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Abstract

Benign landscapes provide a geometric explanation for the success of iterative methods on
nonconvex problems arising in data science. The landscape is benign if every local minimizer is
global and every other critical point is a strict saddle. For methods that avoid strict saddles,
convergence to a critical point therefore implies convergence to a global minimizer. For smooth
stochastic optimization, a common strategy for establishing such landscapes proceeds in two steps:
(i) establish benign geometry for the population objective—which is often easier to analyze—
and (ii) transfer this geometry to the empirical objective using concentration of gradients
and Hessians. Recent work has extended saddle-point avoidance guarantees to weakly convex
nonsmooth optimization through the notion of active strict saddles. We show, however, that
benign population geometry need not transfer to empirical objectives in this setting. Specifically,
for robust phase retrieval with Gaussian measurements—a well-studied and highly structured
problem—the population objective is benign. Nevertheless, the empirical objective has sharp
spurious local minima with probability bounded away from zero as the sample size tends to
infinity. This asymptotic probability lower bound is independent of the dimension.

1 Introduction

Simple iterative methods, such as gradient descent, have proven to be highly effective at solving non-
convex optimization problems stemming from data science, machine learning, and signal processing.
A working geometric explanation for this success is the benign landscape of the objective: all local
minima are global, and every other critical point is a strict saddle—meaning that its Hessian has a
strictly negative eigenvalue. Under this geometry, many suitably tuned first-order methods escape
strict saddles and consequently recover global minimizers whenever they converge [41,53]. Further,
stochastically perturbed variants of gradient descent enjoy strong nonasymptotic guarantees [36].
This geometric explanation is supported by a number of high-impact problems that exhibit benign
landscapes under suitable assumptions [8, 32,33,47,49,50,61,65,69].

Most of these examples arise from statistical models and admit both population and empirical
objectives. Formally, for samples z1, . . . , zn from some distribution, these objectives are defined as

F (x) := Ezf(x, z), and Fn(x) :=
1

n

n∑
i=1

f(x, zi),

where f is problem specific. Although the objective being minimized is often Fn, the population
objective F tends to be simpler to analyze. This motivates a common two-stage approach to establish
benign geometry: first, show that it holds for the population objective F and then prove that this
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geometry persists for the empirical objective Fn whenever n is sufficiently large. The second step is
carried out by exploiting the concentration of gradients and Hessians of Fn around those of F .

The seminal work of Davis and Drusvyatskiy [17] extended saddle-avoidance guarantees to
nonsmooth weakly convex optimization—a broad class encompassing many problems arising in data
science [15]. Unlike in the smooth setting, a classical Hessian is not available for these functions.
To overcome this obstacle, they introduce the notion of an active strict saddle. In a nutshell, these
are critical points lying on a manifold along which the objective is smooth—and has a direction of
strictly negative curvature—and away from which the function grows sharply; see Figure 1 for an
illustration and Section 2 for a formal definition. Just as in the smooth setting, several first-order
methods are guaranteed to avoid these active strict saddles [4, 14, 17, 19, 55]. These results provide a
reason to seek nonsmooth objectives with benign landscapes and raise a natural question:

Does benign population geometry transfer to the empirical landscape
in nonsmooth optimization?

Figure 1: The function (x, y) 7→ |x| − y2

has an active strict saddle at zero, with
the y-axis as the active manifold.

We answer this question negatively: for general weakly
convex problems, this is not the case. To do so, we consider
phase retrieval, an inverse problem with a long history in
physics and signal processing [29,60]. Although phase re-
trieval is commonly formulated over the complex numbers,
we study a stylized real version in which the goal is to
recover a vector x⋆ ∈ Rd, up to sign, from n nonlinear
measurements of the form ⟨ai, x⋆⟩2, where the vectors ai
are i.i.d. standard Gaussians. To solve this problem, we
consider the robust formulation

Fn(x) =
1

n

n∑
i=1

∣∣∣⟨ai, x⟩2 − ⟨ai, x⋆⟩2
∣∣∣ . (1.1)

This objective is highly structured: it is weakly convex, a single-index model, and exhibits composite
structure, i.e., it is a composition of a convex function with a smooth map [26]. Further, this
formulation and related low-rank matrix recovery formulations have been studied extensively and serve
as standard testbeds for theory and algorithms in weakly convex optimization [12,13,15,20,21,23,57].

Population objective. The population counterpart of (1.1) and its first-order landscape were
characterized in [21]. For a unit-norm x⋆, the critical points of F (x) = E| ⟨a, x⟩2 − ⟨a, x⋆⟩2 | are

{±x⋆} ∪ {0} ∪ S with S := {τu | ∥u∥ = 1 and u ⊥ x⋆} ,
where τ ≈ 0.4416 is the unique solution of a certain equation. That is, the critical points correspond
to the true underlying solutions ±x⋆, zero, and a (d − 2)-dimensional sphere orthogonal to the
solution. We show here that F is twice continuously differentiable on Rd \ {±x⋆}. Further, zero
and the vectors on the sphere S are all standard saddles. Close to the ground-truth solutions, the
population objective is sharp, i.e., the objective can be bounded below by a constant multiple of
the distance to the minimizer set. In turn, the landscape is benign: the only local minimizers are
the ground-truth solutions, and all other critical points are (standard) strict saddles—which are
consequently active strict saddles with an active manifold corresponding to the full domain.

Empirical landscape. The geometry of Fn differs substantially from that of its population
counterpart. We establish three complementary results.
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1. (Active strict saddles) Suppose n ≥ 2d. Then, almost surely,

every critical point of Fn is either a strict local minimizer or an active strict saddle.

This dichotomy classifies the critical points, but leaves open whether every local minimizer is
global. Our next result shows that this need not be the case.

2. (Expected number of spurious minimizers) Let Md,n denote the number of sharp spurious
local minimizers. Here, sharpness means that the objective grows at least linearly with distance
from each such minimizer in a sufficiently small neighborhood. For every fixed dimension
d ≥ 4, we show that

EMd,n = Ω
(
nd/2−1

)
as n→ ∞.

Thus, the expected number of spurious minimizers grows at least polynomially with the sample
size. However, this alone does not rule out their absence with high probability: the growing
expectation could be driven by rare events with very many spurious minimizers.

3. (Probability of having a spurious minimizer) We therefore establish a stronger guarantee:

lim inf
n→∞

P(Fn has a spurious sharp local minimum) > 0.136, for any fixed d ≥ 4.

This lower bound is independent of dimension. Moreover, the spurious minimizers constructed
in our proof approach the population saddle set S as n → ∞. Thus, sharp empirical local
minima can accumulate at population strict saddles, even as the sample size grows.

Intuition. Our results may initially seem counterintuitive in light of the population-to-empirical
landscape transfer familiar from smooth optimization. The key difference is that nonsmooth empirical
perturbations can introduce linear growth that dominates the negative curvature of the population
objective. To illustrate this point, consider the one-dimensional empirical objective

Hn(t) = −t2 + 1

n

n∑
i=1

αi|t|,

where α1, . . . , αn are i.i.d. standard Gaussian random variables. The population objective is
EHn(t) = −t2, so the origin is a strict maximizer and hence a strict saddle. Yet, for every finite
n, the empirical coefficient n−1

∑n
i=1 αi is positive with probability 1/2. On this event, the linear

term dominates the negative quadratic term sufficiently close to the origin, creating a sharp local
minimum. Although the perturbation vanishes as n grows, the probability of creating this local
minimum remains unchanged. This illustrates the mechanism behind the sharp local minima that
arise near the population saddle set S.

Outline. The remainder of this section covers related work. Section 2 introduces the necessary
background for the rest of the paper. Section 3 presents our results on the population and empirical
landscapes, and Section 4 outlines the proof strategy. Section 5 studies algorithmic recovery from
perturbations of the population saddle sphere. Finally, Section 6 summarizes our conclusions and
discusses limitations and future directions. All technical proofs are deferred to the appendix.

Related work

Population-to-empirical transfer. For smooth losses, [31, 51] established general results for
the uniform concentration of gradients and Hessians under mild assumptions. For weakly convex
optimization, [16] showed the graphical convergence of subdifferentials for weakly convex stochastic
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problems. Similarly, [57] studied uniform convergence of the subdifferentials for a more structured
family of weakly convex functions and used it to analyze robust phase retrieval [21]. To our knowledge,
our result is the first to identify a second-order obstruction in this setting. Beyond weakly convex
optimization, [59] established uniform laws of large numbers for random set-valued mappings and
applied them to the consistency of stationary points in nonsmooth stochastic programming. On
the other hand, [63, 64] provided negative and positive results for uniform convergence of Clarke
subdifferentials of Lipschitz objectives.

Nonsmooth landscapes. For symmetric rank-one matrix factorization with entrywise ℓ1 loss, the
recent works [34,39] established that every second-order stationary point, defined through the second
subderivative, is globally optimal. Moreover, [34] showed that nonglobal stationary points may lack
active manifolds and that arbitrarily small linear perturbations can lead to spurious local minima.
More recently, [66] developed a deterministic second-order branching criterion that rules out the
existence of identifiable manifolds at critical points of finite-max composite problems. They showed
that this criterion holds with high probability in overparameterized robust low-rank recovery and
almost surely at common interpolators of random minimax regression, suggesting that the absence
of identifiable manifolds can be typical in modern nonsmooth models. This line of work studies the
failure of manifold identification at a fixed critical point, whereas our obstruction is the creation of
sharp empirical local minima near a population saddle. The asymmetric analogue of this matrix
factorization formulation was studied in [38], which characterized precisely when it has no spurious
local minima. For orthogonal dictionary learning, [3] used uniform concentration of subdifferentials
to establish recovery guarantees for a randomly initialized Riemannian subgradient method applied
to a sphere-constrained ℓ1 objective. For the nonsmooth amplitude least-squares formulation of phase
retrieval, which differs from (1.1), McRae [48] establishes benign empirical landscape guarantees
with constant rank overparameterization. The paper leaves open whether the original formulation
without overparameterization has spurious local minima. The authors of [68] established the benign
empirical landscape of a smoothed version of (1.1) with a sufficiently small fixed positive smoothing
parameter. Intuitively, this landscape seems to smooth out the sharp kinks we identify in the purely
nonsmooth objective. The second-order analysis and possible existence of spurious local minima for
robust phase retrieval (1.1) were explicitly identified as relevant unresolved problems in [34,68].

Nonsmooth algorithmic guarantees. Sharpness, together with Lipschitzness and weak convexity,
yields fast local convergence of subgradient and prox-linear methods [12,20,26,54]. These convergence
results require initialization near the solution set and do not deal with stationary points outside
that region. Beyond local convergence, [37] developed a smoothing algorithm to find approximate
second-order stationary points of a smooth population risk from a sufficiently accurate, potentially
nonsmooth uniform approximation. To our knowledge, all general-purpose guarantees for convergence
to second-order critical points of nonsmooth objectives rely on active strict saddles [4, 14, 17,19,55].
Our results suggest that we need to reevaluate this algorithmic explanation if we wish to explain the
empirical success of first-order methods on statistical recovery problems.

2 Preliminaries

In this section, we introduce the notation and background required for the rest of the paper.

Basic notation. We use ⟨·, ·⟩ and ∥·∥ for the Euclidean inner product and norm, and ∥·∥op for the
operator norm. Set addition and scalar multiplication are understood elementwise: A+B = {a+ b :
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a ∈ A, b ∈ B} and Sv = {sv : s ∈ S} for S ⊂ R. Given a differentiable map g : Rd → Rm, we use
∇g to denote its Jacobian. When m = 1, this corresponds to the gradient map, and, further, when
g is a twice differentiable function, the symbol ∇2g denotes its Hessian map.

Manifolds. Our treatment of manifolds here is rather brief since we will only focus on Euclidean
manifolds, i.e., affine subspaces. We refer the interested reader to the textbooks by Boumal [9]
and Lee [42]. A Cp manifold M ⊂ Rd is locally a level set G−1(0) of a Cp map whose Jacobian
has full row rank. Its tangent space at x is TM(x) = ker∇G(x). When M is an affine subspace,
TM(x) is equal to the same affine subspace shifted to the origin. We endow M with a Riemannian
inner product induced by the Euclidean inner product. Given a C2 function g : M → R, we use the
symbol ∇2

Mg(x) to denote the Riemannian Hessian at x. When M is affine, ∇2
Mg(x) is represented

by V ⊤∇2g̃(x)V , where the columns of V form an orthonormal basis of TM(x) and g̃ is any C2

extension of g to a neighborhood of x.

Nonsmooth analysis. A proper closed function f : Rd → R ∪ {+∞} is ρ-weakly convex if
x 7→ f(x) + ρ

2 ∥x∥
2 is convex, where ρ ≥ 0. For x ∈ domf , its subdifferential ∂f(x) consists of the

vectors v ∈ Rd satisfying

f(y) ≥ f(x) + ⟨v, y − x⟩ − ρ

2
∥y − x∥2 for all y ∈ Rd.

We call x a critical point if 0 ∈ ∂f(x). This class includes compositions h ◦G with h convex and
L-Lipschitz and G having a β-Lipschitz Jacobian: such functions are Lβ-weakly convex [20]. For
the empirical objective Fn in (1.1), we show in Theorem 3.2 that Fn is 2

∥∥ 1
n

∑n
i=1 aia

⊤
i

∥∥
op

-weakly
convex for every realization of the measurements.

Nonsmooth optimization admits several different notions of second order information [56]. We
adopt the notion of an active strict saddle introduced by Davis and Drusvyatskiy [17], which underlies
saddle-avoidance guarantees for several first-order methods [4, 19]. To introduce this notion, we
require an auxiliary definition.

Definition 2.1 (Active manifold). Consider a closed, weakly convex function f , and let x̄ be a
critical point. A set M containing x̄ is an active Cp manifold at x̄ if there is some neighborhood U
of x̄ for which the following holds.

1. (Smoothness) The set M∩ U is a Cp manifold and the restriction f |M∩U is Cp-smooth.

2. (Sharpness) Subgradients are bounded away from zero off the manifold,

inf{∥v∥ : v ∈ ∂f(x), x ∈ U \M} > 0.

The notion of “active sets” has a long history in nonsmooth optimization [1,10,11,24,27,28,30,58].
Beyond the definition we follow here, this notion has been modeled in a variety of ways, including
identifiable surfaces [67], partial smoothness [44], VU -decompositions [43], and cone reducibility [6].
Furthermore, these notions have led to a range of algorithmic developments [18, 22, 40, 45, 46, 52].
Armed with Definition 2.1 we can now introduce active strict saddles.

Definition 2.2 (Active strict saddles). A critical point x̄ of a weakly convex function f is an active
strict saddle if it admits an active C2 manifold M such that ∇2

M(f |M)(x̄) has a negative eigenvalue.1

A function f exhibits the active strict saddle property if every critical point is either a local minimizer
or an active strict saddle.

1This is equivalent to the parabolic-subderivative definition in [17]; see [4, Definition 4 and footnote 2].
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Intuitively, at an active strict saddle, the function has a direction of negative curvature along the
active manifold and grows sharply away from it. The existence of an active manifold appears crucial
for saddle avoidance by simple iterative methods: without one, subgradient methods may converge
to critical points that are not local minimizers [17]. Finally, a function f : Rd → R ∪ {+∞} with a
minimizer set X⋆ is sharp if there exists a constant µ > 0 such that

f(x)− inf f ≥ µ dist(x,X⋆) for all x ∈ Rd.

A point x̄ ∈ domf is a sharp local minimizer if there exist constants µ, r > 0 such that

f(x)− f(x̄) ≥ µ ∥x− x̄∥ whenever ∥x− x̄∥ < r.

Whenever f is ρ-weakly convex, µ-sharp and L-Lipschitz, then several first order methods converge
fast towards a minimum provided they are initialized near enough [20,25].

3 The second-order nonsmooth landscape of phase retrieval

In this section, we formally describe our results on the second-order landscape of robust phase
retrieval. The first subsection covers the population objective, while the second subsection covers
the empirical objective. Throughout, we make the blanket assumption that the signal we wish to
recover has norm one, i.e., ∥x⋆∥ = 1. The assumption is made only for convenience, as it simplifies
expressions that would otherwise depend on its norm.

3.1 Population landscape

We start by showing that F is C2-smooth everywhere but at the solutions and that each critical
point is either a global minimum or a saddle. The proof of this proposition appears in Appendix A.

Proposition 3.1. Fix a unit-norm vector x⋆ ∈ Rd and consider the population objective F (x) =
E| ⟨a, x⟩2−⟨a, x⋆⟩2 | with a ∼ N(0, Id). Then, F (·) is a closed, weakly convex function, and its critical
points correspond to

{±x⋆} ∪ {0} ∪ S with S :=
{
τu | ∥u∥ = 1 and u ⊥ x⋆

}
, (3.1)

where τ is the unique solution of the equation arctan τ + τ/(1 + τ2) = π/4. The function F is C2 on
Rd \ {±x⋆}, and its Hessian evaluates to

∇2F (0) = −2Id, and ∇2F (τu) =
16

π
· τ

(1 + τ2)2
· (uu⊤ − x⋆x⋆⊤) for all τu ∈ S.

Further, F is 2/π-sharp with global minimizers ±x⋆.

The characterization of critical points in (3.1) was first established in [21]. As direct consequences,
the origin is a strict local maximizer, while each point τu ∈ S is a saddle with positive curvature in
the radial direction u, negative curvature along x⋆, and zero curvature in directions tangent to S.
Since F is C2 near these nonglobal critical points, each is also an active strict saddle, with active
manifold equal to the whole space Rd. Together with the sharpness of the global minimizers ±x⋆,
this establishes the benign geometry of the population landscape.

3.2 Empirical landscape

In this subsection, we state our main results for the empirical objective Fn, defined in (1.1). To
describe these guarantees, we first define the active index set at a vector x ∈ Rd as

I(x) =
{
i ∈ {1, . . . , n} : ⟨ai, x⟩2 = ⟨ai, x⋆⟩2

}
. (3.2)
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As it turns out, when n ≥ 2d, almost surely every critical point x ̸∈ {±x⋆} has an active manifold
encoded via I(x). The proof of the following theorem appears in Appendix B.

Theorem 3.2 (Active strict saddle property). Fix a unit-norm vector x⋆ ∈ Rd. The empirical
objective Fn in (1.1) is 2

∥∥ 1
n

∑n
i=1 aia

⊤
i

∥∥
op

-weakly convex for any realization of the measurements
{ai}. If n ≥ 2d, then almost surely every critical point x♯ of Fn is either a strict local minimizer or
an active strict saddle. In the latter case, the active manifold is

Mx♯
=
{
x ∈ Rd | ⟨ai, x⟩ = ⟨ai, x♯⟩ for all i ∈ I(x♯)

}
.

Let us make a few remarks. This guarantee, in tandem with the saddle-avoidance results
from [4, 19], shows that certain stochastically perturbed variants of the subgradient method can
converge only to local minimizers of the empirical objective Fn. Since any subset of d Gaussian
vectors {ai} is almost surely linearly independent, at every critical point x♯ /∈ {±x⋆} the index set
satisfies |I(x♯)| ≤ d, and moreover, when equality holds, the manifold reduces to a single point and
x♯ is a sharp local minimizer. This simple observation will be key in our later developments.

Theorem 3.2, together with the benign population landscape described in Proposition 3.1, might
give the impression that the empirical objective exhibits benign geometry as well. The next result
shows that this is not the case. Recall that Md,n denotes the random variable that counts the number
of spurious sharp local minima of Fn. We defer the proof of this guarantee to Appendix C.

Theorem 3.3 (Existence of spurious sharp local minima). Fix a unit-norm vector x⋆ ∈ Rd,
consider the empirical objective Fn in (1.1), and suppose that d ≥ 4. Then, there exists a positive
constant cd depending solely on d such that the following hold true.

1. (Bounded moments) The first moment is asymptotically bounded by

lim inf
n→∞

EMd,n

nd/2−1
≥ cd.

2. (Constant probability) Furthermore,

lim inf
n→∞

P(Fn has a sharp spurious local minimum) ≥ 0.136.

Remarkably, the limiting probability lower bound is uniform over d ≥ 4. Our proof constructs
these sharp local minima within a shrinking tube around the population saddle sphere S, so their
distance to this saddle set tends to zero as n increases. The next section outlines the proof strategy.
Section 5 studies algorithmic recovery from perturbations of S.

4 Proof strategy

In this section, we sketch our proof strategy for establishing Theorem 3.3. A full proof appears in
Appendix C. Before starting, let us provide a roadmap. The key idea is to define a random variable
Nd,n that counts a selected family of sharp spurious local minima inside a tube, denoted Tn, around
the sphere of saddles S. This tube shrinks as n goes to infinity. Since Md,n counts all sharp spurious
local minima, it follows that

Md,n ≥ Nd,n, and so P(Md,n > 0) ≥ P(Nd,n > 0). (4.1)

Thus, it suffices to lower bound the probability that our selected family contains at least one
minimum. The proof progresses in three steps: (i) define the family counted by Nd,n, (ii) compute
the asymptotic first moment of Nd,n, (iii) compute the second moment of Nd,n and use the Paley–
Zygmund inequality to obtain the desired probability bound. Throughout, we assume that d ≥ 4 is
fixed, and let n tend to infinity.
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A family of spurious sharp minimizers. The following lemma, proved in Appendix B.1,
characterizes critical points and sharp local minima. Recall the active index set I(x) in (3.2).

Lemma 4.1 (Characterization of critical points and sharp local minima). Suppose n ≥ 2d. Then,
almost surely, every x ∈ Rd \ {±x⋆} satisfies |I(x)| ≤ d. Such a point is critical if, and only if, there
exist scalars λi ∈ (−1, 1) with i ∈ I(x), satisfying

0 =
∑

i/∈I(x)

sign(⟨ai, x⟩2 − ⟨ai, x⋆⟩2) ⟨ai, x⟩ ai +
∑

i∈I(x)

λi ⟨ai, x⟩ ai. (4.2)

Moreover, a critical point x is a sharp local minimum if, and only if, it is critical and |I(x)| = d.

The lemma implies a simple way to count sharp spurious local minima: enumerate the candidates
determined by their active indices and check which are critical. We will use this strategy to
bound Nd,n, but first we will describe the family of sharp local minima that Nd,n counts. For
I = {i1 < · · · < id} ⊂ {1, . . . , n} and s ∈ {±1}d, the active equations a⊤ijx = sja

⊤
ij
x⋆, almost surely,

determine a unique candidate
xI,s = A−1

I diag(s)AIx
⋆. (4.3)

Here AI is the matrix with rows a⊤ij . To define Nd,n, we fix the pattern s◦ = (1, . . . , 1,−1,−1), with
d− 2 plus signs, and write xI = xI,s◦ . Counting sharp minima with only this pattern suffices for a
lower bound as in (4.1). Yet, we will count an even smaller subset of these xI .

