2 [—1,1]2

=k ’pu, (0)/ PN, (s,t)dsdt
[_KHK‘P

= k~2(2rr2) -2/ (2<1> (g) - 1) <2<I> <\/’§T> - 1) :

where the last equality uses pgr, (0) = (2772)~(@=2)/2 and the fact that the two coordinates of N,
are independent with laws N (0,72) and N(0,372), respectively. The integral above is constant in
u € S%2. Integrating over u, we have

La = 52(2(;(782(1)_(22)/2 <2q) <§> - 1) <2q) <\/§T> - 1) ‘

This establishes the first equality in (C.15).

Step 2: Bounding J;. For u # +v, Lemma D.8(III) ensures that the joint density exists.
Set &(z,w) = (—kz1, K22, —Kw1,Kw2). Since the coordinate transformation from (G,,G,) to
(Hy, Hy, Ny, N,) is orthogonal,
PG,,G, (—Kz1€ + K2ou, —Kwie + KWov) = pH, H,,N,,N,(0,0,§(2, w))
= p,,,1,(0,0) (v, N HL=H, =0 (§(2, W),
where the second factor is the Gaussian density of (N,, N,) conditional on (H,, H,) = (0,0). The

change of variables (z,w) +— &(z,w) has absolute Jacobian x*. Hence, for fixed u,v € S92 with
u # v,

/[ ) 1]4ID(Nu,Nv)uaruzlarv:o(f(z,w)) dzdw = /<;4/ PNy N | HueHo=0 () dE

[7"{7"’”]4

= ’{_4P((Nuan) € [_’{a "{]4 | H,=H, = O)'

Therefore,
Ji = K/_4/LU€Sd_2 P, (0,0)P((Ny, Ny) € [-5,8]* | Hy, = H, = 0) do(u) do(v)
’u;é:lzv
< H_4/we§d—2 PH,,H,(0,0)do(u)do(v) =: k1Qyq.
7u;«é:lzv

It remains to prove Qq < Co(S?2)2(2772)~(@=2) uniformly for d > 4.

Changing the orthonormal bases of {e,u}' and {e,v}* leaves pg, m,(0,0) unchanged. We
therefore choose the following bases to simplify its computation. Fix u,v € S* 2 with u # +v, put
c=u"vand s = V1 — ¢2, and choose an orthonormal basis t1,...,tq_3 of {e,u, ’U}J‘. Define

v — Cu CU —Uu
hy = . and Ry = .

S S
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The tuples (hy,t1,...,tq-3) and (hy,t1,...,tq_3) are orthonormal bases of {e,u}* and {e,v}*,
respectively. Under this choice of bases,

WG WG,
t{ Gy t{ Gy
H, = ) , and H, = .
t;lrfBGU t;lrngv

Equation (C.13) implies Cov(H,) = Cov(H,) = 72I;_5. For a standard Gaussian vector a € R?,
define the following real standard Gaussian variables:

P=a'e, X=a'u, Y=a'v, Z=a"hy, T=0a"h,, and Lj= ath (1<j<d-3).

The variables P, X, Z, L1, ..., Lgy_3 are independent, while Y = ¢X + sZ and T = —sX + ¢Z. Also
define

Sx =sign(r?X? — P?), and Sy = sign(7%Y? — P?).
By the definition of C'(u,v) in (C.14),
Cov(h, Gy, h, Gy) = h) C(u,v)h,
= 7°E[(a"u)(a"v)Sx Sy (a" hy)(a hy)]
= r*E[XY Sx Sy ZT).
Likewise, for 1 <i,j < d — 3, independence of the L; from (P, X, Z) implies
Cov(t{ Gu,t] Gy) =t} C(u,v)t; = T°E[XY Sx Sy L;L;j] = T*E[XY Sx Sy]dy;,
Cov(hy Gu,t; Gy) = hyC(u,v)t; = T’E[XY Sx Sy ZL;] =0, and
Cov(t{ Gy, h} G,) =t] C(u,v)h, = T*E[XY Sx Sy L;T] = 0.

Since P, X,Z are independent standard Gaussians and Y = ¢X + sZ, T = —sX + ¢Z, these
covariances depend on u, v only through their inner product ¢. We write

T(C) = E[XZYTSXSy], and q(c) = E[XYSXSy]
Thus

Cov @“) _ 2 (Ing Ii 2) . and D =diag(r(c), q(c), ..., q(c)).

By the Schur complement,

Hy\ _ 442 Ig2 D
det Cov (Hv> =T det D I,
= 710D det(Iy_, — D?) = 7M1 r(e)(1 — gle)) .
Since (H,, H,) is a centered Gaussian vector in R?(4=2) its density at zero is

pi1,,,(0,0) = (27%) "2 (1 = r(0)?) T3 (1 — g(e)?) T2, (C.17)

Step 3: Uniform bound in dimension. We verify the scalar hypotheses of Lemma F.5
numerically using interval arithmetic in Section C.5. Thus Lemmas F.4 and F.5 give, with b = v > 0,

1—q(c)®> > 1 =) (1+~P), and 1—7r(c)® >bV1—c2
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The density formula (C.17) implies

Qu =2ty @2

u,weSi—2
uF#+v

= o(ST%)?(2r7?) " 72) /L e (= )?) 21— g(uT0)?) "2 dudo
uF#+v

1
< b 2e(ST2)2(2nr?) 72 4y / (1= 31+ yc?) 2 e
-1

(1= r(u"0)) 721 = q(u"0)?) "2 do(u) do(v)

Here du and dv denote the uniform probability measures on S¥~2. Under their product measure,
¢ =u'v has density
I'((d—1)/2) < d—2
Vrl((d=2)/2) = Var
The last inequality follows directly from Gautschi’s inequality. In the following estimates, C' > 0

denotes a constant independent of d that may change from line to line. Since log(1 + ~c?) >
vc? /(14 7/4) on |c| < 1/2, we have, for d > 4,

1
/ (1= )31 4 42)~@-3/2 4 < ¢ / o~ (d=3)c/2(147/9)] 4,
-1 1/2

Fy e [ g
1/2<|el<1
<Cd=3)"Y24+C(1+~/4)"U32 < 0(d-2)72
Since Aq < /(d — 2)/(2), we obtain Qg < Co(S?~2)2(2r72)~(@=2) uniformly in d. This proves the
second bound in (C.15).
Finally, (C.15) implies

Ag(1 = A)d=9/2 where Ay =

73 pT
=:¢, >0 for d > 4.
Jd )
Combining this bound with the earlier Palenyygmund estimate proves the theorem. O

C.5 Numerical certification of the probability bound

In this appendix, we make the probability bound in Theorem C.4 explicit. The preceding proof
gives, for every fixed d > 4,

hm 1nf P(Ngn > 0) > \7; pT (C.18)

where C' is any constant satisfying (C.lo) uniformly in d. Comblnlng analytic estimates with certified
interval computations, we show that C' = 3.054 is admissible and that p?/3.054 > 0.1361. This
establishes the choice ¢, = 0.136. We defer the details for the reproduction of these results to the
end of this appendix.

Scalar parameters and correlation bounds. Recall that 7 is the positive root of
t T
arctant + Txe 4
The derivative of the left-hand side is 2/(1 + ¢?)? > 0. We enclose T between rational endpoints by
verifying, with interval arithmetic, that the left-hand side has opposite signs at the endpoints. For
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the coefficient wq in the proof of Lemma F.4, we use the identity

8 1 8 .
wo = 1 — —arctan — + — arcsin
T

T + 72
8r [ 1 2 1 (C.19)
™ <1+72 T (T2+2)3/2) '

Evaluating this expression and v =1 — w% on the certified interval for 7 gives

0.44161079 < 7 < 0.44161080,
0.60010962 < wgp < 0.60010963, and
0.63986844 < v < 0.63986845.

The displayed enclosures are rounded outward from the narrower intervals used in the computations.
In particular,

, and — <7< = (C.20)

ot w
W
—_
(@)

9
<7< — >
_7_207 wo =

ot o

Lemma F.4 gives
1—q(e)? >0 —-A)(1+7) for —1<e<1. (C.21)
The first two bounds in (C.20) allow us to apply Lemma F.5, giving
1—7(c)? > yV1—c2 for —1<e<1, (C.22)
with equality if, and only if, ¢ = 0. Thus we may take b = v in the preceding proof.

Uniform bound for the angular integral. Combining the correlation bounds (C.21) and (C.22)
with the density formula (C.17) shows that (C.15) holds whenever

C > 7_1/2 sup Hy(7), (C.23)
d>4
where
! _ —(d— I'((d—-1)/2)
_ _2)-3/4 A -@-3/2 40 an _ '
i) = Aa [ (1= @740 406 0200, and Ay = e

The weight (1 — ¢?)~%/* is obtained by bounding the inverse covariance factors and multiplying by
the spherical correlation density Ag(1 — 02)(d_4)/ 2. Next, we consider two cases.
Case 1: 4 < d < 49. The substitution © = ¢ and the binomial expansion give

o

Hy(y) = AgB(1/2,1/4) > (=1)"ay,
n=0
t=1  and = apn d=32+0)024+0)

(3/4+n)(n+1) ’
where B(1/2,1/4) = T'(1/2)T'(1/4)/T'(3/4). For 0 < v < 16/25, the nonnegative terms satisfy
ant1 < (4/5)a, for all n > 100. Consequently, for every even N > 100, the partial sum Sy =
Zgzo(—l)"an satisfies

AaB(1/2,1/4)(SN — an+1) < Ha(y) < AaB(1/2,1/4)SN. (C.24)
We evaluate the partial sums and the first omitted term using interval arithmetic. Together
with (C.24), this accounts for both rounding and truncation errors and yields

Hi(y) < Hg(y) for 4 <d <49 with d# 6, and

(C.25)
244237353 < Hg(v) < 2.44237354.
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For each comparison, the upper endpoint of the interval for Hy(~y) lies below the lower endpoint of
the interval for Hg(7y).
Case 2: d > 50. We use the analytic estimate

3/4 1+7/4
Ha(7) \/ \/
C.26
; (C.26)
+ B(1/2, 1/4)\/exp<—log(1+7/4)>

This bound holds when v > 0 and 48log(1 + v/4) > 1, as ensured by (C.20). Its proof splits the
integral at |c| = 1/2, applies a Gaussian bound on the middle interval and a beta-integral bound on
the remainder, and uses monotonicity in d. Interval evaluation of the right-hand side gives a value
less than 2.131647, below the lower bound for Hg(7) in (C.25).

Combining the two cases, we obtain

sup Hq(y) = Hg(7)-
d>4

Since v > 0.639868, the displayed enclosures imply

_ He(v)  2.44237354
12gup H, = =8 < <
T () V7 /0.639863
Thus C' = 3.054 satisfies (C.23).

3.054.

Evaluation of the probability bound. By (C.16),

K K 8T
= erf erf , and K= —————,
o <ﬂ7> <¢67> m(1+72)2

where erf(z) = 2®(v/2x) — 1. Both arguments are nonnegative and have squares less than 3, as
verified by interval arithmetic. In this range, the terms of the alternating series for erf decrease in
absolute value, giving

yrg2ntl
f Z n' 2n +1)
Interval evaluation with this remalnder gives
0.64480748 < pr < 0.64480749.
Combining this enclosure with (C.18), we conclude that, for every fixed d > 4,

2 2
P2 (0.64480748)
HminfP(Nan > 0) 2 3570 > =051

Since Ng, < Mgy, this establishes the choice ¢, = 0.136 in Theorems C.4 and 3.3.

) $2N+3

— for N > 0.

erf(@ S AN+ IeN +3)

> 0.1361.

Verification and reproduction. The accompanying Lean formalization verifies the identity (C.19),
the correlation bounds, the angular series and its remainder estimate, and the uniform bound (C.26).
The moment theorems and covariance reduction are proved in the paper but are not formalized in
Lean. The numerical enclosures are computed separately, outside Lean, using interval arithmetic
with outward rounding and the explicit remainder bounds above; the error-function evaluation is
also outside the formalization. All displayed terminating decimals denote exact rational numbers.
Supplementary quadrature checks are not used to certify the inequalities.

For the source code, full-precision certificates, and reproduction instructions, see https://github.
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com/PenghaoWang1225/Phase-Retrieval. The formal proofs are in 04-Lean, and the numerical
computations are in 01-numerical-lower-bound. The repository documentation records the formal
declarations and computational details. In the code and formal proofs, the dimension parameter is
d — 2 rather than d.

D Probabilistic tools for counting minima

This appendix collects the probabilistic tools used to compute the first and second moments of Ny ,,
in Appendix C, using the notation from Appendix C.1. We prove Lemma C.1 and cover joint density
bounds, Kac—Rice formulas, uniform local limit approximations, and mean and covariance estimates
near the population saddle sphere.

D.1 Proof of Lemma C.1

Proof of Lemma C.1. By rotational invariance of the standard Gaussian measurements, we may
assume without loss of generality that z* = e, where e is the first standard basis vector. Fix
I ={i; <--- <ig}. Since all the vectors a; are i.i.d. and every ordered active set uses the same sign
pattern, the conditional expectation a(z) is independent of the choice of I.

We first show that a(ru) > 0. Fix u € S%"2. Conditional on X;(ru) = 0, the vectors a;,

are independent standard Gaussian vectors on the hyperplanes (7u — sje)l, forj=1,...,d. We
will construct a deterministic matrix whose rows lie in these hyperplanes and which satisfies the
inequalities defining K., strictly. Choose an orthonormal basis vy, ..., v4_ of {e,u}", and let By

be the matrix with rows bjT, where
b1 = Te + u, bj=1tet+u+vj_1 for2<j<d-2,
bj—1=-1e+u, and by=-—-Te+u+ v4_s.

Each vector b; satisfies bjT(Tu —s;e) =0 and bjT(Tu) = 7. To compute the determinant, subtract row

1 from rows 2,...,d—2 and row d—1 from row d. Reorder the resulting rows as bir, b;lll, vir, . ’U;ll——2v
and express them in coordinates relative to the orthonormal basis (e, u,v1,...,v4_2). These opera-
tions preserve the absolute determinant, so
T 1 0 1
ldet Bo| = |det | —7 1 0 ||=|det ( TT 1> ‘ = 2r.
0 0 Iz

Also, bjT(Tu) = 7 implies Q(7u; By) = 7B , and hence |det Q(7u; By)| = 2r9+1.

Since max; [|bj|| = V72 +2 and 0 < 7 < 1, choose My > V72 +2 and 0 < g < 2791 All
three inequalities defining K., are then strict at By. By continuity, they also hold for all matrices
sufficiently close to By whose rows remain in the conditioning hyperplanes. The joint conditional
Gaussian density is positive on the product of these hyperplanes, so this neighborhood has positive
conditional probability. Thus

P(Ar € Ky | Xi(Tu) =0) > 0.
On K, both absolute determinants in the definition of a are at least Ay, so
a(tu) > N3P (A7 € Kro | X1(Tu) = 0) > 0.

It remains to show that a(7u) does not depend on u. For any v € S~2, choose an orthogonal
map R with Re = e and Ru = v. This map sends each hyperplane (7u — sje)L to (v — sje)L and
preserves the standard Gaussian law on it. Therefore, the law of A;R' conditional on X (tu) =0
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is the law of A; conditional on X;(7v) = 0. Rotation preserves the row norms and the absolute
determinant of Ay, and

Q(rv; ATR") = RQ(7u; Ap).
Consequently, A; € K., if, and only if, A;R" € K,,. Since R also preserves the two absolute
determinant factors in the definition of a, applying this rotation to the conditional expectation shows
that a(ru) = a(rv) for all u,v € S¥~2. Denote this common positive value by 9.

We next prove continuity near S. Fix an integer ng with n, 1/2 < 1. The set T}, is compact,
its interior contains S, and x # *e for every x € T;,,. To compare the conditional laws at nearby
points, let g1, ..., gq be independent N (0, I;) vectors and use these same vectors to define, for every
x € Ty,

g) (@ —sje)

5 (v — sje) forj=1,...,d,
| — sjell

aj(z) = g
and let A(z) be the matrix with rows @j(z)". The vector a;(w) is the orthogonal projection of g;
onto (z — sje)t. Thus A(z) has the law of A; conditional on X/(z) = 0, and

a(z) = By, [ det E(x)‘ ’det Q(x;ﬁ(x))( 1k, (E(x))} .

Fix z € T, and a sequence z; € T, with z; — . The projection formula implies g(:nj) — A(z)
almost surely, so both determinant factors converge almost surely. To handle the indicator, we must
also exclude equality in the inequalities defining /C,. For this fixed z, each such equality requires
one of the polynomials

laj@I? Mg, (det A@)” =A% and  (det Q(as A(2)" — A]
in the components of (g1,...,gq) to vanish. None is identically zero: when all g; = 0, their values

are —Mg or —)\3. Lemma F.1 therefore shows that these equalities occur with probability zero.
Since all the quantities defining &, depend continuously on x and the matrix entries, it follows that

lic,, (//1\(33])) — 1k, (121\(:E)) almost surely.

Hence the full integrand defining a(x;) converges almost surely to that defining a(z). To pass to
expectations, note that whenever A(z) € K., Hadamard’s inequality and the row bounds imply

d
et Aw)| < nf,  and [det Qas Alw))| < T (| () o] las@)I) < o) M3
j=1
Since ||z|| < 7+ 27161/2
2n, Y Q)dMg’d for every z € T,,. Dominated convergence now implies a(x;) — a(x), proving
continuity on 7}, and hence near S.

Finally, continuity on the compact set T7,, implies uniform continuity there. For n > ngy and
x = ae+ (1 + p)u € Ty, both x and 7u lie in T),,, and

& — Tul| = Va2 + 82 < Von~1/2

This bound holds uniformly over x € T,,. Since a(Tu) = ¥4, uniform continuity implies

on Tp,, the integrand is bounded by the deterministic constant (7 +

sup |a(z) — 4| — 0 as n — 0o.
CEGTn
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D.2 Joint density bounds

Recall the active equations X; and their solutions z; from (C.5) and (C.6). For an active set

I={iy < <igq}, write
sfk:sk for1<k<d

for the row signs induced by the fixed pattern (C.2). For distinct active sets I,.J and z,y € R,

define
I'rj(x,y) = Cov <§Z((z;> .

= VIl ol — ()2,

Lemma D.1. Fiz integers d > 4 and n > d, and a deterministic vector z* € R% with ||z*|| = 1. Let
ai,...,an be independent N(0, 1) vectors. Then, for every pair of distinct index sets I, J C [n] with
|I| = |J| = d and every z,y € R?,

detT'7 5(z,y) H |z — st*H H |y — s‘]ac*H H A?(z — sta*,y — sjx*). (D.1)
i€I\J FISEAVS telind

For v,w € R?, set

Moreover, almost surely, this covariance map is positive definite at the random points (zr,xzy) for
every such pair I, J:

FLJ(CC[,.IJ) > 0.
Proof. By rotational invariance of the standard Gaussian measurements, we may assume without

loss of generality that * = e, where e is the first standard basis vector. Fix I # J. Fori e I\ J,

the coordinate a, (x — s!e) is independent of all other coordinates and has variance Ha: — 5{6H2; the
same holds for j € J\ I. For each ¢ € I'NJ, the two coordinates involving a; have covariance matrix

< = sfell <ws£e)T<ysze>)
( Y

Tt v
whose determinant is A%(x — sle,y — s/e). Therefore,
detT'r j(z,y) = H Hx—s eH H Hy—s eH H A%(x — sle,y — sie).
i€I\J jeJ\I Leind

Almost surely, every Aj is invertible and a; e # 0 for all . On this event, no x; is parallel to
e. Indeed, since the sign pattern s contains both 1 and —1, if x; = ae, then the active equations
X7(x) = 0 would require « to equal both 1 and —1, which is impossible. Therefore, almost surely,

we have
2 2
IT llor - stell TT fles = stel/* > .
iel\J JEINI
Since I'r j(xr,27) is positive semidefinite, the determinant identity (D.1) shows that it remains to
prove, almost surely,

Az — ste,xy —sje) > 0 for every £ € I N J.

There is nothing further to check if I N J = &. Otherwise, fix £ € I N J. We will show that the two
vectors in this expression are linearly dependent with probability zero.

Condition on the rows (a;);es, and set x =z, 0 = sg, and o’ = s‘g. Then z is fixed and is not
parallel to e, while the vectors (a;);c\; remain independent N (0, I) vectors. Since I # J and

|I| = |J|, the set J\ I is nonempty. Both vectors associated with ¢ are nonzero, so if they are linearly
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dependent, there is a scalar t # 0 such that

xy=0ce+t(x—oe).

For every j € J, substituting this expression into ajT (xy— 53-] e) = 0 implies

T / IN, T,
taj (x—oe)+ (0" —sj)aje=0. (D.2)

First, suppose some j € J \ I has 33-7 = ¢'. Since t # 0, equation (D.2) requires ajT(ac —oe) = 0.
Conditional on the rows in I, this has probability zero because a; is a standard Gaussian vector
independent of those rows and « — ge # 0.

It remains to consider the case in which every j € J \ I has sign —¢’. Suppose first that J \ I
contains two distinct indices j, k. Conditional on the rows in I, we have a;-r (r — oe) # 0 almost
surely, so equation (D.2) for row j determines
20" a;-re

——
a;j (z —oe)

After also conditioning on a;, this value of ¢ is fixed, and the equation for row k requires

ap (t(x — oe) +20’e) = 0.

t=—

The vector in parentheses is nonzero because x is not parallel to e. Since a; remains an independent
standard Gaussian vector, this equation has conditional probability zero.

The only remaining case is J \ I = {k} with s{ = —o’. Each sign occurs at least twice in the
fixed pattern because d > 4, so there is a shared row j € I N J with 33»] = —o’. Since aij = sjf-ajTe,

equation (D.2) for this row becomes

[t(s]I' —0)+20'] a;-re =0.

We have a;re # 0, so sj[ = ¢ would make this equality impossible. Thus sjl = —o, which forces
t = o’ /o. Substituting this value into the equation for row k implies

ag((a’/a)x +o'e) = 0.

The vector in parentheses is fixed under the conditioning and is nonzero because x is not parallel
to e. Since ay is a standard Gaussian vector independent of the rows in I, this equation also has
conditional probability zero.

These cases exhaust all possibilities for J \ I. Averaging over the rows in I shows that the two
vectors associated with ¢ are linearly dependent with probability zero. Taking a finite union over
I,J and ¢ € I N J, we conclude that all factors in (D.1) are positive almost surely at (z7,z ;). Thus
detI'r j(zr,27) > 0, and positive semidefiniteness implies I'; j(x7,z5) > 0 for every such pair I, J,
almost surely. O

For distinct active sets I, J, let
RI,J = {(xay) € Rgd : FLJ(I’,Z/) > 0}>

and denote the joint Gaussian density on this region by px,(x) x,(y)- We use the angular separation
§(z,y) from the proof of Theorem C.3. For z € R?, write vy = 2 F2*, and let P,1 denote orthogonal
projection onto v*. In part (II) below, the shared-row counts are

re =#{icInJ:sl =s) =+1}.
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Lemma D.2 (Joint density and angular integral bounds). Fiz integers d >4 and 0 <r <d—1,
and index sets I,J C [n] with |I| = |J| =d and |[INJ|=r. The following estimates hold.

(I) There exist constants ng and Cyq > 0, depending only on d, such that for every n > ny and
every (z,y) € T2 N Ry y with §(z,y) > 0, we have
DX ()X (y)(0,0) < Cad(x,y) "
(IT) There exist constants ng and Cyq > 0, depending only on d, such that for every n > ng and
every (z,y) € T2 N Ry,y with §(z,y) > 0 and u) u, > 0, we have
Cq

T+

(D.3)

r_ -

P,y — )

vy

Px;(z),X. (Oa 0) <
1(),X7(y) ‘ P (y— 2)

(III) For any integers 0 < ry,r_ < d — 2, there exist constants ny and Cy > 0, depending only on d,
such that for every n > ny,

do(w
sup/ T+( ) — < Cy. (D.4)
€Ty JSI-1 P,UL(.U PUL(.U
+

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x* = e, where e is the first standard basis vector. Recall the notation A(a,b)

from Lemma D.1.
First, by Lemma D.1, we have
Xi(z) IR J |2 2 I J
et (Cov (¢00)) = T lle=sfell” T o=l TT 8%~ stewn - ste)
ieI\J jeJN\I ielnJ

Indeed, for each i € I'\ J, the entry aiT (x — siI e) is independent of the others and has variance
Hx — s{eUQ. The same holds for j € J\ I. For each ¢ € I N J, the pair of Gaussian variables
a) (x — ske) and a] (y — s e) has mean zero and covariance matrix

( Hx—s£e||2 (w—sge)T(y ;s{e))
(:c—sge)T(y—sge) Hy—s‘geH ’

whose determinant is A?(z — sle,y — sje). Therefore

_ (2n) Xr(@)\ )
o= oo (5)
=(2m) ¢ H H:L‘—sferl H Hy—s}lerl H A7z — sle,y —sle). (D.5)

iel\J jeINI ielnJ

When n is large enough so that n=1/2 < 7/2, for any z,y € T,, and any sign o € {—1,1}, we have
|z — oe|l, ||y — oe|]| > 7/2, so there exists some constant 0 < Cy < oo such that

11 | — sle|| I1 |y —s7e|| ™ < Ca. (D.6)
iel\J jeJ\I

For x € T),, we can write its tube parametrization

x = age+ (T + Bz)uy with u, € S2,  and |ag|, |B.] < g

40



Then for any £ € I N J, a direct expansion implies
A?(z — sée, Y — sge) = (74 Bo)(r + ,By)z [1 — (u;ruy)ﬂ
2
+ H(O‘x - Sg)(T + By)uy — (o — SZZ)(T + ﬁx)“xH
> (74 B2 (7 + By)? [1 = (] wy)?]

7.4

> = 1= (g w,)?]
4 2.2\ 2

216<—<1_5(éy)>> (D.7)
7_4

> 550(x.9)%, (D-8)

where the equality (D.7) follows from

6(x,y)* = min{|lus —uy|*, lus + uy|*} = min{2 — 2ug uy, 2+ 2ug uy} = 2(1 —

.
Uy Uy ‘ ).
Substituting (D.6) and (D.8) into the density formula (D.5) proves statement (I).
A second estimate of A%(z — sle,y — s/e) yields (D.3). For matching shared signs s! = s/ = o,
we have
Az —oe,y —oe) = Az —oe,y — x) = ||z — oe|| H_P(x_o,e)LQ/ — x)” . (D.9)
For opposite shared signs, first consider the corresponding points on the saddle sphere S. With
t= u;ruy > 0, a direct expansion implies
A*(Tuy —oe,Tuy +oe) = (L +72)° — (Tt — 1) = (L + 1) [2+ 72(1 — t)] > 272
Since || — Tug|| + ||y — Tuy|| < Cgn~/? for some constant Cy, by uniform continuity of (z,y)
A2%(z — oe,y + oe) near S, there exists ng, depending only on d, such that when n > ng,
A*(x — ge,y +oe) > 72 (D.10)

Thus opposite-sign factors are uniformly bounded away from zero. Substituting (D.6), (D.9),
and (D.10) into the density formula (D.5) proves statement (II).

To prove (I11), fix € T}, and recall that vo = x F e. For w € S%~!, the formula for orthogonal
projection implies

2 vliw
P in = |lw — %vi
vt

where

0+ (w) = arccos (vlw > € [0, 7]

[[o]]

is the angle between w and v4. Since sine is nonnegative on [0, 7], we have

= sin 04 (w).

P w
vy

Thus a denominator factor becomes small only when its angle is close to 0 or . We divide the
integral according to which of these two factors is small.