We express the criticality condition (4.2) in a form that will help us estimate the probability
that a candidate xI is a sharp local minimum. Define SI(x) =

∑
i/∈I sign((a

⊤
i x)

2 − (a⊤i x
⋆)2)(a⊤i x)ai

and let QI(x) have columns (a⊤i x)ai, i ∈ I, in increasing index order. By Lemma 4.1, xI is a sharp
local minimum precisely when

−SI(xI) ∈ QI(xI)(−1, 1)d, (4.4)
where the set on the right consists of the vectors QI(xI)λ with λ ∈ (−1, 1)d.

To make the probability of (4.4) easier to estimate, we impose two further restrictions. First,
we require the selected measurement vectors {ai}i∈I to have bounded norms and the determinants
| detAI | and | detQI(xI)| to be bounded below by positive constants. These bounds prevent the
equations defining xI from becoming nearly dependent and ensure that the set on the right-hand
side of (4.4) has volume bounded away from zero. The constants depend only on d and are chosen
so that these bounds hold with positive probability. We do not include them here since their precise
values are not particularly insightful. Second, we count only candidates in the tube

Tn =
{
n−1/2z1x

⋆ + (τ + n−1/2z2)u | u ⊥ x⋆, ∥u∥ = 1, and z ∈ [−1, 1]2
}
. (4.5)

The set Tn is a tube around the population saddle sphere S that shrinks to S as n→ ∞. The width
n−1/2 matches the fluctuations exhibited by critical points of the empirical objective [57].

The first moment. For any fixed set I, the probability that xI is counted in the family described
above is exactly the same, thus

ENd,n =
∑
I

P(xI is counted) =
(
n

d

)
P(xI is counted). (4.6)

We therefore fix one set I and focus on computing this probability. Our plan to do so is to
integrate over the possible locations of the candidate xI . For a proposed location x, write XI(x) =
AIx−diag(s◦)AIx

⋆, so that XI(x) = 0 precisely when x = xI . Let HI(x) be a boolean function that
is equal to one precisely when the selected measurements ai satisfy our bounds on their norms and
associated determinants, and the condition (4.4) holds with xI replaced by x, and zero otherwise.
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The Kac–Rice formula [2] yields the following identity

P(xI is counted) =
∫
Tn

pXI(x)(0)E
[
| detAI |HI(x)

∣∣ XI(x) = 0
]
dx, (4.7)

where pXI(x)(0) is the probability density of XI(x) evaluated at zero.
To describe the asymptotic value of (4.7), we establish the following two estimates, with the first

holding uniformly over x ∈ Tn,

E
[
| detAI |HI(x)

∣∣ XI(x) = 0
]
≍d n

−d/2, and
∫
Tn

pXI(x)(0)dx ≍d n
−1. (4.8)

Here ≍d denotes comparison up to positive constants depending only on d. Before explaining the
rationale behind these two results, let us derive an immediate consequence. Recall that

(
n
d

)
≍d n

d;
combining this fact with (4.6), (4.7), and (4.8) yields ENd,n ≍d n

d · n−d/2 · n−1 = nd/2−1. This
establishes the asymptotic lower bound in Theorem 3.3. A detailed computation accounting for the
hidden constants yields two positive constants γd and Id such that

n−d/2+1ENd,n → γdId as n→ ∞. (4.9)

Here γd > 0 accounts for the selected measurements, while Id > 0 accounts for the Gaussian density
across the tube. Their precise expressions and the full calculation appear in Appendix C.2.

Let us quickly summarize the arguments behind (4.8). For a fixed location x ∈ Tn, we condition
further on the selected measurement vectors {ai}i∈I . This fixes the set QI(x)(−1, 1)d, while the
remaining measurements retain their independent standard Gaussian distributions. When our norm
and determinant bounds hold, the determinant factor | detAI | is bounded above and below by
positive constants independent of n, and the set QI(x)(−1, 1)d is bounded with volume bounded
away from zero. The condition HI(x) = 1 then reduces to asking whether −SI(x) lies in this
fixed set. Each summand in SI(x) has mean 1

2∇F (x). Since ∇F vanishes on S and is Lipschitz
continuous nearby, this mean has norm O(n−1/2) on Tn, whose points lie within distance O(n−1/2) of
S. Summing the n− d terms, the mean of SI(x) therefore has norm of order at most

√
n, uniformly

over x ∈ Tn. We can show that its standard deviation in every unit direction is also of order
√
n,

uniformly over x ∈ Tn. A local limit theorem implies a Gaussian approximation to the probability of
entering this region, yielding a probability of order n−d/2 uniformly over the selected measurements
satisfying our bounds and the locations in Tn. The first estimate in (4.8) then follows.

For the second estimate in (4.8), we consider the volume of Tn. The tube restricts the component
along x⋆ to within n−1/2 of zero and the length of the perpendicular component to within n−1/2

of τ . These two restrictions give its volume order n−1. We can prove that the density pXI(x)(0) is
bounded above and below by positive constants on Tn, so its integral has order n−1.

A probability bound uniform in dimension. We use the Paley–Zygmund inequality to turn
moment estimates into a lower bound on the probability that Nd,n > 0, namely

lim inf
n→∞

P(Nd,n > 0) ≥ lim
n→∞

(ENd,n)
2

EN2
d,n

. (4.10)

Thus, to derive our lower bound we also asymptotically characterize EN2
d,n. Computing the second

moment follows a similar Kac–Rice approach as for the first moment, but the dependence between
candidate pairs (xI , xJ) makes the argument significantly more technical. We defer the proof to
Appendix C.3 and simply state here the resulting estimate

n−d+2EN2
d,n → γ2dJd as n→ ∞,

9



where Jd > 0 is finite and depends on d. Combining this estimate with (4.9) and (4.10) implies

lim inf
n→∞

P(Nd,n > 0) ≥
I2
d

Jd
,

the γd factor cancels exactly. By arguing directly with the definitions of Id and Jd we show that this
ratio can be further lower bounded by an explicit quantity c⋆ that is independent of the dimension.
Combining analytic estimates with certified numerical computations, as described in Appendix C.5,
we show that the value of c⋆ is lower bounded by 0.1361.

5 Numerical experiments

In this section, we numerically test our theory. The objective of our experiments is two-fold: (i) to
show that for moderate d and n, we observe empirically that the probability of having a spurious
sharp minimum is large and (ii) to show that despite our negative results, simple subgradient methods
do not often get trapped at these minima. We present two numerical experiments supporting these
claims. For both experiments we set x⋆ = e1, the first canonical vector. The code to reproduce these
experiments can be found at https://github.com/PenghaoWang1225/Phase-Retrieval.

Probability of having a spurious sharp minimum. We estimate the probability that Fn

has a sharp spurious minimum for d = 4 and n ∈ {12, 16, 24, 32, 48, 64}. For each n, we draw 100
independent problem instances with n i.i.d. Gaussian measurement vectors. For each instance, we
enumerate all pairs (I, s) with |I| = d and nonconstant s ∈ {±1}d, and test the candidates xI,s
defined in (4.3). We count an instance as positive if at least one candidate satisfies the criticality
condition (4.2) up to the numerical tolerances specified in Appendix G. Each estimate is the fraction
of positive instances, and the shaded band shows 95% confidence intervals.

Figure 2(a) shows that the estimates change little with n and remain above 0.5 across all tested
settings. These results are qualitatively consistent with Theorem 3.3, but suggest that its asymptotic
lower bound of 0.136 is conservative. This may reflect the fact that our proof counts only a strict
subset of the sharp spurious minima.

Recovery near the saddle sphere. For this experiment, we estimate how often a perturbed
subgradient method recovers x⋆ up to sign. We fix d = 100 and vary the measurement ratio
n/d ∈ {2, 3, . . . , 12} and perturbation radius ν ∈ {2−7, . . . , 21}. For each measurement ratio, we
conduct 100 independent trials. In each trial, we draw n i.i.d. Gaussian measurement vectors.
For each radius ν, we draw fresh independent u ∼ Unif(S) and v ∼ Unif(Sd−1), then initialize
x0 = u+ νv. We run the stochastically perturbed subgradient method analyzed in [19] for at most
5× 105 updates per initialization, with updates

xk+1 = xk −
0.05

(k + 1)0.6
(
g(xk) + 0.2ξk

)
,

where g(xk) ∈ ∂Fn(xk) and the vectors ξk ∼ Unif(Sd−1) are independent. We count a run as
recovered if an updated iterate satisfies both dist(xk, {±e1}) ≤ 10−3 and Fn(xk) ≤ 10−4.

Figure 2(b) suggests that the perturbation radius ν = ∥x0 − u∥ has little effect on recovery
frequency over the tested range. The measurement ratio n/d has a stronger effect, with a sharp
increase in recovery near n/d = 4. Thus, sharp spurious minima near the saddle S do not preclude
high recovery rates for this method for a sufficiently large number of samples.
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Figure 2: (a) Estimated probability of a sharp spurious minimum. (b) Recovery frequency of the
perturbed subgradient method. White denotes a recovery fraction of one and black denotes zero.

6 Conclusion and limitations

Our main result shows that even for highly structured weakly convex stochastic objectives, benign
population geometry need not transfer to empirical risk minimization. As a consequence, active strict
saddle theory alone cannot explain the practical success of iterative methods applied to robust phase
retrieval. We conjecture that a similar phenomenon occurs in other nonsmooth formulations for
low-rank matrix recovery problems. This opens two directions for future research: (i) to understand
which other geometric properties enable these iterative methods to find global solutions for these
nonsmooth formulations, and (ii) to characterize general geometric conditions of weakly convex
stochastic problems under which population-to-empirical transfer holds. Our analysis has several
limitations: it covers only noiseless real Gaussian measurements and takes n → ∞ at each fixed
dimension. Although the limiting probability bound is independent of d, our proof does not quantify
how large n must be relative to d or characterize regimes in which both grow. Extending the analysis
to noisy or non-Gaussian measurements would clarify the scope of this obstruction.

7 Use of AI in proof discovery

We established Proposition 3.1 and Theorem 3.2 in 2021. After failing to prove a population-to-
empirical landscape transfer, we questioned whether such a result could hold and conjectured instead
that the empirical objective admits spurious sharp local minima. We did not make this work public
at the time because the conjecture remained unresolved.

In August 2026, we began interacting with ChatGPT 5.6 Sol and asked it to test the conjecture
numerically. The resulting experiments convinced us that the conjecture was true, and we began
working with the model on a proof. At that stage, we did not expect to obtain a positive probability
lower bound independent of d as n→ ∞ for every fixed d ≥ 4.

In the subsequent proof discussions, ChatGPT proposed counting spurious sharp local minima
in a tube of width O(n−1/2) around the population saddle sphere. The preliminary argument only
yielded a probability lower bound that tended to zero as n→ ∞. We then supplied this argument
to qmd-prover, a proof-development harness developed by Xiao Ma.2 We used separate instances of
ChatGPT 5.6 Sol with the ultra reasoning setting as prover and verifier. These interactions produced

2The repository and its creator are not affiliated with the authors.
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draft first- and second-moment arguments based on a weighted Kac–Rice formula and local limit
theorems, leading to the dimension-independent probability bound in Theorem 3.3.

In later interactions with GPT-5.6 and GPT-6, we checked the hypotheses of the probabilistic
tools, filled in details for special cases, and reorganized the dependencies among the lemmas. The
authors parsed, completed, and simplified the resulting arguments and rewrote all proofs in the final
manuscript with human readability in mind. Beyond proof discovery, we used ChatGPT 6.0 Astra
to proofread the manuscript, polish the writing, and implement the numerical experiments. We
reviewed all AI-assisted work and take full responsibility for the content of this paper.
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This appendix is rather long, so we start by providing the reader with a roadmap. Appendices A,
B, and C present the proofs of our three main results, Proposition 3.1, Theorem 3.2, and Theorem 3.3,
respectively. The proof of the last of these is quite involved and requires several auxiliary results.
Appendix D develops the probabilistic tools used to count spurious sharp local minima, while
Appendix E establishes certain estimates appearing in our characterization of the second moment
EN2

d,n. Appendix F collects the remaining auxiliary lemmas, and Appendix G provides the details
of the numerical criticality checks in our first experiment.
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A Proof of Proposition 3.1

Proof. The set of critical points of F is characterized in [21, Theorem 5.3]. The function F is
continuous and hence closed. Using the identity |u− v| = max{u− v, v − u}, we derive

F (x) + ∥x∥2 = Emax{2(a⊤x)2 − (a⊤x⋆)2, (a⊤x⋆)2},
which is convex since it is the expectation of a maximum of convex quadratics, so F is closed and
weakly convex. Next, we prove the statements about smoothness, the Hessian, and sharpness.

We write

F (x) = E
[∣∣∣(a⊤x)2 − (a⊤x⋆)2

∣∣∣] = E
[∣∣∣a⊤(x− x⋆)

∣∣∣ ∣∣∣a⊤(x+ x⋆)
∣∣∣] = E[|Y Z|],

where Y = a⊤(x− x⋆) and Z = a⊤(x+ x⋆). Both Y and Z are real Gaussian random variables with

E[Y ] = E[Z] = 0, E[Y 2] = ∥x− x⋆∥2 , E[Z2] = ∥x+ x⋆∥2 , and E[Y Z] = ∥x∥2 − 1.

Take x /∈ span{x⋆} and write x = tx⋆ + ru, where u is a unit vector orthogonal to x⋆ and r > 0.
Applying [35, Lemma 1] to the normalized Y and Z, we obtain

F (x) =
2

π

(
2r + (t2 + r2 − 1) arctan

t2 + r2 − 1

2r

)
. (A.1)

We denote the function above by ψ(t, r). Since ψ is C2 when r > 0, the chain rule implies that F is
C2 on Rd \ span{x⋆}. Moreover, for any x = τu on the saddle sphere S, a direct computation shows

∂ψ

∂r
(0, τ) =

∂2ψ

∂t ∂r
(0, τ) = 0 and

∂2ψ

∂r2
(0, τ) = −∂

2ψ

∂t2
(0, τ) =

16τ

π(1 + τ2)2
.

The chain rule yields

∇2F (τu) =
∂2ψ

∂t2
(0, τ)x⋆(x⋆)⊤ +

∂2ψ

∂t ∂r
(0, τ)(x⋆u⊤ + u(x⋆)⊤)

+
∂2ψ

∂r2
(0, τ)uu⊤ +

1

τ

∂ψ

∂r
(0, τ)(Id − x⋆(x⋆)⊤ − uu⊤)

=
16τ

π(1 + τ2)2
(uu⊤ − x⋆(x⋆)⊤).
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Now, let us study smoothness near a point t0x⋆ of the axis span{x⋆} with t0 ̸= ±1. For x near t0x⋆,
set t = (x⋆)⊤x, r = ∥x− tx⋆∥, and q = ∥x∥2 − 1, which stays away from zero. Using the identity
arctan s = sign(s)π/2−arctan(1/s) for s ≠ 0, and a Taylor expansion of y−arctan y at 0, we derive
from (A.1) that

F (x) = |q|+ 2

π

[
2r − |q| arctan 2r

|q|

]
= |q|+ r3h(t, r2),

where h is smooth near (t0, 0); in particular, the remainder term r3h(t, r2) is O(r3) as r → 0. Both
expressions remain valid on the axis, where r = 0 and F (x) = |q|E(a⊤x⋆)2 = |q|. Since t, r2, and |q|
are smooth in x, and r3 = ∥x− tx⋆∥3 is C2, the function F is C2 near t0x⋆, and hence on Rd \{±x⋆}.
At the origin, the same representation implies

F (x) = 1− ∥x∥2 +O(∥x∥3) as x→ 0,

so ∇2F (0) = −2Id.
Finally, F ≥ 0 and F (±x⋆) = 0, so ±x⋆ are global minimizers. To establish sharpness, fix x ≠ ±x⋆

and let p = ∥x− x⋆∥ ∥x+ x⋆∥. The normalized variables Y/ ∥x− x⋆∥ and Z/ ∥x+ x⋆∥ are standard
normal with correlation ρ = (∥x∥2 − 1)/p ∈ [−1, 1]. The Gaussian product formula [35, Lemma 1,
equation (45)] therefore implies

F (x) =
2p

π

(√
1− ρ2 + ρ arcsin ρ

)
≥ 2p

π
.

The inequality holds because the expression in parentheses has minimum 1 at ρ = 0: its derivative
on (−1, 1) is arcsin ρ, which is negative for ρ < 0 and positive for ρ > 0. It remains to compare p
to the distance to the solution set. The triangle inequality implies 2max{∥x− x⋆∥ , ∥x+ x⋆∥} ≥
∥x− x⋆∥+ ∥x+ x⋆∥ ≥ ∥2x⋆∥ = 2. Thus,

p = min{∥x− x⋆∥ , ∥x+ x⋆∥}max{∥x− x⋆∥ , ∥x+ x⋆∥}
≥ min{∥x− x⋆∥ , ∥x+ x⋆∥}
= dist(x, {±x⋆}).

Combining the two bounds with minF = 0, we obtain F (x)−minF ≥ 2
πdist(x, {±x

⋆}). The same
inequality holds, with equality, at x = ±x⋆. Hence, F is 2/π-sharp with global minimizers ±x⋆.

B Proof of Theorem 3.2

The proof has three parts. First, we characterize the critical points and sharp local minima of Fn in
Lemma B.1. Second, in Proposition B.2, we use this characterization to establish the existence of an
active manifold at each critical point other than ±x⋆. Third, we analyze the Hessian along these
manifolds to prove the active strict saddle property.

B.1 Part 1: Characterization of critical points and sharp local minima

Lemma B.1 (Characterization of critical points and sharp local minima). The empirical function
Fn is 2

∥∥ 1
n

∑n
i=1 aia

⊤
i

∥∥
op

-weakly convex. For every x ∈ Rd, the subdifferential of Fn at x is

∂Fn(x) =
2

n

 ∑
i/∈I(x)

sign
(
(a⊤i x)

2 − (a⊤i x
⋆)2
)
(a⊤i x)ai +

∑
i∈I(x)

[−1, 1](a⊤i x)ai

 .
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Suppose n ≥ 2d. Then, almost surely, every x ∈ Rd \ {±x⋆} satisfies |I(x)| ≤ d. Moreover, such a
point x is critical if, and only if, there exist coefficients λi ∈ (−1, 1), i ∈ I(x), satisfying

0 =
∑

i/∈I(x)

sign
(
(a⊤i x)

2 − (a⊤i x
⋆)2
)
(a⊤i x)ai +

∑
i∈I(x)

λi(a
⊤
i x)ai.

Furthermore, such a point x is a sharp local minimum if, and only if, it is critical and |I(x)| = d.

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x⋆ = e, where e is the first standard basis vector. For every realization of the
measurements, Fn is weakly convex. Indeed, the identity |s− t|+ s = max{2s− t, t} implies

Fn(x) +
1

n

n∑
i=1

(a⊤i x)
2 =

1

n

n∑
i=1

max
{
2(a⊤i x)

2 − (a⊤i e)
2, (a⊤i e)

2
}
,

and the right-hand side is convex. Since 1
n

∑n
i=1 aia

⊤
i ⪯

∥∥ 1
n

∑n
i=1 aia

⊤
i

∥∥
op
Id, it follows that Fn

is 2
∥∥ 1
n

∑n
i=1 aia

⊤
i

∥∥
op

-weakly convex. The formula for the subdifferential of Fn follows directly
from the standard chain rule [56, Theorem 10.6]. For the remainder of the proof, we work on the
probability-one event

E1 = {a⊤i e ̸= 0 for all i ∈ [n]} ∩ {(ai)i∈I are linearly independent for all I ⊂ [n] with |I| ≤ d}.
(B.1)

Bound on active set size. For any fixed I ⊂ [n] with |I| = d and s ∈ {−1, 1}I , let xI,s denote
the solution of the equations a⊤i x = sia

⊤
i e, i ∈ I. On E1, this solution exists and is unique, and

it depends only on (ai)i∈I . Suppose that some x ̸= ±e has more than d active indices. Choose
I ⊂ I(x) with |I| = d and j ∈ I(x) \ I. Since every i ∈ I is active at x, there are signs si with
a⊤i x = sia

⊤
i e, so x = xI,s. Hence the event EI,s,j =

{
xI,s ̸= ±e and j ∈ I(xI,s)

}
occurs. Since j /∈ I,

the vector aj is stochastically independent of (ai)i∈I and hence of xI,s. Conditional on (ai)i∈I and
on xI,s ̸= ±e, the event j ∈ I(xI,s) requires a⊤j (xI,s − e) = 0 or a⊤j (xI,s + e) = 0. Each is a nonzero
linear constraint on a standard Gaussian vector, so P(EI,s,j) = 0. A union bound over the finitely
many triples (I, s, j) shows that, almost surely, |I(x)| ≤ d for every x ∈ Rd \ {±e}.

Characterization of criticality. Recall that x is a critical point if, and only if, there exist
coefficients λi ∈ [−1, 1], i ∈ I(x), such that

0 =
∑

i̸∈I(x)

sign((a⊤i x)
2 − (a⊤i e)

2)(a⊤i x)ai +
∑

i∈I(x)

λi(a
⊤
i x)ai. (B.2)

We will show that, almost surely, every critical point x ̸= ±e satisfies this equation with all active
coefficients in (−1, 1). We work on the intersection of E1 and the probability-one event that every
x ≠ ±e has at most d active indices. For any such point, the vectors ai, i ∈ I(x), are linearly
independent, and a⊤i x = ±a⊤i e ̸= 0 for every i ∈ I(x). Thus, if x is critical, the coefficients λi in
(B.2) are unique. If I(x) = ∅, there is nothing to prove. It therefore remains to rule out the existence
of a critical point x ̸= ±e for which |λk| = 1 for some k ∈ I(x). Fix a nonempty index set I ⊂ [n]
with |I| ≤ d, active measurement signs s ∈ {−1, 1}I , and inactive residual signs σ ∈ {−1, 1}Ic .
Define the event

EI,s,σ :=

{
there is a critical point x ̸= ±e with I(x) = I, a⊤i x = sia

⊤
i e for all i ∈ I,

sign
(
(a⊤j x)

2 − (a⊤j e)
2
)
= σj for all j /∈ I, and |λk| = 1 for some k ∈ I

}
.

Since there are only finitely many choices of I, s, and σ, it suffices to show that P(EI,s,σ) = 0.
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For each i ∈ I, write ai = Riui, where Ri = ∥ai∥ and ui = ai/ ∥ai∥. Since the vectors ai
are independent standard Gaussian vectors, the active radii (Ri)i∈I are independent of the active
directions (ui)i∈I and the inactive vectors (aj)j /∈I . Moreover, each R2

i has a continuous distribution.
The proof proceeds in two steps. First, we show that any critical point with active set I, active signs
s, and inactive signs σ must equal a single candidate x̂ that is determined without using the active
radii Ri. We then condition on the active directions and inactive vectors and show that |λk| = 1 for
some k ∈ I would force one of the continuously distributed radii to take a specific value.

Step 1: critical points are independent of the active radii. The active equations do not depend on
the radii and take the form

u⊤i x = siu
⊤
i e for all i ∈ I.

If |I| = d, linear independence of the active directions implies that the active equations already
determine a unique point x̂, which is therefore independent of the radii. For the rest of this step,
suppose that |I| < d. Choose an orthonormal basis v1, . . . , vd−|I| of the orthogonal complement of
span{ui}i∈I and let V =

[
v1, . . . , vd−|I|

]
. Also choose a solution x̄ of the active equations. Both V

and x̄ can be chosen as measurable functions of the active directions and the fixed signs s. Every
solution of the active equations then has the form

x = x̄+ V z with z ∈ Rd−|I|.

If x is a critical point with active set I and signs (s, σ), multiplying (B.2) by V ⊤ eliminates the
active terms and leads to

0 = V ⊤

∑
i̸∈I

σiaia
⊤
i x+

∑
i∈I

λiR
2
i (u

⊤
i x)ui

 = V ⊤

∑
i̸∈I

σiaia
⊤
i

x. (B.3)

Substituting x = x̄+ V z and setting H =
∑

i̸∈I σiaia
⊤
i yields

V ⊤HV z = −V ⊤Hx̄.

Lemma F.2 implies that

P(det(V ⊤HV ) = 0 | (ui)i∈I) = 0 almost surely.

Thus, almost surely, any critical point with the specified active set and signs must equal

x̂ = x̄− V (V ⊤HV )−1V ⊤Hx̄.

In other words, the set of critical points with active set I and signs (s, σ) is contained in {x̂}, where
x̂ is a measurable function of (ui)i∈I and (aj)j /∈I alone. The candidate x̂ need not itself be critical
or realize all the specified signs. Even when it does realize them, whether x̂ is critical still depends
on the active radii through the constraint |λi| ≤ 1, and Step 2 exploits this dependence.

Step 2: Use the active radii to exclude boundary coefficients. When |I| < d, the projected stationarity
equation (B.3) shows that V ⊤Hx̂ = 0, so Hx̂ ∈ span{ui : i ∈ I}. When |I| = d, the same
inclusion holds because the active directions span Rd. Moreover, the active equations imply that
u⊤i x̂ = siu

⊤
i e ≠ 0 for every i ∈ I. By linear independence, there are therefore unique coefficients ci,

i ∈ I, satisfying ∑
i̸∈I

σiaia
⊤
i x̂+

∑
i∈I

ci(u
⊤
i x̂)ui = 0.

These coefficients are determined entirely by the active directions and inactive vectors. In particular,
both x̂ and the coefficients ci are fixed once we condition on (ui)i∈I and (aj)j /∈I .

Now suppose that a critical point x has active set I and signs s, σ. By Step 1, we have x = x̂.
Substituting ai = Riui into the stationarity condition and comparing the result with the preceding
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equation, we conclude by uniqueness of the coefficients that λiR2
i = ci for every i ∈ I. Equivalently,

the only possible active coefficients are λi = ci/R
2
i . Since Ri > 0, we have

|λi| = 1 ⇐⇒ R2
i = |ci| .

Conditional on the active directions and inactive vectors, the value |ci| is fixed, whereas R2
i remains

continuously distributed. For each i ∈ I, the equality on the right therefore has conditional probability
zero. Consequently, almost surely,

P(EI,s,σ | (ui)i∈I , (ai)i/∈I) ≤
∑
i∈I

P(R2
i = |ci| | (ui)i∈I , (ai)i/∈I) = 0.

Taking expectations yields P(EI,s,σ) = 0. Finally, taking a finite union over all choices of I, s, and σ
shows that, almost surely, every critical point x ≠ ±e satisfies (B.2) with coefficients λi ∈ (−1, 1)
for all i ∈ I(x).

Characterization of sharp local minima. We start by proving the contrapositive. Suppose
x ≠ ±e is a critical point with |I(x)| < d. Choose a nonzero vector v orthogonal to every ai with
i ∈ I(x). Along x+ tv, the active residuals remain zero, while the inactive residuals retain their signs
for sufficiently small t. Thus t 7→ Fn(x+ tv) is locally smooth, and (B.2) implies that its derivative
at zero vanishes. Consequently, Fn(x+ tv)− Fn(x) = O(t2), which rules out sharpness.

Conversely, suppose x is critical and |I(x)| = d. Set I = I(x), let λi ∈ (−1, 1) be its active
coefficients, and write bi(h) = (a⊤i x)(a

⊤
i h). Expanding the residuals at x and using (B.2) to cancel

the inactive linear terms implies

Fn(x+ h)− Fn(x) =
2

n

∑
i∈I

(
|bi(h)| − λibi(h)

)
+O(∥h∥2).

Let η = 1−maxi∈I |λi| > 0. Each summand is at least η|bi(h)|. On the event E1, the vectors (a⊤i x)ai,
i ∈ I, form a basis, so there is a constant c0 > 0 such that

∑
i∈I |bi(h)| ≥ c0 ∥h∥ for every h. Hence

Fn(x+ h)− Fn(x) ≥
2ηc0
n

∥h∥ − C ∥h∥2

for some C ≥ 0 and all sufficiently small h. Shrinking the neighborhood if necessary yields the required
positive linear lower bound and proves sharpness, which completes the proof of Lemma B.1.

B.2 Part 2: Existence of active manifolds

Proposition B.2. Suppose n ≥ 2d. Then, almost surely, every critical point x0 ∈ Rd\{±x⋆} of Fn

admits the C∞ active manifold

Mx0 =
{
y ∈ Rd : a⊤i (y − x0) = 0 for all i ∈ I(x0)

}
.

In particular, if I(x0) = ∅, then Mx0 = Rd.

Proof. By rotational invariance, we may assume without loss of generality that x⋆ = e, where e is
the first standard basis vector. By Lemma B.1, we may work on a probability-one event on which
the conditions in (B.1) hold and every critical point satisfies the stationarity condition (B.2) with
coefficients λi ∈ (−1, 1). Fix a critical point x0 ∈ Rd \ {±e}. We will show that it admits an active
manifold. For brevity, write I = I(x0) and M = Mx0 .

If I = ∅, then Fn is C∞ near x0, so Rd is an active manifold at x0. For the remainder of the
proof, suppose |I| ≥ 1. The restriction of Fn to M is smooth near x0. It remains to establish
sharpness: we must find a neighborhood U of x0 and a constant c > 0 such that

dist(0, ∂Fn(x)) ≥ c for all x ∈ U \M.
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We first introduce two positive constants. Set

η = min
i∈I

{1− |λi|} > 0.

Since the vectors ai, i ∈ I, are linearly independent and
∣∣a⊤i x0∣∣ = ∣∣a⊤i e∣∣ > 0 for every i ∈ I, the

vectors (a⊤i x0)ai, i ∈ I, are also linearly independent. Define

c0 = min
i∈I

dist
(
(a⊤i x0)ai, span{(a⊤j x0)aj : j ∈ I \ {i}}

)
> 0.

We claim that there exists a radius δ > 0 such that dist(0, ∂Fn(x)) is bounded below by a positive
constant uniformly over x ∈ Bδ(x0) \M. By continuity, we can choose δ sufficiently small that,
for every i ∈ Ic and x ∈ Bδ(x0), the sign of (a⊤i x)

2 − (a⊤i e)
2 agrees with its sign at x0. We may

also shrink this neighborhood so that, for every i ∈ I, a⊤i x and a⊤i x0 have the same sign. Now fix
x ∈ Bδ(x0) \M. Since x /∈ M, there is an index ix ∈ I such that a⊤ixx ≠ a⊤ixx0. We consider the case

(a⊤ixx)
2 > (a⊤ixx0)

2 = (a⊤ixe)
2.

The case with the reverse inequality is analogous. In the displayed case, every element of ∂Fn(x)
can be written as

2

n

 ∑
i∈I\{ix}

λ′i(a
⊤
i x)ai + (a⊤ixx)aix +

∑
i∈Ic

sign((a⊤i x)
2 − (a⊤i e)

2)(a⊤i x)ai

 ,

where λ′i ∈ [−1, 1]. Omitting the factor 2
n for the moment, we decompose this expression as follows:∑

i∈I\{ix}

λ′i(a
⊤
i x)ai + (a⊤ixx)aix +

∑
i∈Ic

sign((a⊤i x)
2 − (a⊤i e)

2)(a⊤i x)ai

=
∑

i∈I\{ix}

λ′i(a
⊤
i x0)ai + (a⊤ixx0)aix +

∑
i∈Ic

sign((a⊤i x0)
2 − (a⊤i e)

2)(a⊤i x0)ai︸ ︷︷ ︸
I1

+
∑

i∈I\{ix}

λ′i(a
⊤
i (x− x0))ai + ⟨aix , x− x0⟩ aix︸ ︷︷ ︸

I2

+
∑
i∈Ic

sign((a⊤i x)
2 − (a⊤i e)

2)(a⊤i (x− x0))ai︸ ︷︷ ︸
I3

.

By continuity, the norms of I2 and I3 can be made arbitrarily small by choosing δ sufficiently small.
For I1, the stationarity condition at x0 implies that

I1 =
∑

i∈I\{ix}

λ′i(a
⊤
i x0)ai + (a⊤ixx0)aix +

∑
i∈Ic

sign((a⊤i x0)
2 − (a⊤i e)

2)(a⊤i x0)ai

=
∑

i∈I\{ix}

(λ′i − λi)(a
⊤
i x0)ai + (1− λix)(a

⊤
ixx0)aix .

Since the first sum lies in span{(a⊤j x0)aj : j ∈ I \ {ix}}, the definitions of η and c0 give

∥I1∥ ≥ (1− λix)dist
(
(a⊤ixx0)aix , span{(a⊤j x0)aj : j ∈ I \ {ix}}

)
≥ ηc0 > 0.

Consequently, by choosing δ sufficiently small that ∥I2∥+ ∥I3∥ ≤ ηc0
2 and restoring the factor 2/n,

we establish the desired sharpness with c = ηc0/n.

B.3 Part 3: Active strict saddle property

Proof of Theorem 3.2. By rotational invariance, we may assume without loss of generality that
x⋆ = e, where e is the first standard basis vector. We work on a probability-one event on which
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the conclusions of both Lemma B.1 and Proposition B.2 hold. Fix a critical point x0 /∈ {±e}. By
Proposition B.2, an active manifold at x0 is

Mx0 = {y : a⊤i (y − x0) = 0, i ∈ I(x0)}.
We consider two cases. If |I(x0)| = d, then the last part of Lemma B.1 shows that x0 is a sharp, and
hence strict, local minimizer of Fn. Now, suppose that |I(x0)| < d. For brevity, write I = I(x0) and
M = Mx0 . Points on the manifold can be written as

x = x0 + V z with z ∈ Rd−|I|,

where the columns of V =
[
v1, . . . , vd−|I|

]
form an orthonormal basis of the tangent space of M.

Near x0, the restriction of Fn to M is quadratic. Define H = 2
n

∑
i/∈I sign((a

⊤
i x0)

2 − (a⊤i e)
2)aia

⊤
i .

In these coordinates, the Riemannian Hessian of the restriction at x0 is V ⊤HV . By Lemma F.2, this
Riemannian Hessian is almost surely nonsingular. If it is positive definite, then x0 is a strict local
minimizer of Fn on Mx0 , and hence also on Rd by Lemma F.3. Otherwise, nonsingularity implies
that it has a negative eigenvalue, so x0 is an active strict saddle.

Finally, ±e are strict local minimizers. Indeed, near e, every a⊤i x has the same sign as a⊤i e. Thus,
Fn(x) = 0 implies a⊤i x = a⊤i e for every i, and hence x = e because the measurement vectors span Rd.
The same argument applies at −e. This proves that Fn has the active strict saddle property.

C Proof of Theorem 3.3

We first prove a first-moment result, Theorem C.2 (Appendix C.2), which directly implies part (1)
of Theorem 3.3. Then, together with the second-moment result in Theorem C.3 (Appendix C.3),
we prove part (2) of Theorem 3.3 (Appendix C.4). We put all supporting tools in Appendices D
and E, together with explanations of their roles in the proof. We first fix some common notation in
Appendix C.1, which is used consistently in Appendices C, D, and E.

C.1 Common notation

Throughout Appendices C, D, and E, fix an integer d ≥ 4 and a deterministic unit vector x⋆ ∈ Rd.
We start by defining the notation we will use in the proof. Most of the intuition for what we are
about to introduce already appeared in Section 4. We adopt the following convention throughout.
All our asymptotic symbols of the form O(·) and o(·) refer to limits n→ ∞. Sometimes we will add
subscripts on O(·) or o(·) to highlight the parameters that are held fixed and on which the implicit
constants may depend.

We use the following constant

κ = 8τ/[π(1 + τ2)2] > 0, (C.1)

where again τ is the unique solution of the equation arctan τ + τ/(1 + τ2) = π/4. Throughout, we
fix the following active sign pattern,

s = (s1, . . . , sd) = (1, . . . , 1︸ ︷︷ ︸
d−2

,−1,−1). (C.2)

For any realization of (a1, . . . , an), let A denote the matrix whose jth-row corresponds to the vector
aj . For any index set J = {j1 < · · · < jr} ⊂ [n], define the submatrix indexed by J as

AJ =
(
aj1 · · · ajr

)⊤
.
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For any x, y ∈ Rd and a random vector a ∼ N(0, Id), define the objects

Zx(a) := sign((a⊤x)2 − (a⊤x⋆)2)(a⊤x)a, (C.3)

µ(x) := E[Zx(a)], Σx := Cov(Zx(a)), and Σx,y := Cov

(
Zx(a)
Zy(a)

)
. (C.4)

For any pair of matrices B =
(
b1 · · · bd

)⊤ ∈ Rd×d and C =
(
c1 · · · cr

)⊤ ∈ Rr×d, define

Q(x;B) :=
(
(b⊤1 x)b1 · · · (b⊤d x)bd

)
, and S(x;C) :=

r∑
i=1

Zx(ci).

For any index set I = {i1 < · · · < id} ⊂ [n], define

XI(x) :=

a
⊤
i1
(x− s1x

⋆)
...

a⊤id(x− sdx
⋆)

 = AIx− diag(s)AIx
⋆. (C.5)

Almost surely, AI is invertible, and the solution of XI(x) = 0 is denoted by

xI = A−1
I diag(s)AIx

⋆. (C.6)

By Lemma 4.1, almost surely, x is a sharp spurious local minimum with active index set I and active
sign pattern s if, and only if, the following holds:

0 ∈ S(x;AIc) +Q(x;AI)(−1, 1)d, and XI(x) = 0.

Recall the saddle radius τ and the population saddle sphere S from Proposition 3.1, and the tube
Tn from (4.5). We write Sd−2 = {u : ∥u∥ = 1, u ⊥ x⋆}, so that S = τ Sd−2. When n−1/2 < τ , every
x ∈ Tn can be written uniquely as x = αxx

⋆ + (τ + βx)ux with ux ∈ Sd−2 and |αx| , |βx| ≤ n−1/2; we
call (αx, βx, ux) the tube coordinates of x. We will restrict to well-conditioned active matrices, using
the following lemma. We defer its proof to Appendix D.1.

Lemma C.1 (Choice of regularity constants). Fix a dimension d ≥ 4. Then, there exist finite
deterministic constants Md, λd, ϑd > 0, depending only on d, with the following properties. For
x ∈ Rd, define the set

Kx =

{
B ∈ Rd×d : max

1≤j≤d
∥bj∥ ≤Md, |detB| ≥ λd, and |detQ(x;B)| ≥ λd

}
,

and, for n ≥ d and I ⊂ [n] with |I| = d, the conditional expectation

a(x) = E
[
|detAI | |detQ(x;AI)| 1Kx(AI)

∣∣ XI(x) = 0
]
.

The function a(·) is independent of the choice of I, is continuous near S, and satisfies

a(τu) = ϑd for every u ∈ Sd−2.

Moreover, for any fixed d,
sup
x∈Tn

|a(x)− ϑd| → 0 as n→ ∞.

We fix the constants Md, λd, and ϑd from Lemma C.1 for the rest of the proof. We count only
those sharp spurious local minimizers that also lie in the tube Tn around the population saddle
sphere and whose active matrix satisfies AI ∈ KxI , with Kx as in Lemma C.1. Formally, for a set
I ⊂ [n] with |I| = d, define the random indicator function

χn
I (a1, . . . , an) = 1{xI∈Tn}1KxI

(AI)1{−S(xI ;AIc )∈Q(xI ;AI)(−1,1)d}, and

Nd,n(a1, . . . , an) =
∑
|I|=d

χn
I .

(C.7)
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Then χn
I = 1 precisely when the candidate solution xI is a sharp spurious local minimum lying in Tn

and satisfying AI ∈ KxI . Thus Nd,n counts the total number of such sharp spurious local minima
for a given realization.

C.2 First moment characterization

For the next result, recall that Md, λd, and ϑd are the constants provided by Lemma C.1, and Σx

and Nd,n were defined in (C.4) and (C.7), respectively.

Theorem C.2. For any d ≥ 4, we have that

n−d/2+1E[Nd,n] → γdId as n→ ∞
with

γd =
2dτd−2ϑd

d![2π(1 + τ2)]d/2
, and Id =

∫
Sd−2

∫
[−1,1]2

φΣτu(−κz1x⋆ + κz2u) dzdσ(u),

where dσ is the surface measure on Sd−2, and φΣ is the density of N(0,Σ).

Proof. By rotational invariance, we may assume without loss of generality that x⋆ = e, where e is
the first standard basis vector. Recall that Nd,n =

∑
|I|=d χ

n
I . Since the Gaussian rows are i.i.d. and

every ordered active set uses the same sign pattern, all the indicators χn
I have the same expectation.

Hence, for any fixed I ⊂ [n] with |I| = d,

E[Nd,n] =
∑
|J |=d

E[χn
J ] =

(
n

d

)
E[χn

I ].

Since
(
n
d

)
= nd/d! (1 +Od(n

−1)), it suffices to prove

E[χn
I ] = d! γdId n−d/2−1 + od(n

−d/2−1). (C.8)

In what follows we decompose the expectation of χn
I into a leading term and a negligible remainder,

and then evaluate the leading term in tube coordinates. To do so, we leverage the Kac-Rice formula
(Lemma D.4(I)), which gives

E[χn
I ] =

∫
Tn

pXI(x)(0)E
[
|detAI | 1Kx(AI)1−S(x;AIc )∈Q(x;AI)(−1,1)d

∣∣ XI(x) = 0
]
dx

=

∫
Tn

pXI(x)(0)E
[
|detAI | I1

∣∣ XI(x) = 0
]
dx,

where pXI(x) is the density of the Rd Gaussian vector XI(x), and

I1 = E
[
1Kx(AI)1−S(x;AIc )∈Q(x;AI)(−1,1)d

∣∣∣AI , XI(x) = 0
]
.

We use a local central limit theorem, Lemma D.7(I), to approximate

I1 =
2d

(n− d)d/2
|detQ(x;AI)| 1Kx(AI)φΣx(−

√
n− dµ(x))︸ ︷︷ ︸

I2

+
1

(n− d)d/2
1Kx(AI)rn(x;AI)︸ ︷︷ ︸

I3

,

where φΣ is the density of N(0,Σ). To justify this approximation, note that XI(x) depends only on
AI . Since AIc is independent of AI , its rows remain independent standard Gaussian vectors under
the conditioning in I1. The remainder I3 is negligible, in particular, Lemma D.7(I) ensures that the
function rn satisfies the uniform bound

sup
x∈Tn

sup
A∈Rd×d

1Kx(A) |rn(x;A)| ≤ ηn (C.9)
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for some deterministic sequence ηn → 0, so that |I3| ≤ (n− d)−d/2ηn for all x ∈ Tn.
Substituting I1 = I2 + I3 into the integral above, we split the contribution of this active set into

the leading term I4 and the remainder I5:

E[χn
I ] =

∫
Tn

pXI(x)(0)E
[
|detAI | I2

∣∣ XI(x) = 0
]
dx︸ ︷︷ ︸

I4

+

∫
Tn

pXI(x)(0)E
[
|detAI | I3

∣∣ XI(x) = 0
]
dx︸ ︷︷ ︸

I5

.

To control the remainder term I5, we use (C.9) together with the following bounds, valid for x ∈ Tn
and AI ∈ Kx:

|detAI | ≤
∏
i∈I

∥ai∥ ≤Md
d , |detQ(x;AI)| ≤

∏
i∈I

∥∥∥(a⊤i x)ai∥∥∥ = Od(1),

Vol(Tn) = Od(n
−1), and pXI(x)(0) = (2π)−d/2

d∏
i=1

1

∥x− sie∥
= Od(1).

The first three bounds follow from our construction. To derive the last relation, i.e., the density
formula, write I = {i1 < · · · < id}. For fixed x, the coordinates a⊤ij (x−sje) of XI(x) are independent
N(0, ∥x− sje∥2) variables, so their densities at zero, (2π)−1/2 ∥x− sje∥−1, multiply to produce the
displayed expression. Moreover, on Tn, we have ∥x− sje∥ ≥ τ − n−1/2 ≥ τ/2 for sufficiently large n,
which implies the uniform Od(1) bound. Since (n− d)/n→ 1 and ηn → 0, these bounds imply

I5 = od(n
−d/2−1).

It remains to evaluate the leading term

I4 = 2d(n− d)−d/2

∫
Tn

pXI(x)(0)a(x)φΣx(−
√
n− dµ(x))dx.

By Lemma C.1, a(τu) = ϑd > 0 for every u ∈ Sd−2. In what follows, we do a change of variables to
integrate over the tube. For sufficiently large n such that n−1/2 < τ , parametrize Tn by

x = xn,z,u =
z1√
n
e+

(
τ +

z2√
n

)
u with z ∈ [−1, 1]2, and u ∈ Sd−2.

Hence dx = 1
n

(
τ + z2√

n

)d−2
dz dσ(u), where dσ is surface measure on Sd−2. Therefore,

I4 =

∫
Sd−2

∫
[−1,1]2

2d
(
τ + z2/

√
n
)d−2

n(n− d)d/2
pXI(xn,z,u)(0) a(xn,z,u)φΣxn,z,u

(
−
√
n− dµ(xn,z,u)

)
dz dσ(u).

We now let n→ ∞. Since e ⊥ u and ∥e∥ = ∥u∥ = 1, a direct calculation shows that

∥xn,z,u − sie∥2 = 1 + τ2 +
2(τz2 − siz1)√

n
+
z21 + z22
n

for all i ∈ {1, . . . , d} → 1 + τ2

uniformly for z ∈ [−1, 1]2 and u ∈ Sd−2. Substituting this into the density yields the uniform limit

pXI(xn,z,u)(0) = (2π)−d/2
d∏

i=1

1

∥xn,z,u − sie∥
→ [2π(1 + τ2)]−d/2.

Lemma C.1 and Lemma D.8 provide the remaining limits, namely

a(xn,z,u) → ϑd,
√
n− dµ(xn,z,u) → −κz1e+ κz2u, and

∥∥Σxn,z,u − Στu

∥∥
op

→ 0,

uniformly for z ∈ [−1, 1]2 and u ∈ Sd−2. Since Στu = τ2(Id + 2uu⊤) ⪰ τ2Id, the Gaussian densities
also converge uniformly. The radial factor converges uniformly to τd−2. Passing to the limit on this
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fixed integration domain, using (n− d)/n→ 1 and the symmetry φΣ(−v) = φΣ(v), we obtain

I4 =
2dτd−2ϑd

[2π(1 + τ2)]d/2
n−d/2−1

∫
Sd−2

∫
[−1,1]2

φΣτu(−κz1e+ κz2u)dz dσ(u)︸ ︷︷ ︸
Id

+od(n
−d/2−1).