First, the directions of v; and v_ remain separated uniformly in x. Indeed, using = = aze + (7 +
Bz )uz, we obtain

Alvr,v0)? = d(la] = (a7e)?) = 4( + )2
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Since 7 + By > 7/2 for sufficiently large n, and the norms ||z F e|| are uniformly bounded on 7,
there is a fixed ¢ € (0,1), depending only on d, such that
Alvg,v-)  2(T+ Ba) S
= = CQ.
[op[Hlo-[] [l —ell [z + el

The left side is the sine of the angle between the two vectors. Hence the angle between either signed
direction of vy and either signed direction of v_ is at least arcsin co.
Choose a fixed 0 < 0y < %arcsin co and define

Ei={wes?™:0,(w) <byor b, (w)>nr—0b},
E_ ={wes?:0 (w)<byorb_(w)>n—0}, and
Ey=S“1\ (B, UE.).

The separation bound implies £, N E_ = &. Thus these three regions partition the sphere: E
contains directions close to the line spanned by v4, E_ contains directions close to the line spanned
by v_, and Ej contains the remaining directions. Consequently,

L Py %i(wz)avfw T </E+/ */E> T T

On E,, disjointness from E_ implies 0_(w) € [fg, ™ — 6], so sinf_(w) > sinfy. To integrate the
other factor, use spherical coordinates around v :

w = cosf + sin f w with 0 < 0 <, andweSd_lﬂvi.

U+
ol
Here 6 = 0, (w), the sphere containing w is identified with S?=2, and

do(w) = (sin #)?~2d6 do(w).
The region Ey corresponds to 6 € [0,6p) U (m — 6y, |. Since sin(m — 0) = sin6, the two angular

intervals contribute equally. Therefore,

do(w) . i S0 (o))~ o (w
/E+ (sin 0 (w))"+ (sin O (w))"~ < (sinfy) / (sinfy (w))""rdo(w)

Ey
0o
— 9(sinfy) " /S - (sing) 2 do(w) o
e

o
— 2(sinfp) " ‘SH( / (sin§)?~2"+dg < .
0

The last inequality uses d —2 —r; > 0 and r_ < d — 2. Interchanging + and — implies the same
bound for the integral over E_.
Finally, on Ey, both angles belong to [0y, m — 0y]. Hence
/ do(w)
o (5100 ()7 (510 0 ()
Adding the three bounds proves (D.4). The choice of 6y and all constants are independent of = and
n for sufficiently large n, which proves (III). O]

— < ‘Sdil‘ (sinfp)~ (1) < .

D.3 Kac—Rice formulas

We first state a weighted Kac—Rice formula for Gaussian random fields and then apply it to the
active equations defining candidate minima.
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Lemma D.3 (Weighted Kac—Rice formula [2, Theorem 6.4]). Let V' C RP be open, let Z : V — RP
be a Gaussian random field with almost surely C' sample paths, and let © € R? be a random vector.
Suppose the following conditions hold.

(K1) The random vector © and the field Z are jointly Gaussian, i.e., for every n > 1 and every
T1,...,0n €V, the vector (©,Z(z1),...,Z(zn)) € R is Gaussian.

(K2) For every x € V, we have Cov(Z(x)) > 0.
(K3) We have P(There exists an x € V' such that Z(x) =0 and det DZ(z) = 0) = 0.

Then, for every Borel set B C V' and every nonnegative Borel function H : V x R? — [0, o], we have

E| S H@Ee)| = / P2y (OE[|det DZ(x)| H(x,0) | Z(z) = 0] da,

reEB B
Z(x)=0

where the conditional expectation uses the usual Gaussian conditional law.

Proof. The original theorem [2, Theorem 6.4] holds for every compact set B and bounded continuous
function H under the same conditions. We first fix a compact set B; a standard monotone-class
argument and the monotone convergence theorem then extend the identity to nonnegative Borel
functions.

To extend the identity to a Borel set C' C V, choose compact sets K,, C V with K, 1 V. By
(K3), the Jacobian DZ(x) is invertible at every zero of Z, almost surely. Since the sample paths are
C', the inverse function theorem implies that every zero is isolated. The zero set is also closed in V
by continuity, so each compact set K, contains only finitely many zeros. Since the sets K,, exhaust
V', the full zero set is at most countable. The sums in the formula are taken over these zeros. As K,
increases, more zeros are included, and the nonnegativity of H implies that, almost surely,

> leecH(x,0) = > H(z,0).
rzeK, zeC
Z(z)=0 Z(z)=0

Apply the compact-set Kac—Rice identity on K, to the nonnegative Borel function (z,6) —
lyecH(x,0). Monotone convergence allows us to pass to the limit both in the expectation of
the sum and in the integral on the right-hand side, establishing the formula for C. O

For an active set I C [n] with |I| = d, define

Hy(z;A) = 1, (AD1_g(a34,0)€Q(a3A, ) (—1,1)4
using the notation from Appendix C.1. For z # +z*, let py,(,) denote the Gaussian density of
X1(x); the joint density and its domain R ; were defined above.

Lemma D.4 (Kac—Rice formulae). Fiz integers d >4 and n > d, and a deterministic unit vector
z* € R%. Let ay,...,an be independent N(0,I4) vectors, and suppose n='/2 < 7. Then the following
identities hold.

(I) For any active set I with |I| = d, we have

B0 = | 9, (O)E ldet A1 Hifai 4) | X1 () = 0],
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(IT) For any active sets I # J with |I| = |J| = d, we have

Elx7x]] = / Px1(2),X, () (0, 0) E[|det Af| [det Ay| Hy(z; A)H j(y; A) | X1(x) = X;(y) = 0]dz dy.
TTQLQRI,J

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without loss
of generality that * = e, where e is the first standard basis vector. We apply the weighted Kac—Rice
formula in Lemma D.3, first to X; and then to the joint field (X7, X ;). In both applications, take
© to be the vector of all entries of A. For each fixed realization of A, the maps =z — X(z) and
(z,y) — (X1(x), X ;(y)) are affine, so their sample paths are smooth. At fixed inputs, their values
are linear in ©, so both fields are jointly Gaussian with ©. It is also easy to verify that Hy is a
nonnegative Borel function.

For statement (I), consider X7 on the open set V = R?\ {#e}. Write [ = {i; < --- <ig}. The
coordinates of X;(x) are independent Gaussian variables with mean zero, and hence

Cov(X;(z)) = diag (|| — siell?, ..., |lz — sdeHg) =0 for x € V.

Moreover, DX(x) = Ay, which is almost surely nonsingular. Thus all three hypotheses of Lemma D.3
hold. The assumption n~'/2 < 7 ensures that T), C V. Since X has the unique zero z7, we have

Z Hi(z; A) = Ly ey Hi(zr A) = X7
€T,
XI(x):O

Applying the formula with the Borel set T, proves statement (I).

For statement (II), consider the joint field on Ry ;. Since covariance matrices are positive
semidefinite, Ry s is precisely the set where the covariance determinant is strictly positive. This
determinant depends continuously on (z,y), so Ry ; is open. The derivative of the joint field is

e (50) = (8 1)

Both active matrices are almost surely nonsingular, so the Jacobian is nonsingular and its absolute
determinant is |det Ay| |det As|. Apply Lemma D.3 with the weight Hj(x; A)H j(y; A) and the Borel
set T2 N Rr1,7. The right-hand side is exactly the integral in statement (II). Since the joint field has
the unique zero (x7,zy), the left-hand side is

E [X?Xgl{(wm)GRI,J}] :

Lemma D.1 implies (z7,27) € Rr,; almost surely. Removing this indicator proves statement (II). [

D.4 Uniform local limit theorems

We state a local limit theorem for parallelepipeds, derive a version uniform over a compact parameter
set, and apply it to the probabilities appearing in the first- and second-moment formulas. The
following is a direct consequence of |7, Theorem 1.I]. We state it without proof.

Lemma D.5 (Parallelepiped version of |7, Theorem 1.I|). Let Yy, 1,...,Y, ,, be independent copies
of Y, with EY,, = 0, and Cov(Y;,) = I,,. Define T;, = 2?21 Y, i, and suppose the following holds.

(L) For every e > 0, we have lim,_, E [HYn||21{||YnH>E\/ﬁ}} =0.

(R) For every 0 <r < R < 00, we have limsup,,_, ., Sup,<|¢|<r ’EeifTY” < 1.
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Then, for every compact set B C GLy(R), we have

li 7 P(T B(—1.1)" a4 0

e J— J— —_— =

e Sup | et g (I € at B=1,1)%) ¢1p<\/ﬁ> :
BeB

where o, is the density of N(0,1,).

Lemma D.6 (Uniform local limit theorem over a compact parameter set). Let K C RY? be a
nonempty compact set, and let {Wy:t € K} be a family of random vectors in RP. For each t € K,
let Wi 1, Wi, ... be independent copies of Wy, and define

pe=EWi],  Ty=Cov(Wy)  and  Spy=» Wi
j=1

Suppose that the following hold true.
(H1) The family is weakly continuous, i.e., for every sequence t, — t in K, we have Wy, 4 W;.
(H2) The third moments are uniformly bounded, i.e., sup,e x E[||[W3]|*] < oo.

H2)
(H3) The covariance matrices are uniformly positive definite, i.e., infic g Amin(2¢) > 0.
H4)

(H4) For everyt € K and every £ € RP \ {0}, we have ’E[eigTWt] < 1L

Then, for every compact set B C GLy(R), we have

f s P(Sn: € a+ B(—1,1)?) (G| D.11)
1 Su 90 |14 DI n a —1, — =0, .
””OoteK,aI;RP 2r |det B it Ps, n

BeB

where @y, 1s the density of N(0,%;).

Proof. Suppose, for contradiction, that the limit (D.11) is false. Then, there exist ¢ > 0 and
sequences ng T oo, tx € K, ap € RP, and By € B such that

p/2
ng ar — Nkt
———P(S, + Br(—1,1)P) — ——F )| >e D.12
2p’det Bk)‘ (S k?tk e ak k( 9 ) ) @Ztk < \/nik; ) — € ( )

Because K is compact, passing to a subsequence, we may assume t — t, for some t, € K. Condition
(H2) implies uniform integrability of both {W; };ex and {||W||*}tex. Combining uniform integrability
with (H1) yields us, — pe, and Xy, — X¢,. In particular, the map ¢ — ¥ is continuous on K. Since
K is compact, we have

SUp Amax (2¢) < 00.

teK
Together with (H3), this yields uniform bounds on the spectrum of ¥;. In turn, the map ¢ — 3, 1/2
is continuous and uniformly bounded on K.

Define the random variables
ng
Yi=5,"2(Wi, — ),  and Ty = > Vi
=1

Clearly EY;, = 0 and Cov(Y)) = Ip. The uniform bound on Et_l/g and condition (H2) imply
SUp;c i EHE;l/Q(Wt = ut)H3 < 00. Hence, for every € > 0,
~1/2
supre e BI%, (Wi — )|
€/ Nk

E [Vl gvigseymy| < —0,
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which verifies condition (L) at the sample sizes ng. For (R), condition (H1) and the continuity of p
and 3; imply that

(1,€) v [BT5 Wi

is continuous. By condition (H4) and the invertibility of ¥, this function is strictly less than 1
whenever £ # 0. Therefore, for every 0 < r < R < oo,

sup sup ‘Ee’fTY’“ < 1.

ko r<|igll<R

<  max ‘EeiETE;UQ(Wt—M)
T tek
r<[¢II<R

These estimates hold uniformly over ¢ € K, so Lemma D.5 applies along the sample sizes ny. Finally,
the set C = {251/23 'te K,Be B} is a compact subset of GL,(R). Define
by == E;ﬁlm(ak — Nk, and C) = E;ﬁl/QBk eC.
Applying Lemma D.5 to Yy, Tr and the compact set C, and using the relation
P(Sp,. t, € ap + Bp(—1,1)P) =P(T} € by + Cr(—1,1)P),

we have
”i/g P p A — Mgty
. m (Snptr € ar + Br(—1,1)P) — Py, <\/TTk) =0,
contradicting (D.12). Hence the result follows. O

We use the notation from Appendix C.1, and write ¢y for the density of N(0,%). For the
one-point probability, let n > d and C' = (g1, ... ,gn—d) ", where the rows are independent N (0, 1)
vectors. For € R? and a deterministic matrix B € R4*?, define

Tn(2;B) =P (—S(x;C) € Q(a; B)(—1,1)%).

For the joint probability, take distinct active sets I, J C [n] with |I| = |J| = d, and write r = [I N J|
and v =n —2d +r. When v > 1, let C = (g1,...,g,)" have independent N (0, I;) rows. For a
deterministic matrix B € R(24-7)x4 whose rows are indexed by I U J, write By, for its submatrix
with row labels in L. For z,y € R%, define

—S(2;0) € Q(x; Br)(—1,1)% + S(x;BJ\I),}
—S(y;C) € QUy; By) (-1, 1)+ S(y; Bny) |

We use the angular separation 6(z,y) from the proof of Theorem C.3.

G1seer In—d

Lemma D.7 (Local limit theorem). Fiz an integer d > 4 and a deterministic unit vector * € R%.
The following limits hold.

(I) We have
lim sup sup |(n—d)¥?m,(x; B) — 2% |det Q(x; B)| 5, (—Vn — du(z))| = 0.

n—00 xeTn Be’Cw
(II) Fiz 0 < 09 < 1 and an integer 0 < r < d—1. For index sets I,J C [n] with |I| = |J| =d and
[INJ| =r, we have

v 1,5(2, y; B)
lim sup su

2 0.
"0 syel, B: Brek, | — 2°¢|det Q(z; Br)||det Q(y; By)| ¢s.,, (_ﬁ <M<x)>>

S(aa)>00 Byeky w(y)
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Proof. By rotational invariance, we may assume without loss of generality that z* = e, where € is
the first standard basis vector. Recall that

Yg = Cov(Zz(a)),  and Xy = Cov < EZD
)-

where both components of the joint vector use the same a ~ N (0, Iy
limit theorem in Lemma D.6.