Combining this asymptotic formula for I4 with the bound for I5 proves (C.8), completing the
proof.

C.3 Second moment characterization

For the following result and its proof, recall that Md, λd, and ϑd are the constants provided by
Lemma C.1, and the objects κ,Σx,y and Nd,n were defined in (C.1), (C.4) and (C.7), respectively.

Theorem C.3. For any d ≥ 4, we have that

n−d+2E[N2
d,n] → γ2dJd,

where

γd =
2dτd−2ϑd

d![2π(1 + τ2)]d/2
, and

Jd =

∫
u,v∈Sd−2

u̸=±v

∫
[−1,1]4

φΣτu,τv

((
−κz1x⋆ + κz2u
−κw1x

⋆ + κw2v

))
dz dw dσ(u) dσ(v).

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x⋆ = e. Recall that Nd,n =

∑
|I|=d χ

n
I and that (χn

I )
2 = χn

I . Expanding the
square and grouping the off-diagonal terms by the overlap r = |I ∩ J |, we obtain

E[N2
d,n] = E[Nd,n] +

d−1∑
r=0

Dr,n where Dr,n =
∑

I,J⊂[n]
|I|=|J |=d, |I∩J |=r

E[χn
Iχ

n
J ].

The sum defining Dr,n is over ordered pairs, so no factor of two is needed. By Theorem C.2, we
have E[Nd,n] = Od(n

d/2−1) = od(n
d−2). It therefore suffices to establish Jd <∞ and the estimates

D0,n = γ2dJd n
d−2 + od(n

d−2), and Dr,n = od(n
d−2) for 1 ≤ r ≤ d− 1. (C.10)

The rest of the proof proceeds in three steps. We first express each E[χn
Iχ

n
J ] as a conditional

Kac–Rice integral. We then split the integration domain into three regions and use the estimates
from Appendix E to control the integral in each region. Finally, we combine these estimates.

Step 1: Express each pair contribution as a conditional integral. Fix distinct index sets
I, J ⊂ [n] with |I| = |J | = d and |I ∩ J | = r. Let U = (I ∪ J)c and ν = |U | = n− 2d+ r. The sums
over the two sets of inactive measurements decompose as

S(x;AIc) = S(x;AJ\I) + S(x;AU ), and S(y;AJc) = S(y;AI\J) + S(y;AU ).

Conditioning on AI∪J fixes the first term in each decomposition. The rows of AU remain independent
standard Gaussian vectors, since they are independent ofAI∪J and the constraintsXI(x) = XJ(y) = 0
involve only rows in I ∪ J . The sums S(x;AU ) and S(y;AU ) depend on the same Gaussian rows
and are generally dependent, so the two inclusion events must be treated jointly.

For a deterministic matrix B ∈ R(2d−r)×d whose rows are indexed by I ∪J , let C = (g1, . . . , gν)
⊤,
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where the gj are independent N(0, Id) vectors, and define

πn,I,J(x, y;B) = Pg1,...,gν

{
−S(x;C) ∈ Q(x;BI)(−1, 1)d + S(x;BJ\I),

−S(y;C) ∈ Q(y;BJ)(−1, 1)d + S(y;BI\J)

}
.

This is the probability appearing in Lemma D.7(II). Thus, Lemma D.4(II), followed by conditioning
on AI∪J , implies
E[χn

Iχ
n
J ]

=

∫
T 2
n∩RI,J

pXI(x),XJ (y)(0, 0)E
[
|detAI | |detAJ | 1Kx(AI)1Ky(AJ)πn,I,J(x, y;AI∪J)

∣∣ XI(x) = XJ(y) = 0
]
dx dy,

(C.11)

where RI,J =

{
(x, y) : Cov

(
XI(x)
XJ(y)

)
≻ 0

}
, and pXI(x),XJ (y) is the density of the Gaussian vector(

XI(x)
XJ(y)

)
∈ R2d on this region.

Step 2: Split the integral into three regions. For all sufficiently large n such that n−1/2 ≤ τ/2,
every x ∈ Tn has a unique representation

x = αxe+ (τ + βx)ux with |αx| , |βx| ≤ n−1/2, and ux ∈ Sd−2.

For a pair (x, y), define

δ(x, y) = min{∥ux − uy∥ , ∥ux + uy∥}, and ρ(x, y) =
√(

αx − sign(u⊤x uy)αy

)2
+ (βx − βy)2.

The quantity δ measures angular separation up to sign. When δ < 1, the quantity ρ measures how
much the two points differ in their normal coordinates, after replacing y by −y if uy is closer to −ux
than to ux.

Fix 0 < δ0 < 1. Pairs with δ ≥ δ0 form the separated region, where the local limit estimate in
Lemma D.7(II) applies. The limiting covariance Στux,τuy becomes singular at ux = ±uy, so pairs
with δ < δ0 require separate estimates. We divide these nearby pairs by comparing their angular
separation δ with their normal separation ρ. Formally, we define three regions

Ωsep = {(x, y) ∈ T 2
n ∩RI,J : δ(x, y) ≥ δ0},

Ωtan = {(x, y) ∈ T 2
n ∩RI,J : δ(x, y) < δ0, ρ(x, y) ≤ δ(x, y)}, and

Ωnor = {(x, y) ∈ T 2
n ∩RI,J : δ(x, y) < δ0, ρ(x, y) > δ(x, y)}.

We call them the separated, tangential, and normal-dominated regions, respectively. As u varies,
the base point τu moves along the saddle sphere S, while α and β describe displacements normal
to it. In the tangential region, angular separation is at least as large as separation in the normal
coordinates; in the normal-dominated region, the latter is larger.

For a fixed pair I, J with overlap r, let Isepr,n denote the integral in (C.11) restricted to Ωsep.
Define Dsep

r,n by summing Isepr,n over all ordered pairs I, J ⊂ [n] with |I| = |J | = d and |I ∩ J | = r.
Define Dtan

r,n and Dnor
r,n in the same way, using the restrictions of (C.11) to Ωtan and Ωnor, respectively.

We suppress the dependence of the regions and of Isepr,n on I, J , as well as the dependence of the
regions, integrals, and sums on δ0. Since the three regions partition the integration domain, we have

Dr,n = Dsep
r,n +Dtan

r,n +Dnor
r,n .

Let Jd(δ0) denote the integral defining Jd in the theorem, with the additional restriction
min{∥u− v∥ , ∥u+ v∥} ≥ δ0. For each fixed δ0, Lemma D.8 implies λmin(Στu,τv) ≥ cd,δ0 > 0
uniformly over the restricted angular domain. Since Στu,τv is a 2d × 2d covariance matrix, the
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Gaussian density satisfies

φΣτu,τv(ξ) ≤
1

(2π)d
√

detΣτu,τv

≤ 1

(2πcd,δ0)
d

for every ξ ∈ R2d.

Thus the integrand defining Jd(δ0) is uniformly bounded. Since [−1, 1]4 has finite volume and Sd−2

has finite surface measure, Jd(δ0) <∞.
Table 1 summarizes the estimates, proved in Appendix E, for the three regional terms. All

asymptotics in the table are as n→ ∞ with δ0 fixed. In particular, the separated region supplies
the leading term for disjoint pairs, while the tangential error can be made small by subsequently
decreasing δ0.

Term Asymptotic estimate Reference

Dsep
r,n

r = 0 : γ2dJd(δ0)n
d−2 + od,δ0(n

d−2),

1 ≤ r ≤ d− 1 : od,δ0(n
d−2)

Lemma E.1

Dtan
r,n

r = 0 : ≤ Cdn
d−2δ

d/2−1
0 + Cdn

d/2−1,

1 ≤ r ≤ d− 1 : od,δ0(n
d−2)

Lemma E.2

Dnor
r,n 0 ≤ r ≤ d− 1 : od,δ0(n

d−2) Lemma E.7

Table 1: Estimates for the three regional terms at fixed δ0. The constant Cd > 0 depends only on d,
and γd is as in Theorem C.2.

Step 3: Combine the estimates and remove the angular cutoff. For 1 ≤ r ≤ d− 1, fix any
δ0 ∈ (0, 1). All three terms in Table 1 are od,δ0(nd−2), which proves the second estimate in (C.10).

It remains to treat r = 0. Fix δ0 ∈ (0, 1) and multiply the estimates in Table 1 by n2−d. As
n→ ∞ with this cutoff fixed, we have

n2−dDsep
0,n −→ γ2dJd(δ0), 0 ≤ n2−dDtan

0,n ≤ Cdδ
d/2−1
0 + Cdn

1−d/2, and n2−dDnor
0,n −→ 0.

Since the regional terms are nonnegative and n1−d/2 → 0, we have

γ2dJd(δ0) ≤ lim inf
n→∞

n2−dD0,n ≤ lim sup
n→∞

n2−dD0,n ≤ γ2dJd(δ0) + Cdδ
d/2−1
0 . (C.12)

The total D0,n is independent of δ0. Taking δ0 = 1/2 in the upper bound of (C.12), and using
Jd(1/2) <∞, shows that

L := lim sup
n→∞

n2−dD0,n <∞.

The lower bound in (C.12) then implies γ2dJd(δ0) ≤ L for every δ0 ∈ (0, 1). As δ0 ↓ 0, the angular
integration domains increase to {(u, v) : u ≠ ±v}. Since the integrand is nonnegative, monotone
convergence yields

lim
δ0↓0

Jd(δ0) = Jd ≤ L/γ2d <∞.

Finally, let δ0 ↓ 0 in (C.12). Since Jd(δ0) ↑ Jd and Cdδ
d/2−1
0 → 0, both the lower and upper bounds

tend to γ2dJd. This proves the first estimate in (C.10) and completes the proof.
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C.4 Constant-probability lower bound

For the following result, recall that Md and λd are the constants provided by Lemma C.1, and
Nd,n was defined in (C.7). We show via numerical computation in Appendix C.5 that we can take
c⋆ = 0.136 in the following theorem.

Theorem C.4. For any d ≥ 4, we have

lim inf
n→∞

P(Nd,n > 0) ≥ c⋆,

where c⋆ > 0 is a universal constant independent of d.

Proof. By rotational invariance, we may assume without loss of generality that x⋆ = e, where e is
the first standard basis vector. The Paley–Zygmund inequality implies that

P(Nd,n > 0) ≥
(ENd,n)

2

EN2
d,n

.

Theorems C.2 and C.3 then imply, at fixed d,

lim inf
n→∞

P(Nd,n > 0) ≥
I2
d

Jd
,

where

Id =

∫
Sd−2

∫
[−1,1]2

φΣτu(−κz1e+ κz2u) dzdσ(u), and

Jd =

∫
u,v∈Sd−2

u̸=±v

∫
[−1,1]4

φΣτu,τv

((
−κz1e+ κz2u
−κw1e+ κw2v

))
dz dw dσ(u) dσ(v).

Here κ = 8τ/[π(1 + τ2)2], and φΣ is the density of N(0,Σ). By Lemma D.8, we have

Στu = τ2(Id + 2uu⊤), and (C.13)

Στu,τv =

(
τ2(Id + 2uu⊤) C(u, v)
C(u, v)⊤ τ2(Id + 2vv⊤)

)
, (C.14)

where

C(u, v) = τ2E
[
(a⊤u)(a⊤v)sign

(
τ2(a⊤u)2 − (a⊤e)2

)
sign

(
τ2(a⊤v)2 − (a⊤e)2

)
aa⊤

]
.

We claim that
Id = κ−2pτΛd, and Jd ≤ κ−4CΛ2

d, (C.15)
where

Λd = σ(Sd−2)(2πτ2)−(d−2)/2, and pτ =
(
2Φ
(κ
τ

)
− 1
)(

2Φ

(
κ√
3 τ

)
− 1

)
> 0, (C.16)

where Φ denotes the standard Gaussian distribution function, and C <∞ is a numerical constant.
Since τ and κ are numerical constants independent of d, these bounds will imply the theorem.

The roadmap for the rest of the proof goes as follows. We first characterize Id, then bound Jd in
terms of the joint tangential density. Finally, we show that the constant in the latter bound can be
chosen independently of d.

Step 1: Characterizing Id. For each u, v ∈ Sd−2, let (Gu, Gv) be an R2d Gaussian vector with
mean zero and covariance Στu,τv.

For each u, choose an orthonormal basis b1, . . . , bd−2 of {e, u}⊥, and set

Hu = (b⊤1 Gu, . . . , b
⊤
d−2Gu)

⊤, and Nu = (e⊤Gu, u
⊤Gu).
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Equation (C.13) implies that Hu and Nu are independent, with

Hu ∼ N(0, τ2Id−2), and Nu ∼ N
(
0, diag(τ2, 3τ2)

)
.

We note that the law of Hu is independent of the choice of orthonormal basis due to rotational
invariance. Fix u ∈ Sd−2. The vector −κz1e+ κz2u has zero component in {e, u}⊥, and its normal
coordinates are (−κz1, κz2). Set (s, t) = (−κz1, κz2), so that dz = κ−2dsdt and (s, t) ∈ [−κ, κ]2.
Then, we have∫

[−1,1]2
φΣτu(−κz1e+ κz2u) dz = pHu(0)

∫
[−1,1]2

pNu(−κz1, κz2) dz

= κ−2pHu(0)

∫
[−κ,κ]2

pNu(s, t) ds dt

= κ−2(2πτ2)−(d−2)/2
(
2Φ
(κ
τ

)
− 1
)(

2Φ

(
κ√
3 τ

)
− 1

)
,

where the last equality uses pHu(0) = (2πτ2)−(d−2)/2 and the fact that the two coordinates of Nu

are independent with laws N(0, τ2) and N(0, 3τ2), respectively. The integral above is constant in
u ∈ Sd−2. Integrating over u, we have

Id =
σ(Sd−2)

κ2(2πτ2)(d−2)/2

(
2Φ
(κ
τ

)
− 1
)(

2Φ

(
κ√
3 τ

)
− 1

)
.

This establishes the first equality in (C.15).

Step 2: Bounding Jd. For u ̸= ±v, Lemma D.8(III) ensures that the joint density exists.
Set ξ(z, w) = (−κz1, κz2,−κw1, κw2). Since the coordinate transformation from (Gu, Gv) to
(Hu, Hv, Nu, Nv) is orthogonal,

pGu,Gv(−κz1e+ κz2u, −κw1e+ κw2v) = pHu,Hv ,Nu,Nv(0, 0, ξ(z, w))

= pHu,Hv(0, 0) p(Nu,Nv)|Hu=Hv=0(ξ(z, w)),

where the second factor is the Gaussian density of (Nu, Nv) conditional on (Hu, Hv) = (0, 0). The
change of variables (z, w) 7→ ξ(z, w) has absolute Jacobian κ4. Hence, for fixed u, v ∈ Sd−2 with
u ̸= ±v,∫

[−1,1]4
p(Nu,Nv)|Hu=Hv=0(ξ(z, w)) dz dw = κ−4

∫
[−κ,κ]4

p(Nu,Nv)|Hu=Hv=0(ξ) dξ

= κ−4P
(
(Nu, Nv) ∈ [−κ, κ]4 | Hu = Hv = 0

)
.

Therefore,

Jd = κ−4

∫
u,v∈Sd−2

u̸=±v

pHu,Hv(0, 0)P
(
(Nu, Nv) ∈ [−κ, κ]4 | Hu = Hv = 0

)
dσ(u) dσ(v)

≤ κ−4

∫
u,v∈Sd−2

u̸=±v

pHu,Hv(0, 0) dσ(u) dσ(v) =: κ−4Qd.

It remains to prove Qd ≤ Cσ(Sd−2)2(2πτ2)−(d−2) uniformly for d ≥ 4.
Changing the orthonormal bases of {e, u}⊥ and {e, v}⊥ leaves pHu,Hv(0, 0) unchanged. We

therefore choose the following bases to simplify its computation. Fix u, v ∈ Sd−2 with u ≠ ±v, put
c = u⊤v and s =

√
1− c2, and choose an orthonormal basis t1, . . . , td−3 of {e, u, v}⊥. Define

hu =
v − cu

s
, and hv =

cv − u

s
.
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The tuples (hu, t1, . . . , td−3) and (hv, t1, . . . , td−3) are orthonormal bases of {e, u}⊥ and {e, v}⊥,
respectively. Under this choice of bases,

Hu =


h⊤uGu

t⊤1 Gu
...

t⊤d−3Gu

 , and Hv =


h⊤v Gv

t⊤1 Gv
...

t⊤d−3Gv

 .

Equation (C.13) implies Cov(Hu) = Cov(Hv) = τ2Id−2. For a standard Gaussian vector a ∈ Rd,
define the following real standard Gaussian variables:

P = a⊤e, X = a⊤u, Y = a⊤v, Z = a⊤hu, T = a⊤hv, and Lj = a⊤tj (1 ≤ j ≤ d− 3).

The variables P,X,Z, L1, . . . , Ld−3 are independent, while Y = cX + sZ and T = −sX + cZ. Also
define

SX = sign(τ2X2 − P 2), and SY = sign(τ2Y 2 − P 2).

By the definition of C(u, v) in (C.14),

Cov(h⊤uGu, h
⊤
v Gv) = h⊤uC(u, v)hv

= τ2E[(a⊤u)(a⊤v)SXSY (a⊤hu)(a⊤hv)]
= τ2E[XY SXSY ZT ].

Likewise, for 1 ≤ i, j ≤ d− 3, independence of the Lj from (P,X,Z) implies

Cov(t⊤i Gu, t
⊤
j Gv) = t⊤i C(u, v)tj = τ2E[XY SXSY LiLj ] = τ2E[XY SXSY ]δij ,

Cov(h⊤uGu, t
⊤
j Gv) = h⊤uC(u, v)tj = τ2E[XY SXSY ZLj ] = 0, and

Cov(t⊤i Gu, h
⊤
v Gv) = t⊤i C(u, v)hv = τ2E[XY SXSY LiT ] = 0.

Since P,X,Z are independent standard Gaussians and Y = cX + sZ, T = −sX + cZ, these
covariances depend on u, v only through their inner product c. We write

r(c) = E[XZY TSXSY ], and q(c) = E[XY SXSY ].

Thus

Cov

(
Hu

Hv

)
= τ2

(
Id−2 D
D Id−2

)
, and D = diag(r(c), q(c), . . . , q(c)).

By the Schur complement,

detCov

(
Hu

Hv

)
= τ4(d−2) det

(
Id−2 D
D Id−2

)
= τ4(d−2) det(Id−2 −D2) = τ4(d−2)(1− r(c)2)(1− q(c)2)d−3.

Since (Hu, Hv) is a centered Gaussian vector in R2(d−2), its density at zero is

pHu,Hv(0, 0) = (2πτ2)−(d−2)(1− r(c)2)−1/2(1− q(c)2)−(d−3)/2. (C.17)

Step 3: Uniform bound in dimension. We verify the scalar hypotheses of Lemma F.5
numerically using interval arithmetic in Section C.5. Thus Lemmas F.4 and F.5 give, with b = γ > 0,

1− q(c)2 ≥ (1− c2)(1 + γc2), and 1− r(c)2 ≥ b
√
1− c2.
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The density formula (C.17) implies

Qd = (2πτ2)−(d−2)

∫
u,v∈Sd−2

u̸=±v

(1− r(u⊤v)2)−1/2(1− q(u⊤v)2)−(d−3)/2 dσ(u) dσ(v)

= σ(Sd−2)2(2πτ2)−(d−2)

∫
u,v∈Sd−2

u̸=±v

(1− r(u⊤v)2)−1/2(1− q(u⊤v)2)−(d−3)/2 du dv

≤ b−1/2σ(Sd−2)2(2πτ2)−(d−2)Ad

∫ 1

−1
(1− c2)−3/4(1 + γc2)−(d−3)/2 dc.

Here du and dv denote the uniform probability measures on Sd−2. Under their product measure,
c = u⊤v has density

Ad(1− c2)(d−4)/2 where Ad =
Γ((d− 1)/2)√
π Γ((d− 2)/2)

≤
√
d− 2√
2π

.

The last inequality follows directly from Gautschi’s inequality. In the following estimates, C > 0
denotes a constant independent of d that may change from line to line. Since log(1 + γc2) ≥
γc2/(1 + γ/4) on |c| ≤ 1/2, we have, for d ≥ 4,∫ 1

−1
(1− c2)−3/4(1 + γc2)−(d−3)/2 dc ≤ C

∫ 1/2

−1/2
e−γ(d−3)c2/[2(1+γ/4)] dc

+ (1 + γ/4)−(d−3)/2

∫
1/2<|c|<1

(1− c2)−3/4 dc

≤ C(d− 3)−1/2 + C(1 + γ/4)−(d−3)/2 ≤ C(d− 2)−1/2.

Since Ad ≤
√

(d− 2)/(2π), we obtain Qd ≤ Cσ(Sd−2)2(2πτ2)−(d−2) uniformly in d. This proves the
second bound in (C.15).

Finally, (C.15) implies
I2
d

Jd
≥ p2τ
C

=: c⋆ > 0 for d ≥ 4.

Combining this bound with the earlier Paley–Zygmund estimate proves the theorem.

C.5 Numerical certification of the probability bound

In this appendix, we make the probability bound in Theorem C.4 explicit. The preceding proof
gives, for every fixed d ≥ 4,

lim inf
n→∞

P(Nd,n > 0) ≥
I2
d

Jd
≥ p2τ
C
, (C.18)

where C is any constant satisfying (C.15) uniformly in d. Combining analytic estimates with certified
interval computations, we show that C = 3.054 is admissible and that p2τ/3.054 > 0.1361. This
establishes the choice c⋆ = 0.136. We defer the details for the reproduction of these results to the
end of this appendix.

Scalar parameters and correlation bounds. Recall that τ is the positive root of

arctan t+
t

1 + t2
− π

4
= 0.

The derivative of the left-hand side is 2/(1 + t2)2 > 0. We enclose τ between rational endpoints by
verifying, with interval arithmetic, that the left-hand side has opposite signs at the endpoints. For
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the coefficient w0 in the proof of Lemma F.4, we use the identity

w0 = 1− 8

π
arctan

1

τ
+

8

π
arcsin

1

1 + τ2

+
8τ

π

(
1

1 + τ2
− 2

(1 + τ2)
√
τ2 + 2

+
1

(τ2 + 2)3/2

)
.

(C.19)

Evaluating this expression and γ = 1− w2
0 on the certified interval for τ gives

0.44161079 < τ < 0.44161080,

0.60010962 < w0 < 0.60010963, and
0.63986844 < γ < 0.63986845.