To prove (I), choose a fixed integer ng sufficiently large that n81/2 < 7/2 and the bound in
Lemma D.8(IT) holds on T}, and set K = T,,,. This compact set contains T}, for all n > ny and
excludes +e. In Lemma D.6, we take W, = Z,(a) € R? for z € K. For any sequence z; — z in
K, the sign in Z,(a) eventually agrees with that in Z(a) unless a’(z —e) =0 or a' (z +¢€) = 0.
Since x # =+e, the Gaussian vector a lies on one of these hyperplanes with probability zero. Thus
Zy;(a) — Z;(a) almost surely and hence in distribution, verifying condition (H1). Moreover, since
K is bounded,

We use the uniform local

1Zo(@)]| < |l lall* < Callal®  for z € K.
Since E ||a|® < oo, this bound implies sup, x E || Zz(a)||* < oo, verifying condition (H2). Lemma D.8(IT)
implies inf ek Amin(X2) > ¢q > 0, verifying condition (H3).

We next verify condition (H4). Seeking a contradiction, suppose that [Eexp(i¢ " Z,(a))| = 1 for
some & # 0. Since ei€"Z:(a) has modulus one, equality in the triangle inequality implies that it
equals €’ almost surely for some fixed # € R. Choose an open ball U that does not intersect either
hyperplane a' (z —e) =0 or a' (z +¢) = 0. On U, the sign in Z,(a) is fixed, so

£ Zy(a) = o(a"2)(a'€) for a € U and some fixed o € {—1,1}.

The Gaussian density is positive everywhere, and ei€" Z:(a) is continuous on U. Thus its almost sure
equality to e implies equality at every point of U. Consequently,

o(a'z)(a"€) €0+2nZ  forallaeU.

Since this polynomial is continuous and U is connected, it cannot move between these discrete values
and must be constant on U. A polynomial that is constant on an open ball is constant on all of RY.
Evaluating at a = 0 shows that this constant is zero, so (a'z)(a'€) = 0 for every a € R?. This is
impossible when both x and ¢ are nonzero: one can choose a outside the two hyperplanes a'z = 0
and a' ¢ = 0. This contradiction proves (H4). Thus all four conditions of Lemma D.6 hold on K.
To apply the conclusion of Lemma D.6 to 7, (x; B) uniformly over B € K, we need the matrices

Q(z; B) to lie in a fixed compact subset of GL4(R). Consider
Bi={Q(z;B):x € K, BeK,}.
The pairs (x, B) in this definition form a compact set, since K is compact, the rows of B are
bounded, and the inequalities defining K, are nonstrict and depend continuously on (z, B). The
map (z, B) — Q(z; B) is continuous, and |det Q(z; B)| > A\g for B € K,. Hence B; is a compact
subset of GL4(R); in particular, its determinants are uniformly bounded.
The set Q(z; B)(—1,1)? is symmetric, so
mn(z; B) = P(S(z; C) € Q(x; B)(—1, 1)d).
Applying Lemma D.6 with translation zero, and multiplying its error by the uniformly bounded
factor 27 |det Q(z; B)|, yields
(0 — d)/2m, (23 B) = 2% det Q(z; B)| s, (—v/n — d () + o(1),

uniformly for z € K and B € K,. Since T,, C K for n > ng and n — d — oo, this proves (I).
For (II), fix g9 and 7 as in the statement. Choose n; > ny sufficiently large, as specified below,
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and consider

K50 = {(m,y) S Tn1 X Tn1 : (5(1‘,y) > (50}
For z € K, the orthogonal projection of 2 onto e is nonzero, so its normalization u, depends
continuously on z. Hence d(z,y) is continuous on K x K, and Kj, is a closed subset of the compact
set K x K. For this application of Lemma D.6, we take

_ Za:(a) 2d
Wiy = (Zy(a)) eR for (z,y) € Ks,.
The same convergence and domination arguments verify conditions (H1) and (H2). The set {(u,v) €
(S22 : min{||u — v||, ||u + v||} > do} is compact. Lemma D.8(III) therefore allows ny to be chosen
so that

inf  Apin (2 > cas, > 0.
(z,y)€Ks, ( 2 gl

This verifies condition (H3).
To verify condition (H4), fix (z,y) € Ks, and suppose

Eei[gTZOc (a)+77TZy(a)] =1

for some (£,7) # (0,0). As in (I), the random variable eile" Zx()+n" Zy(@)] st be almost surely
constant. Since d(z,y) > 0, we have u, # fu,, so e, z,y are linearly independent. The linear map
a— (a"e,a’xz,a’y) is therefore onto R3: we can prescribe these three inner products independently.

In particular, we can choose a so that
(a'e,a'z,a’y) = (1,2,2) or (1,2,0).

The residual pair ((a"z)? — (a"e)?, (a'y)? — (a'e)?) is (3,3) for the first choice and (3, —1) for the
second. By continuity, the signs of its entries remain (1,1) on an open ball around the first choice of
a, and (1,—1) on an open ball around the second. On each ball, ¢ Z,(a) +n' Z,(a) agrees with a
quadratic polynomial. The argument from (I) shows that this polynomial is constant on the ball,
hence constant on all of R?. Its value at a = 0 is zero, so the two sign patterns imply

(a"z)(a &)+ (a"y)(a"n) =0, and (a'z)(a &) —(a"y)(a"n)=0 for every a € R%,

Adding and subtracting these identities shows that each product vanishes for every a € R%. Since
and y are nonzero, this forces £ = n = 0, a contradiction. This proves (H4). Thus all four conditions
of Lemma D.6 hold for W, on Ks,.

We now apply that lemma to 7, 1 s(x,y; B). Recall that v =n —2d+r =n— [ UJ| is the
number of measurements outside the two active sets. The rows g1, ..., g, of C are independent, so
the event defining m, ; ; involves a sum of v independent copies of W, ,. By symmetry of the cube,

we can write
- Zx(ge>> 2
T r,y;B) =P E e—-b+D(—1,1 ,
,I,J( ) ) { (Zy(ge) ( )

(=1

= (Stmmnn) = 2= (5 o4y

When By € K, and B; € Ky, both diagonal blocks of D belong to By. Thus D lies in a fixed
compact subset of GLyg(R), as required for uniformity over the matrices in Lemma D.6. We apply
that lemma in dimension 2d, with ¥ summands, translation —b, and matrix D. Multiplying its error

where
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by the uniformly bounded factor 22¢ |det D| yields

Vi1 (2, y; B) = 22 |det Q(x; By)| |det Q(y; B)| X ¢, , (—ﬁ (’;8) . \;) +o(1),

uniformly for (z,y) € Ks, and matrices B satisfying By € K, and By € K,

To obtain the expression in (II), we remove the shift b/\/v from the Gaussian argument. Every
row of B has norm at most My, and each sum defining b contains at most d terms. The bound
1 Z2(a)|| < Cyllall* therefore implies [|b] < Cy, uniformly over the index sets and matrices B
satisfying By € K; and B; € K. Moreover, the uniform covariance lower bound and compactness
imply

sup  ||Ves,, (2)|| < oo.

(z.y)EKs
z€R2d

Since ||b]| /v/v < C4/+/v and the determinant factors are uniformly bounded, removing b//v from
the Gaussian argument changes the displayed expression by o(1), uniformly. Restricting to z,y € T},
and using v = n — 2d + r — oo proves (II). O

D.5 Estimates in the shrinking tube

Recall Z,(a) from (C.3) and its mean p(x) and covariance matrices ¥, and 3, from (C.4). The
following lemma gives the uniform estimates near the saddle sphere needed for the local limit
approximations. Recall that we set x = 87/[r(1 + 72)2].

Lemma D.8 (Mean and covariance near the saddle sphere). For any n > max{d, 72}, write

z z _
Tn,zu = 7%$* + <7'+ \/Qﬁ) Uu, (z,u) € [—1, 1]2 X Sd 2,

Then the following hold.
(I) The mean satisfies
sup H\/ﬁu(xnzu) + Kzt — HZQUH —0 as n — oo.
2€[-1,1]2
ueSi—2
(II) The map x — X, is continuous near S, and for every x € T,
S, = el Ty + 2027 — p(@)p(z)T. (D.13)
In particular, Xy = 72(Ig + 2uu’) = 0 for u € S“2. Consequently,

xlenif;n Amln(zx) >cqg>0

for all sufficiently large n, with the constant and threshold depending only on d.

(III) The map (x,y) — Xq,y is continuous near S X S, and Xry r, = 0 whenever u,v € S92 and
u # dv. Consequently, for every compact set K C {(u,v) € (S972)? : u # +v},
inf  Amin(Zons wnwe) = i >0
z,w€[—1,1]2 o o
(u,v)eK

for all sufficiently large n, with the constant and threshold depending only on d and K.

Proof. By rotational invariance, we may assume without loss of generality that z* = e, where € is
the first standard basis vector. For (I), recall that the population function is

F(z)=E|(a"z)* - (a"e)?|.
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For each fixed = near S, the random function z — |(a'z)? — (a'e)?| is differentiable at = almost
surely, with gradient 27Z,(a). For ||h|| = 1 and 0 < |t| < 1, its difference quotient satisfies

‘(aT(x +th))? — (aTe)Q‘ — |(aTac)2 — (aTe)Q‘
t

<2 ‘aTx‘ ‘aTh‘ + [t| (aTh)?

2 2
< 2=l +1) fla]]” < Callall”,
uniformly for z in a fixed bounded neighborhood of S. Since E[||al|’] = d < oo, dominated
convergence implies
VF(x) =2E[Z;(a)] = 2u(x).

Proposition 3.1 therefore implies

pu(tu) =0, and Du(ru) = k(uu' —ee').
Since Dy is continuous near the compact set S, Taylor expansion implies

K
(Tnzw) = —=(—21€ + 22u) + O(n_l/Q)a

Vn
uniformly for z € [~1,1]? and u € S~2. Multiplying by \/n proves (I).
For (II), recall that
Lo = E[Z:(a) Z:(a) "] = p(@)p(z) .
For x near S, the sign factor in Z,(a) squares to one almost surely, and a direct computation gives
E[Z.(a)Zs(a)"] = E[(a2)%aa"] = ||z|* I + 222"

Combining the two displayed identities proves the formula for ¥, in (D.13). Since p = VF/2 is
continuous near S, this formula shows that ¥,, and hence Apin(X;), is continuous near S. In
particular, setting x = 7u and using p(7u) = 0, we obtain

Yo =72 (Ig 4 2uu’) = 721y

Fix ng with n, 1/2 < 7. Since Ty, is compact and 1), C Ty, for n > ng, uniform continuity and
sup, , [|Tn,zu — Tul| < V2n~Y2 = 0 imply that, for all sufficiently large n,
inf  Amin (e, ) > cq = 72/2.

z€[-1,1]2
ueS4—2

Tn,z,u

For (IIT), choose a compact set U C RY whose interior contains S and which contains neither

cor . St Wey(0) = (G20

W, y; (@) = Wy y(a) almost surely. Moreover, for z,y € U,
1Way (@)II* = 1 Zo(@)* + 1 Zy(a)|* < (l2)* + llyl1*) llal|* < 2B? ||a]*,

where R = maxyey ||wl|. Since E[||a]|*] < oo, dominated convergence applied to each entry of the
mean vector and second-moment matrix implies iy, o, — Yg .

We next prove that ¥, -, = 0 for u,v € S92 with u # +v. Fix such u,v, and set = 7u and
y = Tv. For £&,n € R, suppose

). For any sequence (zj,y;) — (x,y) in U x U, we have

Var({TZz(a) + nTZy(a)) = 0.

Then ¢' Z,(a) + nTZy(a) is almost surely constant. Since e, z,y are linearly independent, the same
polynomial argument used to verify condition (H4) in the proof of Lemma D.7(IT) implies £ = n = 0.
Thus Yy 70 = 0.

For any compact set K C {(u,v) € S92 x S92 : u # v}, the function (u,v) > Amin(Sru.rv)
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is continuous and positive on K. Hence inf(, ,)ex Amin(Xru,rv) > 0. The same uniform-continuity
argument as in (II), using @, ,,, — Tu and 4, — 70 uniformly, implies that for all sufficiently
large n,

inf  Amin(Zans wonws) = i > 0.

z,w€[—1,1]2
(u,v)eK

E Three ingredients for second moment

This section contains the supporting lemmas used in the proof of Theorem C.3.

In the proofs below, Cg,¢cq > 0 denote constants depending only on d, used for upper and
lower bounds, respectively. Their values may change from line to line; additional dependencies are
indicated by subscripts.

E.1 Separated region
We use the separated-region contribution Dy, and the truncated angular integral J;(do) defined in

the proof of Theorem C.3, and the constant ~; from Theorem C.2.

Lemma E.1 (Separated region). Fiz 0 < dg < 1. As n — 0o, we have D(ng = dzjd(éo)nd—Q(l +
04,5,(1)) and
D75 = Oas, (n®7277) = 04,6, (n??) forl1<r<d-1.

Proof. The quantity Dy is a sum over ordered pairs of active sets with overlap r. We first estimate
the contribution of one such pair, and then sum over the pairs.
Fix I # J with |I| = |J| =d and | N J| = r. Recall from the proof of Theorem C.3 that

5= [ (0.0
()sep
|det A[’ |det AJ| 1xc, (A[)l/gy (AJ)
X 1,0 (2, Y3 Arug)
We first state the bounds used in both cases. For all sufficiently large n, Lemmas D.2(I) and D.8(III)
imply, uniformly over 2°¢P,
pXI($)7XJ(ZJ) (0’0) S Cdé(xa y)—r’ and )\min(zx,y) Z Cd750 > 0. (El)
The covariance bound follows from the continuity and positive definiteness of (x,y) — ., on the
compact set of limiting pairs (7u,, Tuy) with 6(z,y) > dp. In particular,
(0 1
su v) =
g TP (2m)4/det 5.,

Also, the row norm bounds defining K, and Ky, together with boundedness of 7T},, imply
|det Al [det A| < M7?,  and  [det Q(z; Ar)| |det Q(y; As)| < Ca (E.3)

whenever z,y € T;,, A € Ky, and Ay € K.
Let v =n —2d+r =n — |I U J|, the number of rows outside the two active sets. For A € K,

X(x) = Xs(y) = 0] da dy.

< C - (E.2)
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and Ay € Ky, Lemma D.7(II) implies

2d
T, 1,0 (2, Y3 Arug) = 271 |det Q(z; Ap)||det Q(y; Ay)| s, <_ﬁ <M(:v)>>

1(y) (E.4)
+ v (x5 Arug),
where, for some deterministic sequence 7, — 0,
sup sup  |rp(z,y; B)| < - (E.5)
(x7y)eﬂsep BeR(Zd—r)Xd
Breky, BJG’Cy
We now use (E.4) to bound the terms with > 1 and evaluate the leading term with r = 0.
Case 1: 1 <r <d-1. Combining (E.2), (E.3), (E.4), and (E.5), we obtain
sup 1,7 (%,y; B) < v~ (Cagy + 1) < Cagov ™" (E.6)
B:B[EICI
Bjely
Substituting (E.6) into the definition of I and using (E.1), we obtain
L5 < Caggv ™ / P (@)%, () (0,0)dz dy < Ca g6, Vol(T)? < Capn™ %, (E7)
Qsep

since v/n — 1 and Vol(T},) = Og(n~!). The bound (E.7) is uniform over all pairs with overlap r.
There are (1) (d) (Z:;«i) = 04(n?¥=") such ordered pairs, so

,
D;e?}l) < Cd750n2d—rn—d—2 _ Cd,éond_Q_T = 04,5, (nd—2).

Case 2: r=0. NowINJ =g and v=n—2d. Write I = {i; <--- <igq}. For fixed x € T}, and

each k =1,...,d, the k-th coordinate of X;(z) is al-Tk (x — sgx*), which is Gaussian with mean zero

and variance ||z — sg2*|*. These coordinates are independent, so

1

d
Px;(2)(0) = (2m) 42 H Tz — s
k=1

. E.8

For sufficiently large n, these variances are bounded away from zero on 7T, since ||z — sgz*|| >
7 —n~Y2 > 7/2. The formula (E.8) also holds for X(y). Since the two active sets are disjoint,
Xr(x) and X ;(y) are independent; hence T;, x T,, C Ry s and

Px1(2),x5()(0,0) = Px;(2)(0)px (4 (0)- (E.9)
Define
a(z) = E“det Agl||det Q(z; Ar)| 1, (Ar) ‘ Xi(x) = 0},
as in Lemma C.1. This function is independent of I, since every ordered active set uses the same

sign pattern. Moreover, A; and A; remain independent under the conditioning X;(z) = X (y) = 0,
because each constraint concerns only its own block. Consequently,

|det Ag| |det Q(z; Ar)| 1k, (Ar)
x |det Ay||det Q(y; Ay)| 1k, (As)

Xi(x) = Xs(y) = o] — a(@)a(y). (E.10)

We now substitute the expansion (E.4) for 7, 1 7(z,y; Arus) in the integral defining I>. For
fixed x,y, the Gaussian density in that expansion is deterministic, so it can be taken outside the
conditional expectation. The remaining expectation in the leading term factorizes as in (E.10).
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Together with (E.9), this yields I§) = I1 + Iz, where

2 Px1) (0D, (0 (Oa(@)a() s, , (—vv (© ) dzay
]/d Qsep 1(®) J(Y) z,y M(y) ’
and [» contains the remainder r,. By (E.5), (E.8), and (E.3),
| I| < Canpv = Vol(T;,)? = 0g.5,(n"%72). (E.11)

I =

It remains to evaluate 1.
Define the parametrization

Tn(z,u) = %m* + <7’ + \j%) u for z € [~1,1]> and u € S¢2.

We use this map for both integration variables, writing x = 2,,(z,u) and y = x,,(w, v), where z,w €
[~1,1]? and u,v € S%2. For each of = and y, the two normal coordinates each contribute a factor
n~1/2, and polar coordinates in (z*)* contribute the radial factor (7 4 zo/y/n)% 2. Consequently,

d—2 d—2
dedy =n"? <7‘ + ;%) (7‘ + fj%) dz dwdo(u)do(v).

The restriction d(x,y) > do becomes min{||u — v||, [[u + v||} > do, so the transformed integration
domain is compact and independent of n.
We now let n — oco. Since ||7u — spa*||? = 1+ 72, equation (E.8) and Lemma C.1 imply

pXI(zn(z,u))(O) - [27T(1 + 7—2)]_d/27 a(wn(z, u)) — Ja,
pXJ(a:n(w,v))(O) - [277(1 + 7—2)]_d/27 and a(l‘n(wa U)) — Yq.
Also, Lemma D.8(I) and (III), together with v/(n — d) — 1, implies

(E.12)

VUV (e (z,u)) = —kz12* + K2ou,
VUV p(zn (w,v)) = —kwiz* + kwav, and (E.13)
2 (z0) 0 (w0) = Bruro| o, = 0-
The limits in (E.12) and (E.13) are uniform over the transformed integration domain. By (E.1),
the covariance matrices stay uniformly positive definite, so the Gaussian densities also converge
uniformly. We may therefore pass to the limit in the integral. Using ps(—v) = ¢xn(v), we obtain
92d.-2d—4,92

n?vin — mjd(éo) = (d"2y3T4(80). (E.14)

Combining (E.14), (E.11), and v/n — 1, we obtain
I = (d)?y3Ta(80)n ™72 (1 + 04,5, (1)). (E.15)
Relabeling the Gaussian rows shows that all disjoint pairs have the same integral. Multiplying (E.15)
by their number, (7}) (n;d) = n2(1 + Og(n1))/(d")?, proves the asserted formula for Dy O

E.2 Tangential region

We continue to use the notation Q*** and D;3" from the proof of Theorem C.3.

Lemma E.2 (Tangential region). Fiz d >4 and 0 < 69 < 1. For all sufficiently large n, we have
D < Cqn=26 71 4 O/,

For1<r<d-1,
D:,?,I; = Od(nd_Q).

o3



The constants Cy are independent of dg.

Proof. Since there are a total of (7)) (d) (”_d) = 04(n??=7) ordered pairs (I,J) with overlap r, it

r/ \d—r

suffices to show that, for any fixed I # J with |I| = |J| = d and |I N J| = r, the integral

L= /Q o PX1(@),%5)(0,0)

|det A |det Ay| 1xc, (Ar)lx, (Ag)

X 1,7 (2, Y Arug)

Xi(z)=Xs(y) = 0] dz dy,

satisfies
I(i)}flél < Odn—3d/2—1 + Cdn—d—253/2—1’ (E.16)
and
I =oq(n "% for1<r<d-1 (E.17)
Since the set {0(z,y) = 0} has Lebesgue measure zero, we first estimate the integral over
Qe = Q0 {(2,y) s uguy >0, §(z,y) > 0}

For sufficiently large n, we have n=' < §;. We split at §(z,y) = n~!, where the prefactor
n=4(x, y)*d/ 2 in the joint probability estimate equals the marginal scale n~%2. For larger separations,
we use the joint estimate and its Gaussian decay in the normal displacement; for smaller separations,
we use the marginal estimate and the small volume imposed by p(z,y) < 0(x,y). Define

QS:) = QPN {(z,y) :n ! <8(x,y) <} and Qf) = QPN {(z,y): 0 < §(x,y) <n '},

and denote by I; and I the integrals over Q(j) and Qf), respectively.

Separations §(z,y) > n~'. We claim that, uniformly on Q%",
2
sup  7p1,0(2,y; B) < Can~ %6 (x,y) " exp [_Cdn (ai + B2+ plz.y) )] : (E.18)
B:Brek, 6(z,y)
BJG’Cy
We defer the proof of (E.18) to Lemma E.4. By (E.18), Lemma D.2(I), and (E.3), we obtain
I <Cm™? o(x y)ﬂ"*d/2 exp |—cqn | o2 + B2 + ple.y)’ dx dy (E.19)
= (y)eQt ’ T d(w,y) ' '

n~1<8(z,y)<do
We use tube coordinates, in which
dzdy = (1 + B2)72(r + B,)* 2da, dB, day, dB, do(ug) do(uy).
Since (x,y) depends only on u, and u,, (E.19) implies

I < Cgn™? 5_T_d/2/ emcan (st Bt )o) H [(7' + ,Bq)d_2 day dﬁq] do(ug) do(uy),
fu fa,p(9) ge{zy}

-~

I3

where 0 = d(x,y), p = p(z,y), and, with u,,u, € S4-2,
Oy = {(ug,uy) :ujuy >0, 71 <8< 8}, and Qo p(6) = [0 2 0 V0 {p <5},

The change of variables ( = a; — oy and n = 8, — B, under which p(z, y)? = ¢% +n?, has Jacobian
of absolute value one. The tube Jacobian factors are bounded, so after enlarging €, g(d), we obtain

5
I3 < Cy / e~ H60) dey, d B, / e~ qc dn < Cyn ' = = Cyon 2. (E.20)
R2 R2 n

o4



Substituting (F.20) and then using Lemma F.6, we obtain

I < Cdnfdiz

uz,uyeSd_2
n—1 <6 (ug,uy)<do

)
8 (g, uy) "2 A0 (1) do(uy) < Cqn= 02 /1 / 12727 qe (B.21)

Evaluating the integral in (E.21) gives

Can~ =250 dj2 -1,
I < 4 Cqgn=42logn, r=d/2 -1, (E.22)
Cqn~—34/2-14T, r>d/2—1.

Separations 0 < §(z,y) < n~!. Condition on A7 ; = B, and let C,, contain the v =n — 2d +r
remaining independent Gaussian rows. The constraint at x becomes
S(x;C,) € —Q(z; Br)(—1,1)% — S(x; Bnr)-

When By € K, and By € K, the target set on the right-hand side lies in B(0, Ry) for a fixed Ry.
Applying the local limit argument for S(x;C)) from the proof of Lemma D.7(I) to a fixed cube
containing this ball and using the uniform covariance lower bound, we obtain

sup 71,5 (w,y; B) < Cav™¥? < Cqn™/2.

B:Brek,
Bjekly

Using Lemma D.2(I) and the bounded tube Jacobian factors, we obtain

oy €592 (5_T/ doy dBy day, dBy do(ug) do(uy).
0<8(ug,uy)<1l/n 2a,(9)
z,Uy _,
Iy

IQ S C’dn_d/2

The change of variables ( = o, — oy and n = 3, — 8, has Jacobian of absolute value one and
transforms p < ¢ into ¢? + n? < §%. After enlarging the image of €, 5(5) under this change of
variables, we obtain

4762
as/ daxdm/ a¢ dn = 1
[,n71/27n71/2}2 C2+n2§52 n

Consequently, Lemma F.6 yields

I, < C'dn_d/2_1 U,y €S2 (g, Uy)2_Td0'(ux) do (uy)

0<6(uz,uy)<l/n (E.23)

1/n
< Cdn—d/Q—l/ p=1=r 4 < Oy =3d/2=147
0

where the last integral is finite because r < d — 1.

The antipodal contribution. For pairs with u;ruy < 0, replace y by 3y’ = —y and reverse all
active signs assigned to J. Each active equation for J is then multiplied by —1. Moreover,

Zy(a) = —Zy(a), QWY Ay) = —Q(y; Ay), and Ky =Ky
Thus the joint density at zero, the conditional law of the active rows, and the determinant factors
are unchanged, while the second score constraint is multiplied by —1. The antipodal contribution
is therefore the corresponding integral in the positive chart with reversed signs for J. Indeed, 1/
has coordinates (—ay, By, —u,) and dy’ = dy. The two terms defining d(z,y) are interchanged, and,
since u, u, < 0, both p(x,y)? and p(z,y')? equal (ay + ay)? + (Bz — By)?. The estimates above are
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uniform under this sign reversal. The probability bounds for m, ; ; use only the boundedness of
the target sets when By € K, and By € K. The density bounds in Lemma D.2(I)~(II) follow from
the same rowwise calculation for the reversed signs. For the angular bound in Lemma D.2(III), the
signs on I remain fixed, so the numbers of shared rows with matching signs satisfy r;. < d — 2 and
r— <2 <d— 2, even after reversing the signs on J.

Combining (E.22) and (E.23) with the reflected antipodal contribution proves (E.16) for r =0
and (E.17) for 1 <r < d — 1, uniformly over I, J. This completes the proof. O]

Lemma E.3 (Distance identity). For all sufficiently large n and every x,y € T,, with uluy > 0,
ly = =[1* = p(z,9)* + (7 + B2) (7 + By)3(x,y)*.

Proof. Since 2* L ug,uy and u) u, > 0, we have §(z,y) = ||us — uy|| and p(z,9)? = (ay — az)? +
(By — Bz)?. Therefore
ly = 2ll* = (ay — a)® + (7 + By)uy — (7 + B )ual

= (
= (ay = @2)? + (By = Ba)? + (7 + Ba) (T + By) [uy — ua?
= p(,9)* + (T + Ba) (T + By)d (2, y)*.

O
Lemma E.4 (Tangential-region probability estimate). Fiz d > 4 and active sets I # J with

|I| = |J| = d. There are constants Cq,cq > 0 such that, for all sufficiently large n and every
z,y € Ty, satisfying ulu, >0, 0 < §(z,y) < 1, and p(z,y) < 6(z,y),

2
x?
sup anf,J(xny B) < Cdn_dé(x, y>_d/2 €xXp |:_Cdn <a:2z: + 63 + p( y) >] .
B:B1eKs d(x,y)
B]GKy

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x* = e, where e is the first standard basis vector. Let r = |I N J| and
v=n—2d+r. Put § =0(z,y), h =y —z, and t = ||h||. Lemma E.3 and p(z,y) < § imply

t* = p(z,y)? + (1 + B) (1T + B,)%, and cqd <t < Cy.
Choose 0 < é, < 1, depending only on d, sufficiently small that Cyd, < t1, where Cy is the constant
int < Cyd and t7 is as in Lemma E.G.