The displayed enclosures are rounded outward from the narrower intervals used in the computations.
In particular,

2

5
≤ τ ≤ 9

20
, w0 ≥

3

5
, and

4

47
< γ <

16

25
. (C.20)

Lemma F.4 gives
1− q(c)2 ≥ (1− c2)(1 + γc2) for − 1 ≤ c ≤ 1. (C.21)

The first two bounds in (C.20) allow us to apply Lemma F.5, giving

1− r(c)2 ≥ γ
√
1− c2 for − 1 < c < 1, (C.22)

with equality if, and only if, c = 0. Thus we may take b = γ in the preceding proof.

Uniform bound for the angular integral. Combining the correlation bounds (C.21) and (C.22)
with the density formula (C.17) shows that (C.15) holds whenever

C ≥ γ−1/2 sup
d≥4

Hd(γ), (C.23)

where

Hd(γ) = Ad

∫ 1

−1
(1− c2)−3/4(1 + γc2)−(d−3)/2 dc, and Ad =

Γ((d− 1)/2)√
π Γ((d− 2)/2)

.

The weight (1− c2)−3/4 is obtained by bounding the inverse covariance factors and multiplying by
the spherical correlation density Ad(1− c2)(d−4)/2. Next, we consider two cases.

Case 1: 4 ≤ d ≤ 49. The substitution u = c2 and the binomial expansion give

Hd(γ) = AdB(1/2, 1/4)

∞∑
n=0

(−1)nan,

a0 = 1, and an+1 = anγ
((d− 3)/2 + n)(1/2 + n)

(3/4 + n)(n+ 1)
,

where B(1/2, 1/4) = Γ(1/2)Γ(1/4)/Γ(3/4). For 0 ≤ γ ≤ 16/25, the nonnegative terms satisfy
an+1 ≤ (4/5)an for all n ≥ 100. Consequently, for every even N ≥ 100, the partial sum SN =∑N

n=0(−1)nan satisfies

AdB(1/2, 1/4)(SN − aN+1) ≤ Hd(γ) ≤ AdB(1/2, 1/4)SN . (C.24)

We evaluate the partial sums and the first omitted term using interval arithmetic. Together
with (C.24), this accounts for both rounding and truncation errors and yields

Hd(γ) < H6(γ) for 4 ≤ d ≤ 49 with d ̸= 6, and
2.44237353 < H6(γ) < 2.44237354.

(C.25)
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For each comparison, the upper endpoint of the interval for Hd(γ) lies below the lower endpoint of
the interval for H6(γ).

Case 2: d ≥ 50. We use the analytic estimate

Hd(γ) ≤
(
4

3

)3/4
√

1 + γ/4

γ

√
48

47

+B(1/2, 1/4)

√
24

π
exp

(
−47

2
log(1 + γ/4)

)
.

(C.26)

This bound holds when γ > 0 and 48 log(1 + γ/4) ≥ 1, as ensured by (C.20). Its proof splits the
integral at |c| = 1/2, applies a Gaussian bound on the middle interval and a beta-integral bound on
the remainder, and uses monotonicity in d. Interval evaluation of the right-hand side gives a value
less than 2.131647, below the lower bound for H6(γ) in (C.25).

Combining the two cases, we obtain

sup
d≥4

Hd(γ) = H6(γ).

Since γ > 0.639868, the displayed enclosures imply

γ−1/2 sup
d≥4

Hd(γ) =
H6(γ)√

γ
<

2.44237354√
0.639868

< 3.054.

Thus C = 3.054 satisfies (C.23).

Evaluation of the probability bound. By (C.16),

pτ = erf

(
κ√
2 τ

)
erf

(
κ√
6 τ

)
, and κ =

8τ

π(1 + τ2)2
,

where erf(x) = 2Φ(
√
2x) − 1. Both arguments are nonnegative and have squares less than 3, as

verified by interval arithmetic. In this range, the terms of the alternating series for erf decrease in
absolute value, giving∣∣∣∣∣erf(x)− 2√

π

N∑
n=0

(−1)nx2n+1

n!(2n+ 1)

∣∣∣∣∣ ≤ 2√
π

x2N+3

(N + 1)!(2N + 3)
for N ≥ 0.

Interval evaluation with this remainder gives

0.64480748 < pτ < 0.64480749.

Combining this enclosure with (C.18), we conclude that, for every fixed d ≥ 4,

lim inf
n→∞

P(Nd,n > 0) ≥ p2τ
3.054

>
(0.64480748)2

3.054
> 0.1361.

Since Nd,n ≤Md,n, this establishes the choice c⋆ = 0.136 in Theorems C.4 and 3.3.

Verification and reproduction. The accompanying Lean formalization verifies the identity (C.19),
the correlation bounds, the angular series and its remainder estimate, and the uniform bound (C.26).
The moment theorems and covariance reduction are proved in the paper but are not formalized in
Lean. The numerical enclosures are computed separately, outside Lean, using interval arithmetic
with outward rounding and the explicit remainder bounds above; the error-function evaluation is
also outside the formalization. All displayed terminating decimals denote exact rational numbers.
Supplementary quadrature checks are not used to certify the inequalities.

For the source code, full-precision certificates, and reproduction instructions, see https://github.
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com/PenghaoWang1225/Phase-Retrieval. The formal proofs are in 04-Lean, and the numerical
computations are in 01-numerical-lower-bound. The repository documentation records the formal
declarations and computational details. In the code and formal proofs, the dimension parameter is
d− 2 rather than d.

D Probabilistic tools for counting minima

This appendix collects the probabilistic tools used to compute the first and second moments of Nd,n

in Appendix C, using the notation from Appendix C.1. We prove Lemma C.1 and cover joint density
bounds, Kac–Rice formulas, uniform local limit approximations, and mean and covariance estimates
near the population saddle sphere.

D.1 Proof of Lemma C.1

Proof of Lemma C.1. By rotational invariance of the standard Gaussian measurements, we may
assume without loss of generality that x⋆ = e, where e is the first standard basis vector. Fix
I = {i1 < · · · < id}. Since all the vectors ai are i.i.d. and every ordered active set uses the same sign
pattern, the conditional expectation a(x) is independent of the choice of I.

We first show that a(τu) > 0. Fix u ∈ Sd−2. Conditional on XI(τu) = 0, the vectors aij
are independent standard Gaussian vectors on the hyperplanes (τu− sje)

⊥, for j = 1, . . . , d. We
will construct a deterministic matrix whose rows lie in these hyperplanes and which satisfies the
inequalities defining Kτu strictly. Choose an orthonormal basis v1, . . . , vd−2 of {e, u}⊥, and let B0

be the matrix with rows b⊤j , where

b1 = τe+ u, bj = τe+ u+ vj−1 for 2 ≤ j ≤ d− 2,

bd−1 = −τe+ u, and bd = −τe+ u+ vd−2.

Each vector bj satisfies b⊤j (τu− sje) = 0 and b⊤j (τu) = τ . To compute the determinant, subtract row
1 from rows 2, . . . , d−2 and row d−1 from row d. Reorder the resulting rows as b⊤1 , b⊤d−1, v

⊤
1 , . . . , v

⊤
d−2,

and express them in coordinates relative to the orthonormal basis (e, u, v1, . . . , vd−2). These opera-
tions preserve the absolute determinant, so

|detB0| =

∣∣∣∣∣∣det
 τ 1 0
−τ 1 0
0 0 Id−2

∣∣∣∣∣∣ =
∣∣∣∣det( τ 1

−τ 1

)∣∣∣∣ = 2τ.

Also, b⊤j (τu) = τ implies Q(τu;B0) = τB⊤
0 , and hence |detQ(τu;B0)| = 2τd+1.

Since maxj ∥bj∥ =
√
τ2 + 2 and 0 < τ < 1, choose Md >

√
τ2 + 2 and 0 < λd < 2τd+1. All

three inequalities defining Kτu are then strict at B0. By continuity, they also hold for all matrices
sufficiently close to B0 whose rows remain in the conditioning hyperplanes. The joint conditional
Gaussian density is positive on the product of these hyperplanes, so this neighborhood has positive
conditional probability. Thus

P (AI ∈ Kτu | XI(τu) = 0) > 0.

On Kτu, both absolute determinants in the definition of a are at least λd, so

a(τu) ≥ λ2d P (AI ∈ Kτu | XI(τu) = 0) > 0.

It remains to show that a(τu) does not depend on u. For any v ∈ Sd−2, choose an orthogonal
map R with Re = e and Ru = v. This map sends each hyperplane (τu− sje)

⊥ to (τv − sje)
⊥ and

preserves the standard Gaussian law on it. Therefore, the law of AIR
⊤ conditional on XI(τu) = 0
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is the law of AI conditional on XI(τv) = 0. Rotation preserves the row norms and the absolute
determinant of AI , and

Q(τv;AIR
⊤) = RQ(τu;AI).

Consequently, AI ∈ Kτu if, and only if, AIR
⊤ ∈ Kτv. Since R also preserves the two absolute

determinant factors in the definition of a, applying this rotation to the conditional expectation shows
that a(τu) = a(τv) for all u, v ∈ Sd−2. Denote this common positive value by ϑd.

We next prove continuity near S. Fix an integer n0 with n
−1/2
0 < τ . The set Tn0 is compact,

its interior contains S, and x ≠ ±e for every x ∈ Tn0 . To compare the conditional laws at nearby
points, let g1, . . . , gd be independent N(0, Id) vectors and use these same vectors to define, for every
x ∈ Tn0 ,

âj(x) = gj −
g⊤j (x− sje)

∥x− sje∥2
(x− sje) for j = 1, . . . , d,

and let Â(x) be the matrix with rows âj(x)⊤. The vector âj(x) is the orthogonal projection of gj
onto (x− sje)

⊥. Thus Â(x) has the law of AI conditional on XI(x) = 0, and

a(x) = Eg1,...,gd

[∣∣∣det Â(x)∣∣∣ ∣∣∣detQ(x; Â(x))
∣∣∣ 1Kx

(
Â(x)

)]
.

Fix x ∈ Tn0 and a sequence xj ∈ Tn0 with xj → x. The projection formula implies Â(xj) → Â(x)
almost surely, so both determinant factors converge almost surely. To handle the indicator, we must
also exclude equality in the inequalities defining Kx. For this fixed x, each such equality requires
one of the polynomials

∥âj(x)∥2 −M2
d ,

(
det Â(x)

)2 − λ2d, and
(
detQ(x; Â(x))

)2 − λ2d

in the components of (g1, . . . , gd) to vanish. None is identically zero: when all gj = 0, their values
are −M2

d or −λ2d. Lemma F.1 therefore shows that these equalities occur with probability zero.
Since all the quantities defining Kx depend continuously on x and the matrix entries, it follows that

1Kxj

(
Â(xj)

)
−→ 1Kx

(
Â(x)

)
almost surely.

Hence the full integrand defining a(xj) converges almost surely to that defining a(x). To pass to
expectations, note that whenever Â(x) ∈ Kx, Hadamard’s inequality and the row bounds imply∣∣∣det Â(x)∣∣∣ ≤Md

d , and
∣∣∣detQ(x; Â(x))

∣∣∣ ≤ d∏
j=1

(∣∣∣âj(x)⊤x∣∣∣ ∥âj(x)∥) ≤ ∥x∥dM2d
d .

Since ∥x∥ ≤ τ + 2n
−1/2
0 on Tn0 , the integrand is bounded by the deterministic constant (τ +

2n
−1/2
0 )dM3d

d for every x ∈ Tn0 . Dominated convergence now implies a(xj) → a(x), proving
continuity on Tn0 and hence near S.

Finally, continuity on the compact set Tn0 implies uniform continuity there. For n ≥ n0 and
x = αe+ (τ + β)u ∈ Tn, both x and τu lie in Tn0 , and

∥x− τu∥ =
√
α2 + β2 ≤

√
2n−1/2.

This bound holds uniformly over x ∈ Tn. Since a(τu) = ϑd, uniform continuity implies

sup
x∈Tn

|a(x)− ϑd| → 0 as n→ ∞.
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D.2 Joint density bounds

Recall the active equations XI and their solutions xI from (C.5) and (C.6). For an active set
I = {i1 < · · · < id}, write

sIik = sk for 1 ≤ k ≤ d

for the row signs induced by the fixed pattern (C.2). For distinct active sets I, J and x, y ∈ Rd,
define

ΓI,J(x, y) = Cov

(
XI(x)
XJ(y)

)
.

For v, w ∈ Rd, set

∆(v, w) =

√
∥v∥2 ∥w∥2 − (v⊤w)2.

Lemma D.1. Fix integers d ≥ 4 and n ≥ d, and a deterministic vector x⋆ ∈ Rd with ∥x⋆∥ = 1. Let
a1, . . . , an be independent N(0, Id) vectors. Then, for every pair of distinct index sets I, J ⊂ [n] with
|I| = |J | = d and every x, y ∈ Rd,

det ΓI,J(x, y) =
∏

i∈I\J

∥∥x− sIi x
⋆
∥∥2 ∏

j∈J\I

∥∥y − sJj x
⋆
∥∥2 ∏

ℓ∈I∩J
∆2(x− sIℓx

⋆, y − sJℓ x
⋆). (D.1)

Moreover, almost surely, this covariance map is positive definite at the random points (xI , xJ) for
every such pair I, J :

ΓI,J(xI , xJ) ≻ 0.

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x⋆ = e, where e is the first standard basis vector. Fix I ̸= J . For i ∈ I \ J ,
the coordinate a⊤i (x− sIi e) is independent of all other coordinates and has variance

∥∥x− sIi e
∥∥2; the

same holds for j ∈ J \ I. For each ℓ ∈ I ∩ J , the two coordinates involving aℓ have covariance matrix( ∥∥x− sIℓe
∥∥2 (x− sIℓe)

⊤(y − sJℓ e)

(x− sIℓe)
⊤(y − sJℓ e)

∥∥y − sJℓ e
∥∥2

)
,

whose determinant is ∆2(x− sIℓe, y − sJℓ e). Therefore,

det ΓI,J(x, y) =
∏

i∈I\J

∥∥x− sIi e
∥∥2 ∏

j∈J\I

∥∥y − sJj e
∥∥2 ∏

ℓ∈I∩J
∆2(x− sIℓe, y − sJℓ e).

Almost surely, every AI is invertible and a⊤i e ̸= 0 for all i. On this event, no xI is parallel to
e. Indeed, since the sign pattern s contains both 1 and −1, if xI = αe, then the active equations
XI(x) = 0 would require α to equal both 1 and −1, which is impossible. Therefore, almost surely,
we have ∏

i∈I\J

∥∥xI − sIi e
∥∥2 ∏

j∈J\I

∥∥xJ − sJj e
∥∥2 > 0.

Since ΓI,J(xI , xJ) is positive semidefinite, the determinant identity (D.1) shows that it remains to
prove, almost surely,

∆(xI − sIℓe, xJ − sJℓ e) > 0 for every ℓ ∈ I ∩ J.
There is nothing further to check if I ∩ J = ∅. Otherwise, fix ℓ ∈ I ∩ J . We will show that the two
vectors in this expression are linearly dependent with probability zero.

Condition on the rows (ai)i∈I , and set x = xI , σ = sIℓ , and σ′ = sJℓ . Then x is fixed and is not
parallel to e, while the vectors (aj)j∈J\I remain independent N(0, Id) vectors. Since I ̸= J and
|I| = |J |, the set J \ I is nonempty. Both vectors associated with ℓ are nonzero, so if they are linearly
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dependent, there is a scalar t ̸= 0 such that

xJ = σ′e+ t(x− σe).

For every j ∈ J , substituting this expression into a⊤j (xJ − sJj e) = 0 implies

t a⊤j (x− σe) + (σ′ − sJj )a
⊤
j e = 0. (D.2)

First, suppose some j ∈ J \ I has sJj = σ′. Since t ≠ 0, equation (D.2) requires a⊤j (x − σe) = 0.
Conditional on the rows in I, this has probability zero because aj is a standard Gaussian vector
independent of those rows and x− σe ̸= 0.

It remains to consider the case in which every j ∈ J \ I has sign −σ′. Suppose first that J \ I
contains two distinct indices j, k. Conditional on the rows in I, we have a⊤j (x − σe) ̸= 0 almost
surely, so equation (D.2) for row j determines

t = −
2σ′a⊤j e

a⊤j (x− σe)
.

After also conditioning on aj , this value of t is fixed, and the equation for row k requires

a⊤k
(
t(x− σe) + 2σ′e

)
= 0.

The vector in parentheses is nonzero because x is not parallel to e. Since ak remains an independent
standard Gaussian vector, this equation has conditional probability zero.

The only remaining case is J \ I = {k} with sJk = −σ′. Each sign occurs at least twice in the
fixed pattern because d ≥ 4, so there is a shared row j ∈ I ∩ J with sJj = −σ′. Since a⊤j x = sIja

⊤
j e,

equation (D.2) for this row becomes [
t(sIj − σ) + 2σ′

]
a⊤j e = 0.

We have a⊤j e ≠ 0, so sIj = σ would make this equality impossible. Thus sIj = −σ, which forces
t = σ′/σ. Substituting this value into the equation for row k implies

a⊤k
(
(σ′/σ)x+ σ′e

)
= 0.

The vector in parentheses is fixed under the conditioning and is nonzero because x is not parallel
to e. Since ak is a standard Gaussian vector independent of the rows in I, this equation also has
conditional probability zero.

These cases exhaust all possibilities for J \ I. Averaging over the rows in I shows that the two
vectors associated with ℓ are linearly dependent with probability zero. Taking a finite union over
I, J and ℓ ∈ I ∩ J , we conclude that all factors in (D.1) are positive almost surely at (xI , xJ). Thus
det ΓI,J(xI , xJ) > 0, and positive semidefiniteness implies ΓI,J(xI , xJ) ≻ 0 for every such pair I, J ,
almost surely.

For distinct active sets I, J , let

RI,J = {(x, y) ∈ R2d : ΓI,J(x, y) ≻ 0},
and denote the joint Gaussian density on this region by pXI(x),XJ (y). We use the angular separation
δ(x, y) from the proof of Theorem C.3. For x ∈ Rd, write v± = x∓x⋆, and let Pv⊥ denote orthogonal
projection onto v⊥. In part (II) below, the shared-row counts are

r± = #{i ∈ I ∩ J : sIi = sJi = ±1}.
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Lemma D.2 (Joint density and angular integral bounds). Fix integers d ≥ 4 and 0 ≤ r ≤ d− 1,
and index sets I, J ⊂ [n] with |I| = |J | = d and |I ∩ J | = r. The following estimates hold.

(I) There exist constants n0 and Cd > 0, depending only on d, such that for every n ≥ n0 and
every (x, y) ∈ T 2

n ∩RI,J with δ(x, y) > 0, we have

pXI(x),XJ (y)(0, 0) ≤ Cdδ(x, y)
−r.

(II) There exist constants n0 and Cd > 0, depending only on d, such that for every n ≥ n0 and
every (x, y) ∈ T 2

n ∩RI,J with δ(x, y) > 0 and u⊤x uy > 0, we have

pXI(x),XJ (y)(0, 0) ≤
Cd∥∥∥Pv⊥+

(y − x)
∥∥∥r+ ∥∥∥Pv⊥−

(y − x)
∥∥∥r− . (D.3)

(III) For any integers 0 ≤ r+, r− ≤ d− 2, there exist constants n0 and Cd > 0, depending only on d,
such that for every n ≥ n0,

sup
x∈Tn

∫
Sd−1

dσ(ω)∥∥∥Pv⊥+
ω
∥∥∥r+ ∥∥∥Pv⊥−

ω
∥∥∥r− ≤ Cd. (D.4)

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x⋆ = e, where e is the first standard basis vector. Recall the notation ∆(a, b)
from Lemma D.1.

First, by Lemma D.1, we have

det

(
Cov

(
XI(x)
XJ(y)

))
=
∏

i∈I\J

∥∥x− sIi e
∥∥2 ∏

j∈J\I

∥∥y − sJj e
∥∥2 ∏

i∈I∩J
∆2(x− sIi e, y − sJi e).

Indeed, for each i ∈ I \ J , the entry a⊤i (x − sIi e) is independent of the others and has variance∥∥x− sIi e
∥∥2. The same holds for j ∈ J \ I. For each ℓ ∈ I ∩ J , the pair of Gaussian variables

a⊤ℓ (x− sIℓe) and a⊤ℓ (y − sJℓ e) has mean zero and covariance matrix( ∥∥x− sIℓe
∥∥2 (x− sIℓe)

⊤(y − sJℓ e)

(x− sIℓe)
⊤(y − sJℓ e)

∥∥y − sJℓ e
∥∥2

)
,

whose determinant is ∆2(x− sIℓe, y − sJℓ e). Therefore

pXI(x),XJ (y)(0, 0) = (2π)−d

(
det

(
Cov

(
XI(x)
XJ(y)

)))−1/2

=(2π)−d
∏

i∈I\J

∥∥x− sIi e
∥∥−1 ∏

j∈J\I

∥∥y − sJj e
∥∥−1 ∏

i∈I∩J
∆−1(x− sIi e, y − sJi e). (D.5)

When n is large enough so that n−1/2 ≤ τ/2, for any x, y ∈ Tn and any sign σ ∈ {−1, 1}, we have
∥x− σe∥ , ∥y − σe∥ ≥ τ/2, so there exists some constant 0 < Cd <∞ such that∏

i∈I\J

∥∥x− sIi e
∥∥−1 ∏

j∈J\I

∥∥y − sJj e
∥∥−1 ≤ Cd. (D.6)

For x ∈ Tn, we can write its tube parametrization

x = αxe+ (τ + βx)ux with ux ∈ Sd−2, and |αx| , |βx| ≤
τ

2
.
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Then for any ℓ ∈ I ∩ J , a direct expansion implies

∆2(x− sIℓe, y − sJℓ e) = (τ + βx)
2(τ + βy)

2
[
1− (u⊤x uy)

2
]

+
∥∥(αx − sIℓ )(τ + βy)uy − (αy − sJℓ )(τ + βx)ux

∥∥2
≥ (τ + βx)

2(τ + βy)
2
[
1− (u⊤x uy)

2
]

≥ τ4

16

[
1− (u⊤x uy)

2
]

=
τ4

16

(
1−

(
1− δ(x, y)2

2

)2
)

(D.7)

≥ τ4

32
δ(x, y)2, (D.8)

where the equality (D.7) follows from

δ(x, y)2 = min{∥ux − uy∥2 , ∥ux + uy∥2} = min{2− 2u⊤x uy, 2 + 2u⊤x uy} = 2(1−
∣∣∣u⊤x uy∣∣∣).

Substituting (D.6) and (D.8) into the density formula (D.5) proves statement (I).
A second estimate of ∆2(x− sIℓe, y − sJℓ e) yields (D.3). For matching shared signs sIi = sJi = σ,

we have
∆(x− σe, y − σe) = ∆(x− σe, y − x) = ∥x− σe∥

∥∥∥P(x−σe)⊥(y − x)
∥∥∥ . (D.9)

For opposite shared signs, first consider the corresponding points on the saddle sphere S. With
t = u⊤x uy > 0, a direct expansion implies

∆2(τux − σe, τuy + σe) = (1 + τ2)2 − (τ2t− 1)2 = τ2(1 + t)
[
2 + τ2(1− t)

]
≥ 2τ2.