First consider 0 < § < d,. Then ¢ < 1, and the tangential-region assumptions of Lemma E.6
hold, so it applies with constants depending only on d. Conditional on the active rows A ; = B,
relabel the remaining independent standard Gaussian rows as gi,...,g,. The target sets for the
sums at z and y are

By = _Q(w;BI)(_LI)d_S<‘r;BJ\I)a and By - _Q(y;BJ)(_Ll)d_S(y;BI\J)‘

When By € IC; and By € Ky, both targets lie in B(0, R;) for a fixed Rq. To combine the exponential
estimate in Lemma E.5(II) with the concentration estimate in Lemma E.6(II), we use two independent
groups of rows. Take the first 14 = |v/2] rows for C and the rest for Co:

Cr=(91,--,00)", and  Co=(gu41,---,00) .
Write vo = v — vy; both groups have n/2 4+ O4(1) rows. Define
U; = S(x;Cj), and Vi = S(y; C5) — S(x;Cj) for j =1,2.
Thus 7, 1.5(z,y; B) = P(F), where
F={Ui+UyeB,, Ui+Us+Vi+ V€ B,}.
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To apply Lemma E.5(II) to each group, let

v

vy
Hy =) Lg), and Hy= Y L(g),
=

l=v1+1
where L is defined in that lemma. Thus

[1(y) — p(2)]TV;

" for j =1,2.

Hj = p(x) Uj +

Lemma E.5(I) implies

l1(y) — u(@) || = [E[Zy(a) = Zz(a)]]| < Cat.
Also, ||u(z)|| < Cq on T;,. On the event F', the bounds B, B, C B(0, R;) imply ||Us + Usz|| < Ry
and ||[V1 + V|| < 2R,. Hence

Hy + Hy < Ry ln(x)| +2Rq <R,

l1(y) — ()]
t
for a fixed R, Thus at least one of the events E; = {H; < R/,;/2} occurs. Lemma E.5(IT) implies
]P)(EJ) < e)\Rfi/Q—cdl/jq < Cde—cdnq’

where g = ||u(@)[|* + [|u(y) — u()|? /2.
To apply Lemma E.6(II) to the other group, define

T = {(u,v) :u € By, u+v € B} € B(0,V5Ry).

For j € {1,2}, the event E; is determined by Cj;. Since C3_; is independent of C;, Lemma E.6(II)
applies uniformly to the translated set and implies

P(F N E;) =E[1g,P(F | C;)]
=E[1g,P(Us—j, Vs—;) € T — (U;, V) | Cy)]
< Cqug Lt™PP(E;) < Cqn~ %t 92P(E;).
Summing over j = 1,2 proves

o 1,0(x,y; B) < Cyn~ %2 exp [—cdn <||,u(a:)H2 + W)] ) (E.24)

We express the exponent in tube coordinates. Put y = aye + (7 + By)uz, so ||y — z|| = p(z,y).
By Proposition 3.1, p(7ug) = 0 and

8
T —eel), and K=—" >0

Du(tuy) = k(ugu T+ )2

The map uxu; — ee! is an isometry on span{e, u,}. Continuity of Dy near the compact saddle

sphere therefore implies, for sufficiently large n,

lu(@)]] = callzll,  and  [luy) — w@)] = caplz,y), (E.25)

where z, = (o, fz) and z, = (ay, By). For every orthogonal map R fixing e, rotational invariance
implies pu(Rz) = Ru(z). For any unit vector v L e, u,, the reflection across v+ fixes ¥, so v ' u(y) = 0.
Thus p(y) € span{e,u,}. Choosing R with Re = e and Ru, = u, then yields

n(y) — u(y) = (U;—#(@)(Uy — Usz).
Since pu(Tu;) = 0 and Dy is uniformly bounded near S, we have ||u(y)|| < Cq||2y||. Hence

l(y) = p@)I < @) 6 < Callzy] . (E.26)
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Combining (E.25) and (E.26) implies
li(y) = n(@)|* = cap(a,y)® = Callzy|l* 8%

Since ||zyH2 < 2|z |]* + 2p(z,y)? and t < 6, after reducing 8, if necessary, we obtain

2
chd<ai+ﬁg—|—p(x(’Sy)) for 0 < ¢ < 0,.

Together with (E.24) and ¢ < ¢, this lower bound proves (E.18) for 0 < § < d,.

For §, < § < 1, Lemma D.7(II) implies 7, s.(z,y; B) < Cyn~? uniformly for B satisfying
By € K, and By € K. In this range, n(a2 + 82 + p(x,y)?/§) is bounded by a constant depending
only on d. Enlarging Cy proves (E.18) in this range. O

Lemma E.5. Fix d > 4. There exist an integer ng and constants tg, cq, Cq > 0, all depending only
on d, such that the following holds for every x,y € Ty, with 0 <t = |ly — z|| < tyg. Fora ~ N(0,1,),
let

V=2,(a) = Z(a), and W= (Zﬁﬁa)) '

(I) We have
E|VI) <Cqt  forj=1,23.
In particular, |EV]| < C4t.

(IT) There is a constant X\ > 0, depending only on d, such that, for every k > 1, independent copies
ai,...,ar of a, and every R € R,

k
P (Z L(ay) < R> < Mizeaka,

(=1

L@ = (@) Zo(a) + LR ZHETY i) = g+ L@ =@

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that =* = e, where e is the first standard basis vector.
For (I), put w = (y — x)/t. Let s,(a) = sign((a'z)? — (a"e)?), and similarly define s,. Then
V = tsy(a)(a"w)a + [s,(a) — sz(a)](a’ z)a. (E.27)
Thus
2 2
1Zao(a)ll < Callall”,  and [V < Callall” (t + 15, 2,3)- (E.28)
To bound the sign-change term in (E.28), for o € {—1, 1} define
Asr ={a: (a"b,)(a"by +ta’w) < 0}, and bo = x — oe.
The factorization
(a'2)?—(a'e)? = (a"(z—¢))(a" (v +¢))
and y = = + tw imply that, if s;(a) # sy(a), at least one of these two factors changes sign. Thus
{se # sy} C AL UA_; up to Gaussian null sets.
If a € A,;, continuity along the segment from b, to b, + tw implies a' (b, + stw) = 0 for some
s € [0,1]. Writing a = ||a]| w, we obtain |w"b,| < t. Since ||bs|| is bounded below uniformly on T,
a direct computation of the surface measure implies P(A,;) < Cqt. Therefore,

P(sz(a) # sy(a)) <P(Ay ) +P(A_ ;) < Cyt.
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The events A,; depend only on w, which is independent of ||a||. Taking ¢y < 1 and using finite
Gaussian moments, we obtain from (E.28), for j = 1,2,3,

E[VIF < Ca (VE lal” +E[Jal* 14, 04_,] ) < Cat. (.29)

In particular, |[EV|| < E ||V < Cg4t, which proves (I).

To prove (II), we use e~* < 1—s+s2el*l /2 to estimate Ee (%) s0 we first bound E[L(a)2eo!L(@)]]
for some fixed \g > 0. Compactness of the tube and (E.29) imply ||u(z)|| + ||u(y) — p(z)]| /t < Cy.
The coefficient bound implies

1L(0)| < ()1 Zs(a) | + 1Oy

< (W+ P oy < ey .

For the exponential weight, the independence of w and |a||, together with the x? distribution of
2 . .
||la||”, implies

2
E [(1 + ||a|])Bellel /41AM} < Cyt. (E.30)
Choose Ag small enough that Ao ||| < ||a||* /4. Then (E.28) and (E.30) imply
E [Hzm(a)u%wwll} <C; and E [HvH?er“W“] < Oqt. (E.31)

After reducing \g if necessary, (E.31) remains valid with the weight /(@) Using |a + b|2 <
2(la|® + |b%), we obtain
E [L(a)2eHON] < 2)|u(@)|” E |1 Z(a)|* *E@)]
L 2ny) — p@)?
2

E [V e*ol]

2
< Gy ()| + ¢,

e (HW)”Z L lety) - u(x)!2> o

t

t

Since EL(a) = g, for a sufficiently small fixed 0 < A < Ao, we obtain
Ee M) <1 — \g+ CyA%q < e %4,

By Markov’s inequality, we have

k k
P (Z L(ag) < R) < eMEexp (—AZL(W)>
(=1

(=1

k
_ eARHEe—)\L(ag) < e)xR—cqu’

=1
which proves (II). O

Lemma E.6 (Covariance and concentration in the tangential region). Fiz d > 4, and let ng,to be
as in Lemma E.5. There exists 0 < t1 < tg, depending only on d, such that, for every x,y € T,
satisfying ||y — x| < t; and

T

Uy

uy > 0, 0<d(z,y) <1, and  p(z,y) < o(z,y),
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the following conclusions hold, where t = ||y — x||.

(I) For a ~ N(0,1), let V = Z,(a) — Zy(a) and W = (Zy(a)T, V)T, After increasing no if
necessary, there is a constant cqg > 0, depending only on d, such that

Cov(W) = cq <Ig t?) | (E.32)

(IT) Let Cy contain k independent standard Gaussian rows. After increasing no if necessary, for
every fixed R > 0 we have

S(x; Cy) —dy—d)2
Zselgz)dIF’ <<S(y;C’k) ~ S Ck)) €2+ B(O,R)) < Cqrk™ for all k > 1.

The constant Cq gr s uniform over z,y, k satisfying these assumptions.

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that 2* = e, where e is the first standard basis vector.
To prove the covariance bound (I£.32) in (I), it suffices to show that, for every &,n € RY,

Var(¢" Zs(a) +0"V) 2 ca(l€]° + ¢ |lnll*).
Expanding the variance, we have
Var(fTZx(a) + nTV) =¢'8.64 10" Cov(V)n+ 26T Cov(Zy(a), V). (E.33)

By continuity of ¥, near the compact saddle sphere and (D.13) with z = Tu, choosing ng sufficiently
large ensures cqly = ¥, < Cylg uniformly on 7},,. By Young’s inequality, it therefore suffices to
prove
Cov(V) = cqtly, and ICov(Zy(a), V)|

and then choose t; sufficiently small.

The first estimate gives a lower bound of order ¢ for the variance of V' in every unit direction.
The second controls its interaction with Z,(a), allowing us to establish (I). We then combine this
bound with the moment estimates of Lemma E.5 to prove the concentration bound in (II).

< Cyt, (E.34)

op

Increment covariance. Lemma E.5(I) implies
Var(("V) =E('V)? = (("EV)? > E(('V)?> = Cgt>  for |¢]| = 1.

Thus it suffices to find a uniform positive lower bound for t~'E(¢"V)? over unit vectors (. The
contribution of order ¢ comes from individual sign crossings; the noncrossing and simultaneous-
crossing terms are of order t2. To decompose this second moment, put w = (y — x)/t, which is a
unit vector, let s;(a) = sign((a'z)? — (a"e)?), and similarly define s,. By (E.27), on {s; = s,} we
have V = ts,(a)(a'w)a, while on {s; # s,} we have V = —s,(a)(2a"z + ta w)a.
For o € {—1,1}, recall the events from the proof of Lemma E.5:
Asr ={a: (a"by)(a by +ta’w) < 0}, and by = x — oe.

The factorization

(a'z)? = (a"e)? = (CLT(CC —e)) (aT(x +e))
and y = x + tw imply that, if s;(a) # sy(a), at least one of these two factors changes sign. Thus
{82 # sy} C AL UA_; up to Gaussian null sets. If both factors change sign, their product keeps
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its sign. Hence {s; # s,} occurs if and only if exactly one of A, ; and A_; occurs. Therefore,
E(CTV)? = £E [(a"w)X(a" )L s,

+ Y E[@aTe+ta w01, (E.35)
o=%1

—2E [(QaTa: + taTw)Q(aTC)%A%mA,,t} .
The first term in (E.35) is O4(t?) because Gaussian fourth moments are finite.

To bound the intersection term, we first check the geometry of b4 and b_. Write z = ae+ (74 )u
and H, = b+. A direct computation shows

T+
|1 Pr, ]| = o 1P, b—oll = 2| Pr, |- (E.36)
Thus the normal vectors by = x —e and b_ = x + e of Hy and H_, respectively, are uniformly
nonparallel, their lengths are bounded above and below, and || P, z|| is bounded below.
To bound simultaneous crossings, write a = ||a|| w and choose orthonormal vectors vy = b4/ ||b|]

and vo = Py, b_/ HPHJ)— H On A4 ;N A_4, the defining inequalities of A} ; and A_; imply
‘wa, (val)(wTvl)‘
[P

‘me’ < Cyt, and ‘wTvg‘ < Cyt,

where the bounds on [|by|| and ||Pg, b_|| follow from (E.36). The pair (w'vi,w'vs) has density
proportional to (1 — 22 — z%)(d_4)/ 2 on the unit disk. Since d > 4, this density is bounded, and hence
P(Ay:NA_,) < Cgt? Independence of w and ||al| then implies

2
E[(1+ lal)ell*/414, na_, ] < Cat® (E37)

Since (2a'z + ta' w)2(a"¢)2 < Cyllall*, (E.37) bounds the intersection term in (E.35) by Og4(t2).
Consequently,
BCTV) =3 E[2aT+ta w)* (@ )%La,, | + 0alt?). (E.38)
o==+1
By (E.38), it now suffices to compute the limit of the sum divided by ¢ and show that it is
uniformly positive. For each o € {—1,1} in this sum, let b = b,, put b= b/ ||b]|, and write a = Z4wb
with z L b. For sufficiently small ¢ and fixed z, the crossing interval in v has endpoints 0 and

tzTw
v(z) = ——————.
[16]] + tbTw
Thus, for a continuous function F' bounded by a polynomial times a Gaussian,
1
/ F(a)da = / / F(z+ o (2)b) |ve(2)] dl dz. (E.39)
{(aTb)(aT (b+tw))<0} b+ Jo
Here and below, dz denotes Lebesgue measure in orthonormal coordinates on the hyperplane.
Moreover, |vi(z)| < Cgt|z] and ‘z—i—ﬂvt(z)g‘ > ||z|l. Dividing by t and applying dominated
convergence gives the leading contribution of this crossing:

1

¢ /{<aTb>(aT<b+tw>><0}

sz‘ F(z)dz. (E.40)
We also need (E.40) to hold uniformly as z, w, { vary. The same dominated-convergence argument ap-

plies along convergent sequences of parameters b, w, F' with a common Gaussian bound, using orthonor-
mal coordinates on b that vary continuously with b. Applying (E.40) to (2aTx+taTw)2(aTC)2<p,d(a)
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and using (F.38), we therefore obtain

—E(CT L p— Z

‘sz‘ (ZT$)2(ZTC)2<p1d(z)dz. (E.41)
Hb I Ju,

To obtain the covariance lower bound, we show that the limit in (E.41) is uniformly positive.
Put § = §(z,y). Lemma E.3 and p(z,y) < J imply

t* = p(x,y)* + (7 + B) (T + B,)8” < Cad®.
For o = %1, (D.8) and (D.9), together with ||z — ge|| < C4, therefore imply

Hp(a:—ae)J-(y_x)H cqo
>
t -t
On each H,, (E.42) and (E.36) imply that the restrictions of z + zTw and z — 2 2 are nonzero
linear forms. Thus the corresponding integral vanishes exactly when ( is parallel to b,. Since by
and b_ are nonparallel, the sum of the two integrals is positive for every unit (.