Since ∥x− τux∥+ ∥y − τuy∥ ≤ Cdn
−1/2 for some constant Cd, by uniform continuity of (x, y) 7→

∆2(x− σe, y + σe) near S, there exists n0, depending only on d, such that when n ≥ n0,

∆2(x− σe, y + σe) ≥ τ2. (D.10)

Thus opposite-sign factors are uniformly bounded away from zero. Substituting (D.6), (D.9),
and (D.10) into the density formula (D.5) proves statement (II).

To prove (III), fix x ∈ Tn and recall that v± = x∓ e. For ω ∈ Sd−1, the formula for orthogonal
projection implies ∥∥∥Pv⊥±

ω
∥∥∥2 = ∥∥∥∥∥ω −

v⊤±ω

∥v±∥2
v±

∥∥∥∥∥
2

= 1−
(v⊤±ω)

2

∥v±∥2
= sin2 θ±(ω),

where

θ±(ω) = arccos

(
v⊤±ω

∥v±∥

)
∈ [0, π]

is the angle between ω and v±. Since sine is nonnegative on [0, π], we have∥∥∥Pv⊥±
ω
∥∥∥ = sin θ±(ω).

Thus a denominator factor becomes small only when its angle is close to 0 or π. We divide the
integral according to which of these two factors is small.

First, the directions of v+ and v− remain separated uniformly in x. Indeed, using x = αxe+ (τ +
βx)ux, we obtain

∆(v+, v−)
2 = 4

(
∥x∥2 − (x⊤e)2

)
= 4(τ + βx)

2.
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Since τ + βx ≥ τ/2 for sufficiently large n, and the norms ∥x∓ e∥ are uniformly bounded on Tn,
there is a fixed c0 ∈ (0, 1), depending only on d, such that

∆(v+, v−)

∥v+∥ ∥v−∥
=

2(τ + βx)

∥x− e∥ ∥x+ e∥
≥ c0.

The left side is the sine of the angle between the two vectors. Hence the angle between either signed
direction of v+ and either signed direction of v− is at least arcsin c0.

Choose a fixed 0 < θ0 <
1
3 arcsin c0 and define

E+ = {ω ∈ Sd−1 : θ+(ω) < θ0 or θ+(ω) > π − θ0},
E− = {ω ∈ Sd−1 : θ−(ω) < θ0 or θ−(ω) > π − θ0}, and

E0 = Sd−1 \ (E+ ∪ E−).

The separation bound implies E+ ∩ E− = ∅. Thus these three regions partition the sphere: E+

contains directions close to the line spanned by v+, E− contains directions close to the line spanned
by v−, and E0 contains the remaining directions. Consequently,∫

Sd−1

dσ(ω)∥∥∥Pv⊥+
ω
∥∥∥r+ ∥∥∥Pv⊥−

ω
∥∥∥r− =

(∫
E+

+

∫
E−

+

∫
E0

)
dσ(ω)

(sin θ+(ω))r+(sin θ−(ω))r−
.

On E+, disjointness from E− implies θ−(ω) ∈ [θ0, π− θ0], so sin θ−(ω) ≥ sin θ0. To integrate the
other factor, use spherical coordinates around v+:

ω = cos θ
v+
∥v+∥

+ sin θ w with 0 < θ < π, and w ∈ Sd−1 ∩ v⊥+.

Here θ = θ+(ω), the sphere containing w is identified with Sd−2, and

dσ(ω) = (sin θ)d−2dθ dσ(w).

The region E+ corresponds to θ ∈ [0, θ0) ∪ (π − θ0, π]. Since sin(π − θ) = sin θ, the two angular
intervals contribute equally. Therefore,∫

E+

dσ(ω)

(sin θ+(ω))r+(sin θ−(ω))r−
≤ (sin θ0)

−r−

∫
E+

(sin θ+(ω))
−r+dσ(ω)

= 2(sin θ0)
−r−

∫ θ0

0

∫
Sd−2

(sin θ)d−2−r+dσ(w) dθ

= 2(sin θ0)
−r−

∣∣∣Sd−2
∣∣∣ ∫ θ0

0
(sin θ)d−2−r+dθ ≤ Cd.

The last inequality uses d− 2− r+ ≥ 0 and r− ≤ d− 2. Interchanging + and − implies the same
bound for the integral over E−.

Finally, on E0, both angles belong to [θ0, π − θ0]. Hence∫
E0

dσ(ω)

(sin θ+(ω))r+(sin θ−(ω))r−
≤
∣∣∣Sd−1

∣∣∣ (sin θ0)−(r++r−) ≤ Cd.

Adding the three bounds proves (D.4). The choice of θ0 and all constants are independent of x and
n for sufficiently large n, which proves (III).

D.3 Kac–Rice formulas

We first state a weighted Kac–Rice formula for Gaussian random fields and then apply it to the
active equations defining candidate minima.

42



Lemma D.3 (Weighted Kac–Rice formula [2, Theorem 6.4]). Let V ⊂ Rp be open, let Z : V → Rp

be a Gaussian random field with almost surely C1 sample paths, and let Θ ∈ Rq be a random vector.
Suppose the following conditions hold.

(K1) The random vector Θ and the field Z are jointly Gaussian, i.e., for every n ≥ 1 and every
x1, . . . , xn ∈ V , the vector

(
Θ, Z(x1), . . . , Z(xn)

)
∈ Rq+np is Gaussian.

(K2) For every x ∈ V , we have Cov(Z(x)) ≻ 0.

(K3) We have P(There exists an x ∈ V such that Z(x) = 0 and detDZ(x) = 0) = 0.

Then, for every Borel set B ⊂ V and every nonnegative Borel function H : V ×Rq → [0,∞], we have

E

 ∑
x∈B

Z(x)=0

H(x,Θ)

 =

∫
B
pZ(x)(0)E

[
|detDZ(x)|H(x,Θ)

∣∣ Z(x) = 0
]
dx,

where the conditional expectation uses the usual Gaussian conditional law.

Proof. The original theorem [2, Theorem 6.4] holds for every compact set B and bounded continuous
function H under the same conditions. We first fix a compact set B; a standard monotone-class
argument and the monotone convergence theorem then extend the identity to nonnegative Borel
functions.

To extend the identity to a Borel set C ⊂ V , choose compact sets Kn ⊂ V with Kn ↑ V . By
(K3), the Jacobian DZ(x) is invertible at every zero of Z, almost surely. Since the sample paths are
C1, the inverse function theorem implies that every zero is isolated. The zero set is also closed in V
by continuity, so each compact set Kn contains only finitely many zeros. Since the sets Kn exhaust
V , the full zero set is at most countable. The sums in the formula are taken over these zeros. As Kn

increases, more zeros are included, and the nonnegativity of H implies that, almost surely,∑
x∈Kn
Z(x)=0

1x∈CH(x,Θ) →
∑
x∈C

Z(x)=0

H(x,Θ).

Apply the compact-set Kac–Rice identity on Kn to the nonnegative Borel function (x, θ) 7→
1x∈CH(x, θ). Monotone convergence allows us to pass to the limit both in the expectation of
the sum and in the integral on the right-hand side, establishing the formula for C.

For an active set I ⊂ [n] with |I| = d, define

HI(x;A) = 1Kx(AI)1−S(x;AIc )∈Q(x;AI)(−1,1)d ,

using the notation from Appendix C.1. For x ̸= ±x⋆, let pXI(x) denote the Gaussian density of
XI(x); the joint density and its domain RI,J were defined above.

Lemma D.4 (Kac–Rice formulae). Fix integers d ≥ 4 and n ≥ d, and a deterministic unit vector
x⋆ ∈ Rd. Let a1, . . . , an be independent N(0, Id) vectors, and suppose n−1/2 < τ . Then the following
identities hold.

(I) For any active set I with |I| = d, we have

E[χn
I ] =

∫
Tn

pXI(x)(0)E
[
|detAI |HI(x;A)

∣∣ XI(x) = 0
]
dx.
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(II) For any active sets I ̸= J with |I| = |J | = d, we have

E[χn
Iχ

n
J ] =

∫
T 2
n∩RI,J

pXI(x),XJ (y)(0, 0)E
[
|detAI | |detAJ |HI(x;A)HJ(y;A)

∣∣ XI(x) = XJ(y) = 0
]
dx dy.

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without loss
of generality that x⋆ = e, where e is the first standard basis vector. We apply the weighted Kac–Rice
formula in Lemma D.3, first to XI and then to the joint field (XI , XJ). In both applications, take
Θ to be the vector of all entries of A. For each fixed realization of A, the maps x 7→ XI(x) and
(x, y) 7→ (XI(x), XJ(y)) are affine, so their sample paths are smooth. At fixed inputs, their values
are linear in Θ, so both fields are jointly Gaussian with Θ. It is also easy to verify that HI is a
nonnegative Borel function.

For statement (I), consider XI on the open set V = Rd \ {±e}. Write I = {i1 < · · · < id}. The
coordinates of XI(x) are independent Gaussian variables with mean zero, and hence

Cov(XI(x)) = diag
(
∥x− s1e∥2 , . . . , ∥x− sde∥2

)
≻ 0 for x ∈ V.

Moreover, DXI(x) = AI , which is almost surely nonsingular. Thus all three hypotheses of Lemma D.3
hold. The assumption n−1/2 < τ ensures that Tn ⊂ V . Since XI has the unique zero xI , we have∑

x∈Tn
XI(x)=0

HI(x;A) = 1{xI∈Tn}HI(xI ;A) = χn
I .

Applying the formula with the Borel set Tn proves statement (I).
For statement (II), consider the joint field on RI,J . Since covariance matrices are positive

semidefinite, RI,J is precisely the set where the covariance determinant is strictly positive. This
determinant depends continuously on (x, y), so RI,J is open. The derivative of the joint field is

D(x,y)

(
XI(x)
XJ(y)

)
=

(
AI 0
0 AJ

)
.

Both active matrices are almost surely nonsingular, so the Jacobian is nonsingular and its absolute
determinant is |detAI | |detAJ |. Apply Lemma D.3 with the weight HI(x;A)HJ(y;A) and the Borel
set T 2

n ∩RI,J . The right-hand side is exactly the integral in statement (II). Since the joint field has
the unique zero (xI , xJ), the left-hand side is

E
[
χn
Iχ

n
J1{(xI ,xJ )∈RI,J}

]
.

Lemma D.1 implies (xI , xJ) ∈ RI,J almost surely. Removing this indicator proves statement (II).

D.4 Uniform local limit theorems

We state a local limit theorem for parallelepipeds, derive a version uniform over a compact parameter
set, and apply it to the probabilities appearing in the first- and second-moment formulas. The
following is a direct consequence of [7, Theorem 1.I]. We state it without proof.

Lemma D.5 (Parallelepiped version of [7, Theorem 1.I]). Let Yn,1, . . . , Yn,n be independent copies
of Yn, with EYn = 0, and Cov(Yn) = Ip. Define Tn =

∑n
j=1 Yn,j, and suppose the following holds.

(L) For every ϵ > 0, we have limn→∞ E
[
∥Yn∥21{∥Yn∥>ϵ

√
n}

]
= 0.

(R) For every 0 < r < R <∞, we have lim supn→∞ supr≤∥ξ∥≤R

∣∣∣Eeiξ⊤Yn

∣∣∣ < 1.
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Then, for every compact set B ⊂ GLp(R), we have

lim
n→∞

sup
a∈Rp

B∈B

∣∣∣∣∣ np/2

2p |detB|
P (Tn ∈ a+B(−1, 1)p)− φIp

(
a√
n

)∣∣∣∣∣ = 0,

where φIp is the density of N(0, Ip).

Lemma D.6 (Uniform local limit theorem over a compact parameter set). Let K ⊂ Rq be a
nonempty compact set, and let {Wt : t ∈ K} be a family of random vectors in Rp. For each t ∈ K,
let Wt,1,Wt,2, . . . be independent copies of Wt, and define

µt = E[Wt], Σt = Cov(Wt) and Sn,t =

n∑
j=1

Wt,j .

Suppose that the following hold true.

(H1) The family is weakly continuous, i.e., for every sequence tn → t in K, we have Wtn
d−→Wt.

(H2) The third moments are uniformly bounded, i.e., supt∈K E[∥Wt∥3] <∞.

(H3) The covariance matrices are uniformly positive definite, i.e., inft∈K λmin(Σt) > 0.

(H4) For every t ∈ K and every ξ ∈ Rp \ {0}, we have
∣∣∣E[eiξ⊤Wt ]

∣∣∣ < 1.

Then, for every compact set B ⊂ GLp(R), we have

lim
n→∞

sup
t∈K,a∈Rp

B∈B

∣∣∣∣∣ np/2

2p |detB|
P(Sn,t ∈ a+B(−1, 1)p)− φΣt

(
a− nµt√

n
)

∣∣∣∣∣ = 0, (D.11)

where φΣt is the density of N(0,Σt).

Proof. Suppose, for contradiction, that the limit (D.11) is false. Then, there exist ϵ > 0 and
sequences nk ↑ ∞, tk ∈ K, ak ∈ Rp, and Bk ∈ B such that∣∣∣∣∣ n

p/2
k

2p| detBk|
P(Snk,tk ∈ ak +Bk(−1, 1)p)− φΣtk

(
ak − nkµtk√

nk

)∣∣∣∣∣ ≥ ϵ. (D.12)

Because K is compact, passing to a subsequence, we may assume tk → t⋆ for some t⋆ ∈ K. Condition
(H2) implies uniform integrability of both {Wt}t∈K and {∥Wt∥2}t∈K . Combining uniform integrability
with (H1) yields µtk → µt⋆ and Σtk → Σt⋆ . In particular, the map t 7→ Σt is continuous on K. Since
K is compact, we have

sup
t∈K

λmax(Σt) <∞.

Together with (H3), this yields uniform bounds on the spectrum of Σt. In turn, the map t 7→ Σ
−1/2
t

is continuous and uniformly bounded on K.
Define the random variables

Yk = Σ
−1/2
tk

(Wtk − µtk), and Tk =

nk∑
j=1

Yk,j .

Clearly EYk = 0 and Cov(Yk) = Ip. The uniform bound on Σ
−1/2
t and condition (H2) imply

supt∈K E
∥∥Σ−1/2

t (Wt − µt)
∥∥3 <∞. Hence, for every ϵ > 0,

E
[
∥Yk∥21{∥Yk∥>ϵ

√
nk}

]
≤ supt∈K E∥Σ−1/2

t (Wt − µt)∥3

ϵ
√
nk

−→ 0,
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which verifies condition (L) at the sample sizes nk. For (R), condition (H1) and the continuity of µt
and Σt imply that

(t, ξ) 7−→
∣∣∣Eeiξ⊤Σ

−1/2
t (Wt−µt)

∣∣∣
is continuous. By condition (H4) and the invertibility of Σt, this function is strictly less than 1
whenever ξ ̸= 0. Therefore, for every 0 < r < R <∞,

sup
k

sup
r≤∥ξ∥≤R

∣∣∣Eeiξ⊤Yk

∣∣∣ ≤ max
t∈K

r≤∥ξ∥≤R

∣∣∣Eeiξ⊤Σ
−1/2
t (Wt−µt)

∣∣∣ < 1.

These estimates hold uniformly over t ∈ K, so Lemma D.5 applies along the sample sizes nk. Finally,
the set C =

{
Σ
−1/2
t B : t ∈ K,B ∈ B

}
is a compact subset of GLp(R). Define

bk := Σ
−1/2
tk

(ak − nkµtk), and Ck := Σ
−1/2
tk

Bk ∈ C.
Applying Lemma D.5 to Yk, Tk and the compact set C, and using the relation

P(Snk,tk ∈ ak +Bk(−1, 1)p) = P(Tk ∈ bk + Ck(−1, 1)p),

we have

lim
k→∞

∣∣∣∣∣ n
p/2
k

2p| detBk|
P(Snk,tk ∈ ak +Bk(−1, 1)p)− φΣtk

(
ak − nkµtk√

nk

)∣∣∣∣∣ = 0,

contradicting (D.12). Hence the result follows.

We use the notation from Appendix C.1, and write φΣ for the density of N(0,Σ). For the
one-point probability, let n > d and C = (g1, . . . , gn−d)

⊤, where the rows are independent N(0, Id)
vectors. For x ∈ Rd and a deterministic matrix B ∈ Rd×d, define

πn(x;B) = Pg1,...,gn−d
(−S(x;C) ∈ Q(x;B)(−1, 1)d).

For the joint probability, take distinct active sets I, J ⊂ [n] with |I| = |J | = d, and write r = |I ∩ J |
and ν = n − 2d + r. When ν ≥ 1, let C = (g1, . . . , gν)

⊤ have independent N(0, Id) rows. For a
deterministic matrix B ∈ R(2d−r)×d whose rows are indexed by I ∪ J , write BL for its submatrix
with row labels in L. For x, y ∈ Rd, define

πn,I,J(x, y;B) = Pg1,...,gν

{
−S(x;C) ∈ Q(x;BI)(−1, 1)d + S(x;BJ\I),

−S(y;C) ∈ Q(y;BJ)(−1, 1)d + S(y;BI\J)

}
.

We use the angular separation δ(x, y) from the proof of Theorem C.3.

Lemma D.7 (Local limit theorem). Fix an integer d ≥ 4 and a deterministic unit vector x⋆ ∈ Rd.
The following limits hold.

(I) We have

lim
n→∞

sup
x∈Tn

sup
B∈Kx

∣∣∣(n− d)d/2πn(x;B)− 2d |detQ(x;B)|φΣx(−
√
n− dµ(x))

∣∣∣ = 0.

(II) Fix 0 < δ0 < 1 and an integer 0 ≤ r ≤ d− 1. For index sets I, J ⊂ [n] with |I| = |J | = d and
|I ∩ J | = r, we have

lim
n→∞

sup
x,y∈Tn

δ(x,y)≥δ0

sup
B : BI∈Kx
BJ∈Ky

∣∣∣∣∣∣∣
νdπn,I,J(x, y;B)

− 22d |detQ(x;BI)| |detQ(y;BJ)|φΣx,y

(
−
√
ν

(
µ(x)
µ(y)

))∣∣∣∣∣∣∣ = 0.
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Proof. By rotational invariance, we may assume without loss of generality that x⋆ = e, where e is
the first standard basis vector. Recall that

Σx = Cov(Zx(a)), and Σx,y = Cov

(
Zx(a)
Zy(a)

)
,

where both components of the joint vector use the same a ∼ N(0, Id). We use the uniform local
limit theorem in Lemma D.6.

To prove (I), choose a fixed integer n0 sufficiently large that n−1/2
0 < τ/2 and the bound in

Lemma D.8(II) holds on Tn0 , and set K = Tn0 . This compact set contains Tn for all n ≥ n0 and
excludes ±e. In Lemma D.6, we take Wx = Zx(a) ∈ Rd for x ∈ K. For any sequence xj → x in
K, the sign in Zxj (a) eventually agrees with that in Zx(a) unless a⊤(x− e) = 0 or a⊤(x+ e) = 0.
Since x ≠ ±e, the Gaussian vector a lies on one of these hyperplanes with probability zero. Thus
Zxj (a) → Zx(a) almost surely and hence in distribution, verifying condition (H1). Moreover, since
K is bounded,

∥Zx(a)∥ ≤ ∥x∥ ∥a∥2 ≤ Cd ∥a∥2 for x ∈ K.

Since E ∥a∥6 <∞, this bound implies supx∈K E ∥Zx(a)∥3 <∞, verifying condition (H2). Lemma D.8(II)
implies infx∈K λmin(Σx) ≥ cd > 0, verifying condition (H3).

We next verify condition (H4). Seeking a contradiction, suppose that |E exp(iξ⊤Zx(a))| = 1 for
some ξ ≠ 0. Since eiξ⊤Zx(a) has modulus one, equality in the triangle inequality implies that it
equals eiθ almost surely for some fixed θ ∈ R. Choose an open ball U that does not intersect either
hyperplane a⊤(x− e) = 0 or a⊤(x+ e) = 0. On U , the sign in Zx(a) is fixed, so

ξ⊤Zx(a) = σ(a⊤x)(a⊤ξ) for a ∈ U and some fixed σ ∈ {−1, 1}.

The Gaussian density is positive everywhere, and eiξ⊤Zx(a) is continuous on U . Thus its almost sure
equality to eiθ implies equality at every point of U . Consequently,

σ(a⊤x)(a⊤ξ) ∈ θ + 2πZ for all a ∈ U.

Since this polynomial is continuous and U is connected, it cannot move between these discrete values
and must be constant on U . A polynomial that is constant on an open ball is constant on all of Rd.
Evaluating at a = 0 shows that this constant is zero, so (a⊤x)(a⊤ξ) = 0 for every a ∈ Rd. This is
impossible when both x and ξ are nonzero: one can choose a outside the two hyperplanes a⊤x = 0
and a⊤ξ = 0. This contradiction proves (H4). Thus all four conditions of Lemma D.6 hold on K.

To apply the conclusion of Lemma D.6 to πn(x;B) uniformly over B ∈ Kx, we need the matrices
Q(x;B) to lie in a fixed compact subset of GLd(R). Consider

B1 = {Q(x;B) : x ∈ K, B ∈ Kx}.
The pairs (x,B) in this definition form a compact set, since K is compact, the rows of B are
bounded, and the inequalities defining Kx are nonstrict and depend continuously on (x,B). The
map (x,B) 7→ Q(x;B) is continuous, and |detQ(x;B)| ≥ λd for B ∈ Kx. Hence B1 is a compact
subset of GLd(R); in particular, its determinants are uniformly bounded.

The set Q(x;B)(−1, 1)d is symmetric, so

πn(x;B) = P
(
S(x;C) ∈ Q(x;B)(−1, 1)d

)
.

Applying Lemma D.6 with translation zero, and multiplying its error by the uniformly bounded
factor 2d |detQ(x;B)|, yields

(n− d)d/2πn(x;B) = 2d |detQ(x;B)|φΣx(−
√
n− dµ(x)) + o(1),

uniformly for x ∈ K and B ∈ Kx. Since Tn ⊂ K for n ≥ n0 and n− d→ ∞, this proves (I).
For (II), fix δ0 and r as in the statement. Choose n1 ≥ n0 sufficiently large, as specified below,
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and consider
Kδ0 = {(x, y) ∈ Tn1 × Tn1 : δ(x, y) ≥ δ0}.

For x ∈ K, the orthogonal projection of x onto e⊥ is nonzero, so its normalization ux depends
continuously on x. Hence δ(x, y) is continuous on K ×K, and Kδ0 is a closed subset of the compact
set K ×K. For this application of Lemma D.6, we take

Wx,y =

(
Zx(a)
Zy(a)

)
∈ R2d for (x, y) ∈ Kδ0 .

The same convergence and domination arguments verify conditions (H1) and (H2). The set {(u, v) ∈
(Sd−2)2 : min{∥u− v∥ , ∥u+ v∥} ≥ δ0} is compact. Lemma D.8(III) therefore allows n1 to be chosen
so that

inf
(x,y)∈Kδ0

λmin(Σx,y) ≥ cd,δ0 > 0.

This verifies condition (H3).
To verify condition (H4), fix (x, y) ∈ Kδ0 and suppose∣∣∣Eei[ξ⊤Zx(a)+η⊤Zy(a)]

∣∣∣ = 1

for some (ξ, η) ̸= (0, 0). As in (I), the random variable ei[ξ⊤Zx(a)+η⊤Zy(a)] must be almost surely
constant. Since δ(x, y) > 0, we have uy ̸= ±ux, so e, x, y are linearly independent. The linear map
a 7→ (a⊤e, a⊤x, a⊤y) is therefore onto R3: we can prescribe these three inner products independently.
In particular, we can choose a so that

(a⊤e, a⊤x, a⊤y) = (1, 2, 2) or (1, 2, 0).

The residual pair
(
(a⊤x)2 − (a⊤e)2, (a⊤y)2 − (a⊤e)2

)
is (3, 3) for the first choice and (3,−1) for the

second. By continuity, the signs of its entries remain (1, 1) on an open ball around the first choice of
a, and (1,−1) on an open ball around the second. On each ball, ξ⊤Zx(a) + η⊤Zy(a) agrees with a
quadratic polynomial. The argument from (I) shows that this polynomial is constant on the ball,
hence constant on all of Rd. Its value at a = 0 is zero, so the two sign patterns imply

(a⊤x)(a⊤ξ) + (a⊤y)(a⊤η) = 0, and (a⊤x)(a⊤ξ)− (a⊤y)(a⊤η) = 0 for every a ∈ Rd.

Adding and subtracting these identities shows that each product vanishes for every a ∈ Rd. Since x
and y are nonzero, this forces ξ = η = 0, a contradiction. This proves (H4). Thus all four conditions
of Lemma D.6 hold for Wx,y on Kδ0 .

We now apply that lemma to πn,I,J(x, y;B). Recall that ν = n − 2d + r = n − |I ∪ J | is the
number of measurements outside the two active sets. The rows g1, . . . , gν of C are independent, so
the event defining πn,I,J involves a sum of ν independent copies of Wx,y. By symmetry of the cube,
we can write

πn,I,J(x, y;B) = P

{
ν∑

ℓ=1

(
Zx(gℓ)
Zy(gℓ)

)
∈ −b+D(−1, 1)2d

}
,

where

b =

(
S(x;BJ\I)

S(y;BI\J)

)
, and D =

(
Q(x;BI) 0

0 Q(y;BJ)

)
.

When BI ∈ Kx and BJ ∈ Ky, both diagonal blocks of D belong to B1. Thus D lies in a fixed
compact subset of GL2d(R), as required for uniformity over the matrices in Lemma D.6. We apply
that lemma in dimension 2d, with ν summands, translation −b, and matrix D. Multiplying its error
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by the uniformly bounded factor 22d |detD| yields

νdπn,I,J(x, y;B) = 22d |detQ(x;BI)| |detQ(y;BJ)| × φΣx,y

(
−
√
ν

(
µ(x)
µ(y)

)
− b√

ν

)
+ o(1),

uniformly for (x, y) ∈ Kδ0 and matrices B satisfying BI ∈ Kx and BJ ∈ Ky.
To obtain the expression in (II), we remove the shift b/

√
ν from the Gaussian argument. Every

row of B has norm at most Md, and each sum defining b contains at most d terms. The bound
∥Zx(a)∥ ≤ Cd ∥a∥2 therefore implies ∥b∥ ≤ Cd, uniformly over the index sets and matrices B
satisfying BI ∈ Kx and BJ ∈ Ky. Moreover, the uniform covariance lower bound and compactness
imply

sup
(x,y)∈Kδ0

z∈R2d

∥∥∇φΣx,y(z)
∥∥ <∞.

Since ∥b∥ /
√
ν ≤ Cd/

√
ν and the determinant factors are uniformly bounded, removing b/

√
ν from

the Gaussian argument changes the displayed expression by o(1), uniformly. Restricting to x, y ∈ Tn
and using ν = n− 2d+ r → ∞ proves (II).

D.5 Estimates in the shrinking tube

Recall Zx(a) from (C.3) and its mean µ(x) and covariance matrices Σx and Σx,y from (C.4). The
following lemma gives the uniform estimates near the saddle sphere needed for the local limit
approximations. Recall that we set κ = 8τ/[π(1 + τ2)2].

Lemma D.8 (Mean and covariance near the saddle sphere). For any n > max{d, τ−2}, write

xn,z,u =
z1√
n
x⋆ +

(
τ +

z2√
n

)
u, (z, u) ∈ [−1, 1]2 × Sd−2.

Then the following hold.

(I) The mean satisfies

sup
z∈[−1,1]2

u∈Sd−2

∥∥√nµ(xn,z,u) + κz1x
⋆ − κz2u

∥∥→ 0 as n→ ∞.

(II) The map x 7→ Σx is continuous near S, and for every x ∈ Tn,

Σx = ∥x∥2 Id + 2xx⊤ − µ(x)µ(x)⊤. (D.13)

In particular, Στu = τ2(Id + 2uu⊤) ≻ 0 for u ∈ Sd−2. Consequently,

inf
x∈Tn

λmin(Σx) ≥ cd > 0

for all sufficiently large n, with the constant and threshold depending only on d.

(III) The map (x, y) 7→ Σx,y is continuous near S × S, and Στu,τv ≻ 0 whenever u, v ∈ Sd−2 and
u ̸= ±v. Consequently, for every compact set K ⊂ {(u, v) ∈ (Sd−2)2 : u ̸= ±v},

inf
z,w∈[−1,1]2

(u,v)∈K

λmin

(
Σxn,z,u,xn,w,v

)
≥ cd,K > 0

for all sufficiently large n, with the constant and threshold depending only on d and K.

Proof. By rotational invariance, we may assume without loss of generality that x⋆ = e, where e is
the first standard basis vector. For (I), recall that the population function is

F (x) = E
∣∣∣(a⊤x)2 − (a⊤e)2

∣∣∣ .
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For each fixed x near S, the random function x 7→
∣∣(a⊤x)2 − (a⊤e)2

∣∣ is differentiable at x almost
surely, with gradient 2Zx(a). For ∥h∥ = 1 and 0 < |t| ≤ 1, its difference quotient satisfies∣∣∣∣∣

∣∣(a⊤(x+ th))2 − (a⊤e)2
∣∣− ∣∣(a⊤x)2 − (a⊤e)2

∣∣
t

∣∣∣∣∣ ≤ 2
∣∣∣a⊤x∣∣∣ ∣∣∣a⊤h∣∣∣+ |t| (a⊤h)2

≤ (2 ∥x∥+ 1) ∥a∥2 ≤ Cd ∥a∥2 ,

uniformly for x in a fixed bounded neighborhood of S. Since E[∥a∥2] = d < ∞, dominated
convergence implies

∇F (x) = 2E[Zx(a)] = 2µ(x).

Proposition 3.1 therefore implies

µ(τu) = 0, and Dµ(τu) = κ(uu⊤ − ee⊤).

Since Dµ is continuous near the compact set S, Taylor expansion implies

µ(xn,z,u) =
κ√
n
(−z1e+ z2u) + o(n−1/2),

uniformly for z ∈ [−1, 1]2 and u ∈ Sd−2. Multiplying by
√
n proves (I).

For (II), recall that
Σx = E[Zx(a)Zx(a)

⊤]− µ(x)µ(x)⊤.

For x near S, the sign factor in Zx(a) squares to one almost surely, and a direct computation gives

E[Zx(a)Zx(a)
⊤] = E[(a⊤x)2aa⊤] = ∥x∥2 Id + 2xx⊤.

Combining the two displayed identities proves the formula for Σx in (D.13). Since µ = ∇F/2 is
continuous near S, this formula shows that Σx, and hence λmin(Σx), is continuous near S. In
particular, setting x = τu and using µ(τu) = 0, we obtain

Στu = τ2(Id + 2uu⊤) ⪰ τ2Id.

Fix n0 with n
−1/2
0 < τ . Since Tn0 is compact and Tn ⊂ Tn0 for n ≥ n0, uniform continuity and

supz,u ∥xn,z,u − τu∥ ≤
√
2n−1/2 → 0 imply that, for all sufficiently large n,

inf
z∈[−1,1]2

u∈Sd−2

λmin

(
Σxn,z,u

)
≥ cd := τ2/2.

For (III), choose a compact set U ⊂ Rd whose interior contains S and which contains neither

e nor −e. Set Wx,y(a) =

(
Zx(a)
Zy(a)

)
. For any sequence (xj , yj) → (x, y) in U × U , we have

Wxj ,yj (a) →Wx,y(a) almost surely. Moreover, for x, y ∈ U ,

∥Wx,y(a)∥2 = ∥Zx(a)∥2 + ∥Zy(a)∥2 ≤ (∥x∥2 + ∥y∥2) ∥a∥4 ≤ 2R2 ∥a∥4 ,
where R = maxw∈U ∥w∥. Since E[∥a∥4] <∞, dominated convergence applied to each entry of the
mean vector and second-moment matrix implies Σxj ,yj → Σx,y.

We next prove that Στu,τv ≻ 0 for u, v ∈ Sd−2 with u ≠ ±v. Fix such u, v, and set x = τu and
y = τv. For ξ, η ∈ Rd, suppose

Var
(
ξ⊤Zx(a) + η⊤Zy(a)

)
= 0.

Then ξ⊤Zx(a) + η⊤Zy(a) is almost surely constant. Since e, x, y are linearly independent, the same
polynomial argument used to verify condition (H4) in the proof of Lemma D.7(II) implies ξ = η = 0.
Thus Στu,τv ≻ 0.

For any compact set K ⊂ {(u, v) ∈ Sd−2 × Sd−2 : u ̸= ±v}, the function (u, v) 7→ λmin(Στu,τv)
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is continuous and positive on K. Hence inf(u,v)∈K λmin(Στu,τv) > 0. The same uniform-continuity
argument as in (II), using xn,z,u → τu and xn,w,v → τv uniformly, implies that for all sufficiently
large n,

inf
z,w∈[−1,1]2

(u,v)∈K

λmin

(
Σxn,z,u,xn,w,v

)
≥ cd,K > 0.

E Three ingredients for second moment

This section contains the supporting lemmas used in the proof of Theorem C.3.
In the proofs below, Cd, cd > 0 denote constants depending only on d, used for upper and

lower bounds, respectively. Their values may change from line to line; additional dependencies are
indicated by subscripts.

E.1 Separated region

We use the separated-region contribution Dsep
r,n and the truncated angular integral Jd(δ0) defined in

the proof of Theorem C.3, and the constant γd from Theorem C.2.

Lemma E.1 (Separated region). Fix 0 < δ0 < 1. As n → ∞, we have Dsep
0,n = γ2dJd(δ0)n

d−2(1 +
od,δ0(1)) and

Dsep
r,n = Od,δ0(n

d−2−r) = od,δ0(n
d−2) for 1 ≤ r ≤ d− 1.

Proof. The quantity Dsep
r,n is a sum over ordered pairs of active sets with overlap r. We first estimate

the contribution of one such pair, and then sum over the pairs.
Fix I ̸= J with |I| = |J | = d and |I ∩ J | = r. Recall from the proof of Theorem C.3 that

Isepr,n =

∫
Ωsep

pXI(x),XJ (y)(0, 0)

× E

[
|detAI | |detAJ | 1Kx(AI)1Ky(AJ)

× πn,I,J(x, y;AI∪J)

∣∣∣∣∣ XI(x) = XJ(y) = 0

]
dx dy.

We first state the bounds used in both cases. For all sufficiently large n, Lemmas D.2(I) and D.8(III)
imply, uniformly over Ωsep,

pXI(x),XJ (y)(0, 0) ≤ Cdδ(x, y)
−r, and λmin(Σx,y) ≥ cd,δ0 > 0. (E.1)

The covariance bound follows from the continuity and positive definiteness of (x, y) 7→ Σx,y on the
compact set of limiting pairs (τux, τuy) with δ(x, y) ≥ δ0. In particular,

sup
v∈R2d

φΣx,y(v) =
1

(2π)d
√

detΣx,y

≤ Cd,δ0 . (E.2)

Also, the row norm bounds defining Kx and Ky, together with boundedness of Tn, imply

|detAI | |detAJ | ≤M2d
d , and |detQ(x;AI)| |detQ(y;AJ)| ≤ Cd (E.3)

whenever x, y ∈ Tn, AI ∈ Kx, and AJ ∈ Ky.
Let ν = n− 2d+ r = n− |I ∪ J |, the number of rows outside the two active sets. For AI ∈ Kx
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and AJ ∈ Ky, Lemma D.7(II) implies

πn,I,J(x, y;AI∪J) =
22d

νd
|detQ(x;AI)| |detQ(y;AJ)|φΣx,y

(
−
√
ν

(
µ(x)
µ(y)

))
+ ν−drn(x, y;AI∪J),

(E.4)

where, for some deterministic sequence ηn → 0,

sup
(x,y)∈Ωsep

sup
B∈R(2d−r)×d

BI∈Kx, BJ∈Ky

|rn(x, y;B)| ≤ ηn. (E.5)

We now use (E.4) to bound the terms with r ≥ 1 and evaluate the leading term with r = 0.

Case 1: 1 ≤ r ≤ d− 1. Combining (E.2), (E.3), (E.4), and (E.5), we obtain

sup
B:BI∈Kx
BJ∈Ky

πn,I,J(x, y;B) ≤ ν−d(Cd,δ0 + ηn) ≤ Cd,δ0ν
−d. (E.6)

Substituting (E.6) into the definition of Isepr,n and using (E.1), we obtain

Isepr,n ≤ Cd,δ0ν
−d

∫
Ωsep

pXI(x),XJ (y)(0, 0)dxdy ≤ Cd,δ0ν
−dδ−r

0 Vol(Tn)
2 ≤ Cd,δ0n

−d−2, (E.7)

since ν/n → 1 and Vol(Tn) = Od(n
−1). The bound (E.7) is uniform over all pairs with overlap r.

There are
(
n
d

)(
d
r

)(
n−d
d−r

)
= Od(n

2d−r) such ordered pairs, so

Dsep
r,n ≤ Cd,δ0n

2d−rn−d−2 = Cd,δ0n
d−2−r = od,δ0(n

d−2).

Case 2: r = 0. Now I ∩ J = ∅ and ν = n− 2d. Write I = {i1 < · · · < id}. For fixed x ∈ Tn and
each k = 1, . . . , d, the k-th coordinate of XI(x) is a⊤ik(x− skx

⋆), which is Gaussian with mean zero
and variance ∥x− skx

⋆∥2. These coordinates are independent, so

pXI(x)(0) = (2π)−d/2
d∏

k=1

1

∥x− skx⋆∥
. (E.8)

For sufficiently large n, these variances are bounded away from zero on Tn, since ∥x− skx
⋆∥ ≥

τ − n−1/2 ≥ τ/2. The formula (E.8) also holds for XJ(y). Since the two active sets are disjoint,
XI(x) and XJ(y) are independent; hence Tn × Tn ⊂ RI,J and

pXI(x),XJ (y)(0, 0) = pXI(x)(0)pXJ (y)(0). (E.9)

Define
a(x) = E

[
|detAI | |detQ(x;AI)| 1Kx(AI)

∣∣ XI(x) = 0
]
,

as in Lemma C.1. This function is independent of I, since every ordered active set uses the same
sign pattern. Moreover, AI and AJ remain independent under the conditioning XI(x) = XJ(y) = 0,
because each constraint concerns only its own block. Consequently,

E

[
|detAI | |detQ(x;AI)| 1Kx(AI)

× |detAJ | |detQ(y;AJ)| 1Ky(AJ)

∣∣∣∣∣ XI(x) = XJ(y) = 0

]
= a(x)a(y). (E.10)

We now substitute the expansion (E.4) for πn,I,J(x, y;AI∪J) in the integral defining Isep0,n . For
fixed x, y, the Gaussian density in that expansion is deterministic, so it can be taken outside the
conditional expectation. The remaining expectation in the leading term factorizes as in (E.10).
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Together with (E.9), this yields Isep0,n = I1 + I2, where

I1 =
22d

νd

∫
Ωsep

pXI(x)(0)pXJ (y)(0)a(x)a(y)φΣx,y

(
−
√
ν

(
µ(x)
µ(y)

))
dx dy,

and I2 contains the remainder rn. By (E.5), (E.8), and (E.3),

|I2| ≤ Cdηnν
−dVol(Tn)

2 = od,δ0(n
−d−2). (E.11)

It remains to evaluate I1.
Define the parametrization

xn(z, u) =
z1√
n
x⋆ +

(
τ +

z2√
n

)
u for z ∈ [−1, 1]2 and u ∈ Sd−2.

We use this map for both integration variables, writing x = xn(z, u) and y = xn(w, v), where z, w ∈
[−1, 1]2 and u, v ∈ Sd−2. For each of x and y, the two normal coordinates each contribute a factor
n−1/2, and polar coordinates in (x⋆)⊥ contribute the radial factor (τ + z2/

√
n)d−2. Consequently,

dx dy = n−2

(
τ +

z2√
n

)d−2(
τ +

w2√
n

)d−2

dz dw dσ(u) dσ(v).

The restriction δ(x, y) ≥ δ0 becomes min{∥u− v∥ , ∥u+ v∥} ≥ δ0, so the transformed integration
domain is compact and independent of n.

We now let n→ ∞. Since ∥τu− skx
⋆∥2 = 1 + τ2, equation (E.8) and Lemma C.1 imply

pXI(xn(z,u))(0) → [2π(1 + τ2)]−d/2, a(xn(z, u)) → ϑd,

pXJ (xn(w,v))(0) → [2π(1 + τ2)]−d/2, and a(xn(w, v)) → ϑd.
(E.12)

Also, Lemma D.8(I) and (III), together with ν/(n− d) → 1, implies
√
ν µ(xn(z, u)) → −κz1x⋆ + κz2u,√
ν µ(xn(w, v)) → −κw1x

⋆ + κw2v, and∥∥Σxn(z,u),xn(w,v) − Στu,τv

∥∥
op

→ 0.

(E.13)

The limits in (E.12) and (E.13) are uniform over the transformed integration domain. By (E.1),
the covariance matrices stay uniformly positive definite, so the Gaussian densities also converge
uniformly. We may therefore pass to the limit in the integral. Using φΣ(−v) = φΣ(v), we obtain

n2νdI1 −→
22dτ2d−4ϑ2d
[2π(1 + τ2)]d

Jd(δ0) = (d!)2γ2dJd(δ0). (E.14)

Combining (E.14), (E.11), and ν/n→ 1, we obtain

Isep0,n = (d!)2γ2dJd(δ0)n
−d−2(1 + od,δ0(1)). (E.15)

Relabeling the Gaussian rows shows that all disjoint pairs have the same integral. Multiplying (E.15)
by their number,

(
n
d

)(
n−d
d

)
= n2d(1 +Od(n

−1))/(d!)2, proves the asserted formula for Dsep
0,n.

E.2 Tangential region

We continue to use the notation Ωtan and Dtan
r,n from the proof of Theorem C.3.

Lemma E.2 (Tangential region). Fix d ≥ 4 and 0 < δ0 < 1. For all sufficiently large n, we have

Dtan
0,n ≤ Cdn

d−2δ
d/2−1
0 + Cdn

d/2−1.

For 1 ≤ r ≤ d− 1,
Dtan

r,n = od(n
d−2).
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The constants Cd are independent of δ0.

Proof. Since there are a total of
(
n
d

)(
d
r

)(
n−d
d−r

)
= Od(n

2d−r) ordered pairs (I, J) with overlap r, it
suffices to show that, for any fixed I ̸= J with |I| = |J | = d and |I ∩ J | = r, the integral

Itanr,n :=

∫
Ωtan

pXI(x),XJ (y)(0, 0)

× E

[
|detAI | |detAJ | 1Kx(AI)1Ky(AJ)

× πn,I,J(x, y;AI∪J)

∣∣∣∣∣ XI(x) = XJ(y) = 0

]
dx dy,

satisfies
Itan0,n ≤ Cdn

−3d/2−1 + Cdn
−d−2δ

d/2−1
0 , (E.16)

and
Itanr,n = od(n

−d+r−2) for 1 ≤ r ≤ d− 1. (E.17)
Since the set {δ(x, y) = 0} has Lebesgue measure zero, we first estimate the integral over

Ωtan
+ = Ωtan ∩ {(x, y) : u⊤x uy > 0, δ(x, y) > 0}.

For sufficiently large n, we have n−1 < δ0. We split at δ(x, y) = n−1, where the prefactor
n−dδ(x, y)−d/2 in the joint probability estimate equals the marginal scale n−d/2. For larger separations,
we use the joint estimate and its Gaussian decay in the normal displacement; for smaller separations,
we use the marginal estimate and the small volume imposed by ρ(x, y) ≤ δ(x, y). Define

Ω
(1)
+ = Ωtan

+ ∩ {(x, y) : n−1 ≤ δ(x, y) ≤ δ0} and Ω
(2)
+ = Ωtan

+ ∩ {(x, y) : 0 < δ(x, y) < n−1},

and denote by I1 and I2 the integrals over Ω
(1)
+ and Ω

(2)
+ , respectively.

Separations δ(x, y) ≥ n−1. We claim that, uniformly on Ωtan
+ ,

sup
B:BI∈Kx
BJ∈Ky

πn,I,J(x, y;B) ≤ Cdn
−dδ(x, y)−d/2 exp

[
−cdn

(
α2
x + β2x +

ρ(x, y)2

δ(x, y)

)]
. (E.18)

We defer the proof of (E.18) to Lemma E.4. By (E.18), Lemma D.2(I), and (E.3), we obtain

I1 ≤ Cdn
−d

∫
(x,y)∈Ωtan

+

n−1≤δ(x,y)<δ0

δ(x, y)−r−d/2 exp

[
−cdn

(
α2
x + β2x +

ρ(x, y)2

δ(x, y)

)]
dx dy. (E.19)

We use tube coordinates, in which

dx dy = (τ + βx)
d−2(τ + βy)

d−2dαx dβx dαy dβy dσ(ux) dσ(uy).

Since δ(x, y) depends only on ux and uy, (E.19) implies

I1 ≤ Cdn
−d

∫
Ωu

δ−r−d/2

∫
Ωα,β(δ)

e−cdn(α
2
x+β2

x+ρ2/δ)
∏

q∈{x,y}

[
(τ + βq)

d−2 dαq dβq
]

︸ ︷︷ ︸
I3

dσ(ux) dσ(uy),

where δ = δ(x, y), ρ = ρ(x, y), and, with ux, uy ∈ Sd−2,

Ωu = {(ux, uy) : u⊤x uy > 0, n−1 ≤ δ < δ0}, and Ωα,β(δ) = [−n−1/2, n−1/2]4 ∩ {ρ ≤ δ}.
The change of variables ζ = αx − αy and η = βx − βy, under which ρ(x, y)2 = ζ2 + η2, has Jacobian
of absolute value one. The tube Jacobian factors are bounded, so after enlarging Ωα,β(δ), we obtain

I3 ≤ Cd

∫
R2

e−cdn(α
2
x+β2

x)dαx dβx

∫
R2

e−cdn(ζ
2+η2)/δdζ dη ≤ Cdn

−1 δ

n
= Cdδn

−2. (E.20)
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Substituting (E.20) and then using Lemma F.6, we obtain

I1 ≤ Cdn
−d−2

∫
ux,uy∈Sd−2

n−1≤δ(ux,uy)<δ0

δ(ux, uy)
1−r−d/2dσ(ux) dσ(uy) ≤ Cdn

−d−2

∫ δ0

1/n
td/2−2−rdt. (E.21)

Evaluating the integral in (E.21) gives

I1 ≤


Cdn

−d−2δ
d/2−1−r
0 , r < d/2− 1,

Cdn
−d−2 log n, r = d/2− 1,

Cdn
−3d/2−1+r, r > d/2− 1.