The triples (x,(,w), with = € T, and unit vectors ¢, w satisfying the fixed positive lower bound
n (E.42), form a compact set. The right side of (E.41) is continuous there, by Gaussian domination
in local orthonormal coordinates, so it has a positive minimum depending only on d.

The representation (E.39) implies convergence along every convergent sequence of parameters,
hence uniform convergence in (F.41). The positive lower bound therefore transfers to ¢t *E(¢TV)? for
sufficiently small ¢. Since [|[EV|| < Cgt, after choosing ¢; < to sufficiently small, we obtain, uniformly
over unit ¢,

| Py, wl = > ¢ (E.42)

Var(('V) =E(('V)? = (("EV)? > ¢4t — Cgt® > %dt,

Lemma F.5(I) with j = 2 implies E ||V||* < Cyt, which proves the upper covariance bound. Thus
cqgtly = Cov(V) =2 Cygtly. (E.43)
This proves the first estimate in (E.34).

Mixed covariance. Since ||Z,(a)|| < Cyllal/* and ||u(z)|| < Cy, (B.28) and (E.30) imply
1Cov(Zz(a), V)llop < B[l Za(a) V] + [[ ()| [EV|
<0y (tIE lal* +E[|la]* 1A+,tuA_7t]) + Ot < Oyt

This proves the second estimate in (E.34). Substituting (E.43) and (E.44) into (E.33) and applying
Young’s inequality, we obtain

Var(§' Zz(a) +n' V) > ca |€]* + cat |nll* — Cat ]| 7]
cq
> €% + (cat — Cat®) |Inl|*
> ca(ll€ll* + ¢ 1n11%),

where the last inequality holds after reducing ¢; once more. This proves (I).

(E.44)

Concentration estimate. For any fixed T' > 0, Lemma F.7 with m = 2d and € = RT, together
with independence, implies

sup P(X € = + B(0, R)) < Cogpr R / Ix(E,m)F dé dn, (E.45)
1EmILT

2€R2d
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where
S(y; Ck) — S(x; Cy)
It therefore suffices to prove that, for some fixed T' > 0 depending only on d,
(€ m)| < e lD when g, nl] < T (E.46)
a2

> ; and (& n) = Eeilé Ze(@nTV],

since the resulting Gaussian integral in (E.45) has order k=%~
To prove (E.46), we separate the variance from the third-order remainder. Let Y = ¢7[Z,(a) —

w(x)]+n"[V —EV], and let Y’ be an independent copy. We use the same symmetrization idea as

in [5, proof of Proposition 8.2]. Independence and the inequality coss < 1 — s2/2 + |s|3 /6 imply

IX(&n)> =Ecos(Y —Y') <1—Var(Y) + éIE y -v'|°.
For the remainder, Jensen’s inequality, |a + b < 4(Ja* + |b|*), and (E.28) imply
Ely -V <8E|Y|
< B2|K[PE | Zo(a) — u(2)|° + 32 |l E |V — EV]?
< Ca (IEIPElal® + InlP E V)
< Ca(l€® + ¢ mll*),

where the last inequality uses Lemma E.5(I) with j = 3 and the finiteness of Gaussian sixth moments.
Since part (I) implies Var(Y) > cq(J|€]|* + ¢ |1]|?), we obtain

@€)< 1= ca(llEl” + tlInl*) + CaCl€N° + ¢ 19]1%).

For |[€],|n]l < T, we have ||€]]> +¢[n]|* < T(|¢|]* + ¢ ||n]|*). Choosing T' > 0 sufficiently small
depending only on d therefore allows us to absorb the cubic terms into the quadratic terms. Taking
square roots and using 1 — s < e~* proves (E.46). Finally, substituting (E.46) into (E.45) and
enlarging the integration domain, we obtain

sup P(X € 2+ B(0,R)) < Cd,R/ / e—wk(||§||2+75H77||2)(:1£d77
Re JRd

z€R24
< Capk™ 2 (kt)= 42 = Cy gk~ =42,
This proves (II). O

E.3 Normal-dominated region

We continue to use the notation Q" and D% from the proof of Theorem C.3.

Lemma E.7 (Normal-dominated region). Fiz d >4 and 0 < 6y < 1. As n — oo, we have
Dy = Oa(n¥?71) = 04(n?2) for0<r<d-1.

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that z* = e, where e is the first standard basis vector.
There are () (d) (Z:g) = 04(n?*=") ordered pairs (I, .J) with overlap r. It therefore suffices to

T

show that, for any fixed I # J with |I| = |J| = d and |I N J| = r, the integral

2= [ pew00)

|det Af||det As| 1k, (Ar)lx,(As)

X T, 1,7(%, Y3 Arug)

Xi(z) = X;(y) = 0] dz dy
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satisfies
I < Cyn 3271 for 0<r < d - 1. (E.47)
We first estimate the integral over
Qe =0" N {(x,y) : u;uy >0, 6(z,y) > 0}.
Denote this contribution by 7. By Lemma E.8, for pairs in Q5°,

sup mp1,7(x,y; B) < Cyn~42e=canlly=ll, (E.48)
B:B[G’Cac
Byeky

When A; € K, and Ay € Ky, |det Af| |det Ay| < M3%. Therefore, (E.48) implies
I < Cdn_d/Q/ P ()X ) (0, 0)e 4 1v =l dz dy.
Qio[‘
Write h = y — . Lemma E.3 implies
IRl* = p(z,y)* + (7 + Ba) (T + B,)3(x,y)* > 0,

where positivity follows from p(x,y) > d(x,y) and 7 + B, 7 + By > 0 for sufficiently large n. By
(D.3),
Cy

T+

rT—

PX;(2),X()(0,0) < ‘

P”i h P, h
where vy = x F e and r4 count the shared rows with matching signs +1. Put ¢ =r; +r_ < r. The
chosen sign pattern implies 71 < d—2 and r— <2 < d — 2. The disjoint case is included by taking
ry=r_=0.

After enlarging the displacement domain to R%\ {0} and changing variables h = tw, we obtain

d oo
I, < Cdnd/2/ / T(i(w) — / e Ccantyd=1=4q¢ dy.
Ty JS4-1 P,Ui_w P,Ui_w 0 Y

~~

Iz

I
By Lemma D.2(IIT), the first integral satisfies I; < Cy uniformly in z. For the second integral, the
change of variables s = nt implies
Iy = n—(@-9) / e gd-1-aqg < Cyn-(d-0),
0

since ¢ < r < d — 1. Substituting the bounds on I; and I, we obtain
Iy < C’dnd/Qn(dQ)/ dz

B Cdn_gd/2+q /Sd—Q [ —1/2 71/2]2 (T + Bw)d_Qdaz dﬁm do—(”:c)

< Cdn—3d/2—1+q < Cdn_Sd/2_1+r, (E49)

where we used the change of variables © = agze + (7 + fz)uy, and g < r.

The antipodal contribution. For pairs with u;uy < 0, replace y by 3y = —y and reverse all
active signs assigned to J, as at the end of the proof of Lemma E.2. This change preserves é(zx,y),
p(x,y), and Lebesgue measure, and transforms the antipodal contribution into the corresponding
integral over Q4" with reversed signs for J. The proof of Lemma E.8 applies under this sign

reversal, so (E.48) holds with 3’ in place of y. The density bound (D.3) and the angular bound in
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Lemma D.2(III) also remain valid: the signs on I are unchanged, so 7y <d—2andr_ <2<d—2.
Hence the antipodal contribution satisfies (E.49) as well. Since the sets {§(z,y) = 0} and {u, u, = 0}
have Lebesgue measure zero, combining the two contributions proves (E.47), uniformly over I, J,
and completes the proof. O

Lemma E.8 (Probability estimate in the normal-dominated region). Fiz d > 4 and active sets
I # J with |I| = |J| =d. There are constants Cy,cq > 0 such that, for all sufficiently large n and
every z,y € Ty, satisfying ulu, >0 and 0 < §(z,y) < p(z,y),

sup 71,0 (w,y; B) < Cqn~Y2ecanllv=l,

B:Brek,
BJG’Cy

Proof. Fix active rows B satisfying By € K, and By € Ky, let r = |[INJ| and v =n — 2d + r, and
relabel the remaining independent standard Gaussian rows as gi,...,g,. We split the remaining
rows into two independent groups to obtain the two factors in the desired bound. The joint event
forces at least one group’s increment to have a projection bounded above by a fixed constant in
the direction u(y) — u(z), yielding the exponential factor e~ ¢a"l¥==l = Conditional on that group, a
uniform concentration estimate for the other yields the factor n=%2. Take the first v; = |v/2] rows
for C; and the rest for Cs:

)T )"

Cl:(gla"'agul 5 and 02:(gyl+1,...,gl,

With vy = v — 11, both groups have n/2 + Og4(1) rows. As in the proof of Lemma E.4, the target
sets for the sums at x and y are

By = =Qz; B)(=1,1)" = S(2: Byyy),  and By = =Q(y; B)(=1,1)" = S(y; B),
and both lie in B(0, R4) by the row norm bounds on B. Write
Uj = S(x;Cy), and Vi = 8(y; Cj) — S(x; Cj) for j =1,2.
Then 7, 1 7(x,y; B) = P(F) for the pair event
F={U1+Uy€B;, Ui +Us+Vi+Vo€By}.
Put h = y — 2 and w = [u(y) — p(x)]/ ||u(y) — p(x)||. For a single row a ~ N(0,1;), write
V =Z,(a) — Zy(a). Let \g be as in Lemma E.9. For a sufficiently small fixed 0 < XA < X,

)\2
Ee "V <1 XE[w V] + SE [ V)2l V]

)\2
<1 Alla(y) - (@) + FE V] ] (.50)
< 1= Aeallh]l + Cad? |IA]
< e—callhll,

The first inequality in (E.50) uses e~t < 1 —t + t%el!l/2; the third uses (E.52). The last inequality
in (E.50) follows by choosing A sufficiently small. On F', the difference sum V; + V5 belongs to
B, — B, C B(0,2R;). Thus F implies at least one of the events E; = {w'V; < R4}. For j € {1,2},
the exponential Markov inequality implies

P(E;) < M (Ee—xwwzym)—zx(a)])”j < Cyecanlitl,

The local limit argument for S(z;C}) in the proof of Lemma D.7(I), applied to a fixed cube
containing B(0, Ry), implies

2

sup P(S(z;Cj) € 2+ B(0, Ry)) < C’duj_d/ (E.51)

z€R4
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uniformly for « € T}, and all sufficiently large n. For j € {1,2}, conditional on C}, the event F'N E}
requires Us_; € B, — U;. Since Cs_; is independent of C; and B, C B(0, Rq), (E.51) implies

P(F N Ej) =E[1g,P(F | C))]
<E[1g,P(Us—; € B, — U; | Cj)]
< Cavy "IPP(E;) < Can™¥*P(E;).
Summing over j = 1,2 proves (E.48). The argument uses only the row bounds on B, so it also

applies after reversing the active signs at an antipodal endpoint. O

Lemma E.9 (Moments of increments in the normal-dominated region). Fiz d > 4 and let a ~
N(0,1). There ezist ng and constants cq, Cq, \o > 0 depending only on d such that, for everyn > ng
and z,y € T,, with u}u, > 0 and 5(x,y) < p(z,y),

lu@) = w@)l = cally = ol and E [1Z,(a) = Zo(a)|* X121 < Cyly — 2. (E52)

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that z* = e, where e is the first standard basis vector. Put h = y — z. Since
u) uy, > 0, we have
6 = |luz — uyll, and ,02 = (ay — aw)2 + (By — 63:)2
Lemma E.3 and the condition § < p of the normal-dominated region imply
I[* = 0% + (7 + B2) (7 + B,)8° < Cap® < Cyn™ ",

The segment from  to y therefore lies within Og(n=/?) of Tu,. Since u = VF/2, Proposition 3.1
and continuity of Dy near S give, uniformly over these pairs,
8T

() = (o) = wueu] —eeDhtollpl)  with k= —"Tog >0 (E5)
Moreover,
eTh:ay—ax, and ulh:/@’y_/gx_%ﬁyég
Hence,

H(uxul — eeT)hH = \/(ay —a,)? + (ﬁy 8, - T—;ﬂy(;z>2

T+ By 52 (E.54)
2

> p—Cap® > £ > callh].

Zp—

The first equality in (I£.54) uses that e and u, are orthogonal unit vectors. The bound p—Cgyp? > p/2
in (E.54) holds for sufficiently large n, since p < Cyn~/2. The expansion (E.53) and (E.54) therefore
imply, for sufficiently large n,

) = (@) = || (el = eeT)n|| = o(pll) = ca 1.

To prove the second bound in (E.52), write s, (a) = sign((a'z)? — (a'e)?) and similarly for s,.

Then

2,(@) ~ Zu(a) = 5,(@)(a" h)a+ [5,(a) — s:(a)](a @),
S0

12y (@) = Za(@)ll < Callal® (11l + Lis, (@) 5, a)})- (E.55)
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If s,(a) # sy(a), continuity of (a'2)? — (aTe)2 =a'(z —e)a' (z + ¢) along the segment from z to y
implies that a' (z 4 th — oe) = 0 for some ¢ € [0,1] and ¢ € {—1,1}. Writing a = ||a|| w, we obtain
(

’w x — oe) :t’wTh‘ < ||A]].

For each fixed o, a direct computation of the surface measure of the spherical band, together with
|lx — oe|| > 7/2, shows that

P(we st ‘wT(x - ae)’ AL

Taking the union over o € {—1,1} yields P(s;(a) # sy(a)) < Cq||h|]. This event depends only on w,
which is independent of ||a||. Since |ja||* has a x4 distribution, for 0 < Ag < 1/(2C4) we have

E[|laf* e“e2lal®] = d(d + 2)(1 — 2C420)~Y*72 < 0.
Thus, for sufficiently large n, (E.55) implies
E [HZy(a) = Zy(a)|? XN =2 < Cy([|R)1* + [|R]) < Callhl]-

F Auxiliary lemmas

We collect auxiliary lemmas used throughout the paper. The proof of the first lemma is simple, so
we omit it.

Lemma F.1. Let G € R¢ be a nondegenerate Gaussian vector, and let p : R4 — R be a polynomial
that is not identically zero. Then, P(p(G) =0) = 0.

Lemma F.2 (Almost sure nonsingularity of projected matrices). Suppose n > d, and let (a;)}_, be
i.i.d. standard Gaussian vectors in R, Then, almost surely, for every index set I C [n] with |I| < d,
every sign pattern o € {—1,1}°, and every matriz V whose columns form an orthonormal basis of
the orthogonal complement of span{a; }icr,

the matriz V' (Z Uiaia; ) V' is nonsingular.
ig I

Proof. Fix an index set I C [n] with |I| < d and a sign pattern o. Almost surely, the orthogonal
complement of span{a; }icr equals that of span{u; }icr, where u; = a;/ ||a;||. We can therefore choose
an orthonormal basis matrix V' = (v1,...,v4_ I|) as a measurable function of the directions (u;);er
; - Since any orthonormal basis can be written as V = VQ with

Q'@ = I, the singularity of VT HV does not depend on the choice of V.
The vectors (a;);¢; are independent of the directions (u;);e;. Conditional on these directions,
det(VTHV) is a polynomial in the components of (ai)igr- This polynomial is not identically zero.

alone. Define H = Ziy oia;a; .

Indeed, choose distinct inactive indices ji, ..., jq—|7) from [ and set
aj, = vy, and a; =0 for all remaining indices in I°.
For this choice, V' HV = diag(a,,. .. ,de_m), so its determinant is nonzero. Lemma F.1 gives

P(det(VTHV) = 0| (ui)icr) =0 almost surely.

Taking expectations and then a finite union over all choices of I and o completes the proof. O
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Lemma F.3 ( [24, Proposition 7.2|). Let f be closed and weakly convez, and let M be an active
manifold at a critical point T. Then T is a (strict) local minimizer of f|am if, and only if, it is a
(strict) local minimizer of f.

Lemma F.4. Let 7 > 0 be the unique solution of arctant + 7/(1+ 72) = w/4. Let P ~ N(0,1) be
independent of jointly standard Gaussian variables X,Y with E[XY]| = ¢ € [—1,1], and define
q(c) = E[XYsign(7'2X2 — P?)sign(r?Y? — PQ)] .
Then there exists a constant v > 0 such that
1—q(c)*> (1 -1 +~c) for —1<c<1.
Proof. For p € R, put f,(t) = tsign(7t? —p?). This function is odd and has unit norm in L*(N (0, 1)).

Expanding f, in the orthonormal Hermite basis, applying the Gaussian correlation identity, and
averaging over P yields

q(c) = Z:chzjJrl with w; > 0, and ij =1
Jj=0 Jj=0
Here w; is the expectation of the squared Hermite coefficient of degree 25 + 1. In particular,
wo = EP[(EX[X2SigD(T2X2 — Pz)])2:| < 1,
because the inner expectation lies strictly between —1 and 1 whenever 0 < |P| < co. Hence
la(e)] < wole] + (1 — wo) el
Since [wp + (1 — wp)c?)? < wg + (1 — wi)c?, the claim follows with v =1 — w2 > 0. O
For the next lemma, let 7 > 0 and let X, Z, P be independent standard Gaussian variables. For
-1 <ec<1, set
s=11-¢c2, Y, =cX + 52, and T, = —sX +cZ,
and define
r(c) = E[X ZY.T.sign(r*X? — P?)sign(r’Y;2 — P?)].
As in the proof of Lemma F.4, write

wo :Ep[(EX[XQSign(TQXQ—PQ)])Q} , and y=1-wi

Lemma F.5. Suppose that 2/5 <1 <9/20 and wy > 3/5. Then v > 0 and
1—r(e)? >~yvV1—¢2 for —1<ec<1,

with equality if, and only if, ¢ = 0.

Proof. We first obtain global bounds for r(c) from the Hermite expansion, then prove a quantitative

endpoint estimate, and finally combine the two bounds.

Global bounds. Use the functions f,(x) = xsign(r?z? — p?) and Hermite weights w; from the

proof of Lemma F.4, whose construction applies for every 7 > 0. In particular, w; >0, > jsow; =1,

and wg < 1. Write h; = He;/ /1! for the orthonormal probabilists’ Hermite polynomials. For 4,7 > 1,
the Gaussian moment generating function gives

E[hi(X)Z hj(Ye)Te] = Li—jy (¢! —i(1 = ) ™). (F.1)
Indeed, for real a, b,
E[ZTceaX—a2/2ebYc—b2/2:| _ (C _ (1 _ C2)ab)€cab,
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and comparing coefficients proves (F.1). Applying this identity to the Hermite expansion of f, and

averaging over P, we obtain, with v = ¢2,

r(c) = ij (25 +2)u— (25 + 1))uj. (F.2)
=0
To justify the passage to the infinite expansion, multiplication by the independent Z preserves the
L? norm, as does the orthogonal rotation giving (Y., 7.). Thus finite Hermite sums converge in
the required expectations. Cauchy—Schwarz bounds each diagonal expectation in (F.1) by one in
absolute value, so > jwi=1 also justifies averaging over P.
For 0 < u < 1, each summand polynomial satisfies
(27 +2)u— (27 + 1))u/ =’ (2u — 1 — 2§(1 — u)) < max{0,2u — 1}.

For j > 1, its negative is at most (25 4+ 1)(1 — u)u/ < 3u, since

Jj—1 27 +1
J1—w)w/ ™t < (1 —u) g w=1-—u <1, and ‘], <3.

; J

=0

Separating the j = 0 term in (F.2) gives
—wo 4 (bwy — 3)c® < r(c) < max{0,2¢* — 1}. (F.3)

In particular, r(c) > —wg because wgy > 3/5.
Endpoint estimate. We next show that

2
1—7"((:)25\/1—02 for 31/32 < e < 1. (F.4)
Write ¢ = cos(26) with 0 < 0 < /2, and put h = sind and ¢ = cosd. Then 0 < h < 1/8,
¢?> =1—h%? >63/64, and s = 2hf. Conditioning on X, Z gives
r(c) = B[XZY.T. (1 — 4[®(7|X]) — ®(r[Ye)])],

where @ is the standard Gaussian distribution function. Define the radial integral
> 1
U(a) = / p5e_p2/2 (‘I’(T,OCL) — 2) dp for0<a<1.
0

The integrable bound Tpﬁe_pz/ 2/\/27 justifies differentiation under the integral. The Gaussian sixth
moment, together with 14 72 < (11/10)? and (11/10)7 < 2, yields
157 , 157 157
— < = < — <a<l. .
1 < ¥'(a) ST 2 S 2 for0<a<1 (F.5)

Using polar coordinates X = pcos¢ and Z = psin ¢, followed by 0 = ¢ — J, we obtain
4 w/2
r(c) =2 -1— =1,  withI= 2/ K(0)D(6) de, (F.6)
™ 0

where
K(0) =sin?Acos® 6 — h2?, and D(#) = U(cos(6 — §)) — (| cos(d + 0)|).
Here E[XZY.T.] = 2¢®> — 1, the Gaussian density and polar Jacobian leave the radial weight
p5e_p2/ 2/(27), and the original angular integrand is m-periodic and invariant under 6 ~— 7 — . These
identities give the factor 4/7 in (F.6).
For 0 < 6 < 7/2, the two arguments of ¥ differ by 2min{hsiné,¢cosf}. Consequently, (F.5)
gives

1
%min{h sinf,lcosf} < D(6) < 157 min{hsin6, £ cos 0}.
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Moreover, since ¢ > 1/2,

h2
sin? @ cos® A min{hsin ), cos §} > hsin® cos® § — > sin® f cos 6.

When the minimum is hsin 6, this is immediate. Otherwise it follows from
h? 1
£ cos® 6 — hsinf cos 6 + ?sin29 > 5(00s9 — hsing)? > 0.

Apply the lower bound for D(f) to the nonnegative term sin? § cos? § in K () and its upper bound
to —h2¢%. Using
w/2 ) /2 1 /2
/ sin® @ cos? 0 df = —, / sin*@cosfdf = =, and / sinfdf =1,
0 15" Jo 5 0

we obtain

2 h 4 3
I>157h | — — — —2h%% ) > h (= — Sh—12n%*) > 0.
=07 (15 10 ) = <5 5 =
The first bracket is positive because h < 1/8 and £2 < 1, and the second inequality uses 7 > 2/5.
Since m < 4, (F.6) implies

4 4 3 4.2
1—r(c)=8h20? + —I>_—h+h? (87— —12n*) > —h > Zs.
™ =5 5 5 75

The last two inequalities use £2 > 63/64, h¢> < 1/8, and s = 2hf < 2h. This proves (F.4).

The minimum. Equation (F.2) shows that r(—c) = r(c) and r(0) = —wy, so it suffices to consider
0<c<1. Wehave 0 <v=1—w3 <16/25. If r(c) <0, (F.3) gives |r(c)| < wp, and hence
()2
L=r@ S0y,
s s

with strict inequality when ¢ > 0.
Suppose that r(c) > 0 and ¢ < 31/32. By (F.3), u = ¢? > 1/2 and r(c) < 2u — 1, so
1— 2
ﬂ >4uv1 — u.

s
For u < 3/4, the right-hand side is at least 1. For u > 3/4, we have s > \/@/32 > 7/32, so it is at
least 21/32 > 16/25 > ~.

Finally, suppose that r(c) > 0 and 31/32 < ¢ < 1. The endpoint estimate (F.4) gives r(c) <
1—(2/5)s, whence

1 —1r(c)? - 1—(1—(2/5)s)> 4 4 oo 16
S - ] 5 25 25

At ¢ = 0, the identity 7(0) = —wy gives equality, completing the proof. O]

Lemma F.6 (Angular integration). Fixz d > 4. Define g(u,v) = min{|u —v||,||u+v||} for
u,v € S¥2. There exists a constant 0 < Cy < oo, depending only on d, such that for every
nonnegative measurable function f on [0,00) and every 0 < a < b,

u,peSi—2
a<g(u,0)<b

b
Flg(u, v))do(u) do(v) < Cy / FOE3at.

Here do denotes the surface measure on ST 2.

Proof. Fix u. Reflecting v through the origin produces a factor of two and reduces the angular
integral to 0 < @ < 7/2, where u' v = cosf. Write v = cosfu + sinf w, where w € S 2 Nut, a
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sphere identified with S¥=3. On the hemisphere {v : u"v > 0},
g(u,v) = ||lu—v|| = V2 —2cosf = 2sin(0/2), and do(v) = (sin0)43d0 do(w).
Integrating over v implies
s (o)) =2 / reonn /S  F(2sin(0/2))(sin )" do(w) do
a<g(u,v)<b a<2sin(0/2)<b

—9 ‘Sd’?’ F(2sin(0/2))(sin 0)4-3d9

0<9<r/2
a<2sin(0/2)<b

=2 ‘Sd—?’) / FOR3(1 — £2/4)d=H/2q¢,
[a,b]N[0,v2]
where the last equality uses the change of variables ¢ = 2sin(6/2). Integrating over u as well yields

f(g(u,v))do(u)do(v) =2 ‘Sd_Q‘ ‘Sd_?" /[ - FOE3(1 = 2 /)9 2qe,

u,peSi—2
a<g(u,v)<b

Since d > 4, the last factor is at most one. The bound therefore holds with Cy = 2 |Sd_2‘ ‘Sd_?”. O

Lemma F.7 (Esséen concentration inequality [62, Exercise 2.2.11, p. 85]). For every integer m > 1
and every € > 0, there exists a constant Cy, . > 0, depending only on m and €, such that for every
random vector X € R™ and every R > 0,

sup P(X € 24+ B(0,R)) < C’mvaRm/ ‘EeivTX’ do.
2ER™ lvli<e/R

G Numerical experiment details

This appendix details how we test the criticality condition (4.2) numerically for the candidates in
the first experiment of Section 5. The signal is fixed at * = e, and the dimension, measurement
ratios, and trial counts are specified in the main text.

Candidate construction. For each enumerated index set I = {i; < --- < ig} and nonconstant

sign vector s € {il}d, we impose the active equations aI/x\ = sjaiTjel for j=1,...,d and form the

candidate T = xy ¢ from (4.3). Let S;(Z) and Q;(Z) be as defined in Section 4, with the columns of
Q[ ordered by il, ey id.

Numerical verification. We recompute each candidate selected for verification and its multiplier
X € R? using 60-digit decimal arithmetic and then apply the following checks.

1. Consistency of the active set. We solve the selected active equations and require every unselected
measurement to have a nonzero residual:

min |(a; )% — (a] e1)?| > 1073,
idl
This check numerically separates the prescribed active measurements from the remaining ones.

2. Criticality with an interior multiplier. We solve Qr(Z)\ = —S1(Z) and require
1 —[[Af|loo > 10730,
This condition keeps the multiplier strictly inside (—1,1)?, as required by (4.4).

We count a problem instance as positive if at least one candidate passes both checks.
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