(E.22)

Separations 0 < δ(x, y) < n−1. Condition on AI∪J = B, and let Cν contain the ν = n− 2d+ r
remaining independent Gaussian rows. The constraint at x becomes

S(x;Cν) ∈ −Q(x;BI)(−1, 1)d − S(x;BJ\I).

When BI ∈ Kx and BJ ∈ Ky, the target set on the right-hand side lies in B(0, Rd) for a fixed Rd.
Applying the local limit argument for S(x;Cν) from the proof of Lemma D.7(I) to a fixed cube
containing this ball and using the uniform covariance lower bound, we obtain

sup
B:BI∈Kx
BJ∈Ky

πn,I,J(x, y;B) ≤ Cdν
−d/2 ≤ Cdn

−d/2.

Using Lemma D.2(I) and the bounded tube Jacobian factors, we obtain

I2 ≤ Cdn
−d/2

∫
ux,uy∈Sd−2

0<δ(ux,uy)<1/n

δ−r

∫
Ωα,β(δ)

dαx dβx dαy dβy︸ ︷︷ ︸
I4

dσ(ux) dσ(uy).

The change of variables ζ = αx − αy and η = βx − βy has Jacobian of absolute value one and
transforms ρ ≤ δ into ζ2 + η2 ≤ δ2. After enlarging the image of Ωα,β(δ) under this change of
variables, we obtain

I4 ≤
∫
[−n−1/2,n−1/2]2

dαx dβx

∫
ζ2+η2≤δ2

dζ dη =
4πδ2

n
.

Consequently, Lemma F.6 yields

I2 ≤ Cdn
−d/2−1

∫
ux,uy∈Sd−2

0<δ(ux,uy)<1/n

δ(ux, uy)
2−rdσ(ux) dσ(uy)

≤ Cdn
−d/2−1

∫ 1/n

0
td−1−rdt ≤ Cdn

−3d/2−1+r,

(E.23)

where the last integral is finite because r ≤ d− 1.

The antipodal contribution. For pairs with u⊤x uy < 0, replace y by y′ = −y and reverse all
active signs assigned to J . Each active equation for J is then multiplied by −1. Moreover,

Zy′(a) = −Zy(a), Q(y′;AJ) = −Q(y;AJ), and Ky′ = Ky.

Thus the joint density at zero, the conditional law of the active rows, and the determinant factors
are unchanged, while the second score constraint is multiplied by −1. The antipodal contribution
is therefore the corresponding integral in the positive chart with reversed signs for J . Indeed, y′

has coordinates (−αy, βy,−uy) and dy′ = dy. The two terms defining δ(x, y) are interchanged, and,
since u⊤x uy < 0, both ρ(x, y)2 and ρ(x, y′)2 equal (αx + αy)

2 + (βx − βy)
2. The estimates above are
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uniform under this sign reversal. The probability bounds for πn,I,J use only the boundedness of
the target sets when BI ∈ Kx and BJ ∈ Ky. The density bounds in Lemma D.2(I)–(II) follow from
the same rowwise calculation for the reversed signs. For the angular bound in Lemma D.2(III), the
signs on I remain fixed, so the numbers of shared rows with matching signs satisfy r+ ≤ d− 2 and
r− ≤ 2 ≤ d− 2, even after reversing the signs on J .

Combining (E.22) and (E.23) with the reflected antipodal contribution proves (E.16) for r = 0
and (E.17) for 1 ≤ r ≤ d− 1, uniformly over I, J . This completes the proof.

Lemma E.3 (Distance identity). For all sufficiently large n and every x, y ∈ Tn with u⊤x uy > 0,

∥y − x∥2 = ρ(x, y)2 + (τ + βx)(τ + βy)δ(x, y)
2.

Proof. Since x⋆ ⊥ ux, uy and u⊤x uy > 0, we have δ(x, y) = ∥ux − uy∥ and ρ(x, y)2 = (αy − αx)
2 +

(βy − βx)
2. Therefore

∥y − x∥2 = (αy − αx)
2 + ∥(τ + βy)uy − (τ + βx)ux∥2

= (αy − αx)
2 + (βy − βx)

2 + (τ + βx)(τ + βy) ∥uy − ux∥2

= ρ(x, y)2 + (τ + βx)(τ + βy)δ(x, y)
2.

Lemma E.4 (Tangential-region probability estimate). Fix d ≥ 4 and active sets I ≠ J with
|I| = |J | = d. There are constants Cd, cd > 0 such that, for all sufficiently large n and every
x, y ∈ Tn satisfying u⊤x uy > 0, 0 < δ(x, y) < 1, and ρ(x, y) ≤ δ(x, y),

sup
B:BI∈Kx
BJ∈Ky

πn,I,J(x, y;B) ≤ Cdn
−dδ(x, y)−d/2 exp

[
−cdn

(
α2
x + β2x +

ρ(x, y)2

δ(x, y)

)]
.

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x⋆ = e, where e is the first standard basis vector. Let r = |I ∩ J | and
ν = n− 2d+ r. Put δ = δ(x, y), h = y − x, and t = ∥h∥. Lemma E.3 and ρ(x, y) ≤ δ imply

t2 = ρ(x, y)2 + (τ + βx)(τ + βy)δ
2, and cdδ ≤ t ≤ Cdδ.

Choose 0 < δ∗ < 1, depending only on d, sufficiently small that Cdδ∗ ≤ t1, where Cd is the constant
in t ≤ Cdδ and t1 is as in Lemma E.6.

First consider 0 < δ ≤ δ∗. Then t ≤ t1, and the tangential-region assumptions of Lemma E.6
hold, so it applies with constants depending only on d. Conditional on the active rows AI∪J = B,
relabel the remaining independent standard Gaussian rows as g1, . . . , gν . The target sets for the
sums at x and y are

Bx = −Q(x;BI)(−1, 1)d − S(x;BJ\I), and By = −Q(y;BJ)(−1, 1)d − S(y;BI\J).

When BI ∈ Kx and BJ ∈ Ky, both targets lie in B(0, Rd) for a fixed Rd. To combine the exponential
estimate in Lemma E.5(II) with the concentration estimate in Lemma E.6(II), we use two independent
groups of rows. Take the first ν1 = ⌊ν/2⌋ rows for C1 and the rest for C2:

C1 = (g1, . . . , gν1)
⊤, and C2 = (gν1+1, . . . , gν)

⊤.

Write ν2 = ν − ν1; both groups have n/2 +Od(1) rows. Define

Uj = S(x;Cj), and Vj = S(y;Cj)− S(x;Cj) for j = 1, 2.

Thus πn,I,J(x, y;B) = P(F ), where

F = {U1 + U2 ∈ Bx, U1 + U2 + V1 + V2 ∈ By}.
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To apply Lemma E.5(II) to each group, let

H1 =

ν1∑
ℓ=1

L(gℓ), and H2 =
ν∑

ℓ=ν1+1

L(gℓ),

where L is defined in that lemma. Thus

Hj = µ(x)⊤Uj +
[µ(y)− µ(x)]⊤Vj

t
for j = 1, 2.

Lemma E.5(I) implies
∥µ(y)− µ(x)∥ = ∥E[Zy(a)− Zx(a)]∥ ≤ Cdt.

Also, ∥µ(x)∥ ≤ Cd on Tn. On the event F , the bounds Bx,By ⊂ B(0, Rd) imply ∥U1 + U2∥ ≤ Rd

and ∥V1 + V2∥ ≤ 2Rd. Hence

H1 +H2 ≤ Rd ∥µ(x)∥+ 2Rd
∥µ(y)− µ(x)∥

t
≤ R′

d

for a fixed R′
d. Thus at least one of the events Ej = {Hj ≤ R′

d/2} occurs. Lemma E.5(II) implies

P(Ej) ≤ eλR
′
d/2−cdνjq ≤ Cde

−cdnq,

where q = ∥µ(x)∥2 + ∥µ(y)− µ(x)∥2 /t.
To apply Lemma E.6(II) to the other group, define

T = {(u, v) : u ∈ Bx, u+ v ∈ By} ⊂ B(0,
√
5Rd).

For j ∈ {1, 2}, the event Ej is determined by Cj . Since C3−j is independent of Cj , Lemma E.6(II)
applies uniformly to the translated set and implies

P(F ∩ Ej) = E
[
1EjP(F | Cj)

]
= E

[
1EjP((U3−j , V3−j) ∈ T − (Uj , Vj) | Cj)

]
≤ Cdν

−d
3−jt

−d/2P(Ej) ≤ Cdn
−dt−d/2P(Ej).

Summing over j = 1, 2 proves

πn,I,J(x, y;B) ≤ Cdn
−dt−d/2 exp

[
−cdn

(
∥µ(x)∥2 + ∥µ(y)− µ(x)∥2

t

)]
. (E.24)

We express the exponent in tube coordinates. Put ỹ = αye+ (τ + βy)ux, so ∥ỹ − x∥ = ρ(x, y).
By Proposition 3.1, µ(τux) = 0 and

Dµ(τux) = κ(uxu
⊤
x − ee⊤), and κ =

8τ

π(1 + τ2)2
> 0.

The map uxu
⊤
x − ee⊤ is an isometry on span{e, ux}. Continuity of Dµ near the compact saddle

sphere therefore implies, for sufficiently large n,

∥µ(x)∥ ≥ cd ∥zx∥ , and ∥µ(ỹ)− µ(x)∥ ≥ cdρ(x, y), (E.25)

where zx = (αx, βx) and zy = (αy, βy). For every orthogonal map R fixing e, rotational invariance
implies µ(Rz) = Rµ(z). For any unit vector v ⊥ e, ux, the reflection across v⊥ fixes ỹ, so v⊤µ(ỹ) = 0.
Thus µ(ỹ) ∈ span{e, ux}. Choosing R with Re = e and Rux = uy then yields

µ(y)− µ(ỹ) = (u⊤x µ(ỹ))(uy − ux).

Since µ(τux) = 0 and Dµ is uniformly bounded near S, we have ∥µ(ỹ)∥ ≤ Cd ∥zy∥. Hence

∥µ(y)− µ(ỹ)∥ ≤ ∥µ(ỹ)∥ δ ≤ Cd ∥zy∥ δ. (E.26)
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Combining (E.25) and (E.26) implies

∥µ(y)− µ(x)∥2 ≥ cdρ(x, y)
2 − Cd ∥zy∥2 δ2.

Since ∥zy∥2 ≤ 2 ∥zx∥2 + 2ρ(x, y)2 and t ≍ δ, after reducing δ∗ if necessary, we obtain

q ≥ cd

(
α2
x + β2x +

ρ(x, y)2

δ

)
for 0 < δ ≤ δ∗.

Together with (E.24) and t ≍ δ, this lower bound proves (E.18) for 0 < δ ≤ δ∗.
For δ∗ ≤ δ < 1, Lemma D.7(II) implies πn,I,J(x, y;B) ≤ Cdn

−d uniformly for B satisfying
BI ∈ Kx and BJ ∈ Ky. In this range, n(α2

x + β2x + ρ(x, y)2/δ) is bounded by a constant depending
only on d. Enlarging Cd proves (E.18) in this range.

Lemma E.5. Fix d ≥ 4. There exist an integer n0 and constants t0, cd, Cd > 0, all depending only
on d, such that the following holds for every x, y ∈ Tn0 with 0 < t = ∥y − x∥ ≤ t0. For a ∼ N(0, Id),
let

V = Zy(a)− Zx(a), and W =

(
Zx(a)
V

)
.

(I) We have
E ∥V ∥j ≤ Cdt for j = 1, 2, 3.

In particular, ∥EV ∥ ≤ Cdt.

(II) There is a constant λ > 0, depending only on d, such that, for every k ≥ 1, independent copies
a1, . . . , ak of a, and every R ∈ R,

P

(
k∑

ℓ=1

L(aℓ) ≤ R

)
≤ eλR−cdkq,

where

L(a) = µ(x)⊤Zx(a) +
[µ(y)− µ(x)]⊤V

t
, and q = EL(a) = ∥µ(x)∥2 + ∥µ(y)− µ(x)∥2

t
.

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x⋆ = e, where e is the first standard basis vector.

For (I), put w = (y − x)/t. Let sx(a) = sign((a⊤x)2 − (a⊤e)2), and similarly define sy. Then

V = tsy(a)(a
⊤w)a+ [sy(a)− sx(a)](a

⊤x)a. (E.27)

Thus
∥Zx(a)∥ ≤ Cd ∥a∥2 , and ∥V ∥ ≤ Cd ∥a∥2

(
t+ 1{sx ̸=sy}

)
. (E.28)

To bound the sign-change term in (E.28), for σ ∈ {−1, 1} define

Aσ,t = {a : (a⊤bσ)(a
⊤bσ + ta⊤w) < 0}, and bσ = x− σe.

The factorization
(a⊤x)2 − (a⊤e)2 =

(
a⊤(x− e)

)(
a⊤(x+ e)

)
and y = x+ tw imply that, if sx(a) ̸= sy(a), at least one of these two factors changes sign. Thus
{sx ̸= sy} ⊆ A+,t ∪A−,t up to Gaussian null sets.

If a ∈ Aσ,t, continuity along the segment from bσ to bσ + tw implies a⊤(bσ + stw) = 0 for some
s ∈ [0, 1]. Writing a = ∥a∥ω, we obtain

∣∣ω⊤bσ
∣∣ ≤ t. Since ∥bσ∥ is bounded below uniformly on Tn0 ,

a direct computation of the surface measure implies P(Aσ,t) ≤ Cdt. Therefore,

P(sx(a) ̸= sy(a)) ≤ P(A+,t) + P(A−,t) ≤ Cdt.

58



The events Aσ,t depend only on ω, which is independent of ∥a∥. Taking t0 ≤ 1 and using finite
Gaussian moments, we obtain from (E.28), for j = 1, 2, 3,

E ∥V ∥j ≤ Cd

(
tjE ∥a∥2j + E

[
∥a∥2j 1A+,t∪A−,t

])
≤ Cdt. (E.29)

In particular, ∥EV ∥ ≤ E ∥V ∥ ≤ Cdt, which proves (I).
To prove (II), we use e−s ≤ 1−s+s2e|s|/2 to estimate Ee−λL(a), so we first bound E[L(a)2eλ0|L(a)|]

for some fixed λ0 > 0. Compactness of the tube and (E.29) imply ∥µ(x)∥+ ∥µ(y)− µ(x)∥ /t ≤ Cd.
The coefficient bound implies

|L(a)| ≤ ∥µ(x)∥ ∥Zx(a)∥+
∥µ(y)− µ(x)∥

t
∥V ∥

≤
(
∥µ(x)∥+ ∥µ(y)− µ(x)∥

t

)
∥W∥ ≤ Cd ∥W∥ .

For the exponential weight, the independence of ω and ∥a∥, together with the χ2
d distribution of

∥a∥2, implies

E
[
(1 + ∥a∥)6e∥a∥

2/41Aσ,t

]
≤ Cdt. (E.30)

Choose λ0 small enough that λ0 ∥W∥ ≤ ∥a∥2 /4. Then (E.28) and (E.30) imply

E
[
∥Zx(a)∥2 eλ0∥W∥

]
≤ Cd, and E

[
∥V ∥2 eλ0∥W∥

]
≤ Cdt. (E.31)

After reducing λ0 if necessary, (E.31) remains valid with the weight eλ0|L(a)|. Using |a+ b|2 ≤
2(|a|2 + |b|2), we obtain

E
[
L(a)2eλ0|L(a)|

]
≤ 2 ∥µ(x)∥2 E

[
∥Zx(a)∥2 eλ0|L(a)|

]
+

2 ∥µ(y)− µ(x)∥2

t2
E
[
∥V ∥2 eλ0|L(a)|

]
≤ Cd ∥µ(x)∥2 + Cd

∥µ(y)− µ(x)∥2

t2
t

= Cd

(
∥µ(x)∥2 + ∥µ(y)− µ(x)∥2

t

)
= Cdq.

Since EL(a) = q, for a sufficiently small fixed 0 < λ ≤ λ0, we obtain

Ee−λL(a) ≤ 1− λq + Cdλ
2q ≤ e−cdq.

By Markov’s inequality, we have

P

(
k∑

ℓ=1

L(aℓ) ≤ R

)
≤ eλRE exp

(
−λ

k∑
ℓ=1

L(aℓ)

)

= eλR
k∏

ℓ=1

Ee−λL(aℓ) ≤ eλR−cdkq,

which proves (II).

Lemma E.6 (Covariance and concentration in the tangential region). Fix d ≥ 4, and let n0, t0 be
as in Lemma E.5. There exists 0 < t1 ≤ t0, depending only on d, such that, for every x, y ∈ Tn0

satisfying ∥y − x∥ ≤ t1 and

u⊤x uy > 0, 0 < δ(x, y) < 1, and ρ(x, y) ≤ δ(x, y),
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the following conclusions hold, where t = ∥y − x∥.

(I) For a ∼ N(0, Id), let V = Zy(a) − Zx(a) and W = (Zx(a)
⊤, V ⊤)⊤. After increasing n0 if

necessary, there is a constant cd > 0, depending only on d, such that

Cov(W ) ⪰ cd

(
Id 0
0 tId

)
. (E.32)

(II) Let Ck contain k independent standard Gaussian rows. After increasing n0 if necessary, for
every fixed R > 0 we have

sup
z∈R2d

P
((

S(x;Ck)
S(y;Ck)− S(x;Ck)

)
∈ z +B(0, R)

)
≤ Cd,Rk

−dt−d/2 for all k ≥ 1.

The constant Cd,R is uniform over x, y, k satisfying these assumptions.

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x⋆ = e, where e is the first standard basis vector.

To prove the covariance bound (E.32) in (I), it suffices to show that, for every ξ, η ∈ Rd,

Var
(
ξ⊤Zx(a) + η⊤V

)
≥ cd

(
∥ξ∥2 + t ∥η∥2

)
.

Expanding the variance, we have

Var
(
ξ⊤Zx(a) + η⊤V

)
= ξ⊤Σxξ + η⊤Cov(V )η + 2ξ⊤Cov(Zx(a), V )η. (E.33)

By continuity of Σx near the compact saddle sphere and (D.13) with x = τu, choosing n0 sufficiently
large ensures cdId ⪯ Σx ⪯ CdId uniformly on Tn0 . By Young’s inequality, it therefore suffices to
prove

Cov(V ) ⪰ cdtId, and ∥Cov(Zx(a), V )∥op ≤ Cdt, (E.34)
and then choose t1 sufficiently small.

The first estimate gives a lower bound of order t for the variance of V in every unit direction.
The second controls its interaction with Zx(a), allowing us to establish (I). We then combine this
bound with the moment estimates of Lemma E.5 to prove the concentration bound in (II).

Increment covariance. Lemma E.5(I) implies

Var(ζ⊤V ) = E(ζ⊤V )2 − (ζ⊤EV )2 ≥ E(ζ⊤V )2 − Cdt
2 for ∥ζ∥ = 1.

Thus it suffices to find a uniform positive lower bound for t−1E(ζ⊤V )2 over unit vectors ζ. The
contribution of order t comes from individual sign crossings; the noncrossing and simultaneous-
crossing terms are of order t2. To decompose this second moment, put w = (y − x)/t, which is a
unit vector, let sx(a) = sign((a⊤x)2 − (a⊤e)2), and similarly define sy. By (E.27), on {sx = sy} we
have V = tsx(a)(a

⊤w)a, while on {sx ̸= sy} we have V = −sx(a)(2a⊤x+ ta⊤w)a.
For σ ∈ {−1, 1}, recall the events from the proof of Lemma E.5:

Aσ,t = {a : (a⊤bσ)(a
⊤bσ + ta⊤w) < 0}, and bσ = x− σe.

The factorization
(a⊤x)2 − (a⊤e)2 =

(
a⊤(x− e)

)(
a⊤(x+ e)

)
and y = x+ tw imply that, if sx(a) ̸= sy(a), at least one of these two factors changes sign. Thus
{sx ̸= sy} ⊆ A+,t ∪A−,t up to Gaussian null sets. If both factors change sign, their product keeps
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its sign. Hence {sx ̸= sy} occurs if and only if exactly one of A+,t and A−,t occurs. Therefore,

E(ζ⊤V )2 = t2E
[
(a⊤w)2(a⊤ζ)21{sx=sy}

]
+
∑
σ=±1

E
[
(2a⊤x+ ta⊤w)2(a⊤ζ)21Aσ,t

]
− 2E

[
(2a⊤x+ ta⊤w)2(a⊤ζ)21A+,t∩A−,t

]
.

(E.35)

The first term in (E.35) is Od(t
2) because Gaussian fourth moments are finite.

To bound the intersection term, we first check the geometry of b+ and b−. Write x = αe+(τ+β)u
and Hσ = b⊥σ . A direct computation shows

∥PHσx∥ =
τ + β

∥bσ∥
, and ∥PHσb−σ∥ = 2 ∥PHσx∥ . (E.36)

Thus the normal vectors b+ = x − e and b− = x + e of H+ and H−, respectively, are uniformly
nonparallel, their lengths are bounded above and below, and ∥PHσx∥ is bounded below.

To bound simultaneous crossings, write a = ∥a∥ω and choose orthonormal vectors v1 = b+/ ∥b+∥
and v2 = PH+b−/

∥∥PH+b−
∥∥. On A+,t ∩A−,t, the defining inequalities of A+,t and A−,t imply∣∣∣ω⊤v1

∣∣∣ ≤ Cdt, and
∣∣∣ω⊤v2

∣∣∣ = ∣∣ω⊤b− − (b⊤−v1)(ω
⊤v1)

∣∣∥∥PH+b−
∥∥ ≤ Cdt,

where the bounds on ∥b+∥ and
∥∥PH+b−

∥∥ follow from (E.36). The pair (ω⊤v1, ω
⊤v2) has density

proportional to (1− z21 − z22)
(d−4)/2 on the unit disk. Since d ≥ 4, this density is bounded, and hence

P(A+,t ∩A−,t) ≤ Cdt
2. Independence of ω and ∥a∥ then implies

E
[
(1 + ∥a∥)6e∥a∥

2/41A+,t∩A−,t

]
≤ Cdt

2. (E.37)

Since (2a⊤x + ta⊤w)2(a⊤ζ)2 ≤ Cd ∥a∥4, (E.37) bounds the intersection term in (E.35) by Od(t
2).

Consequently,

E(ζ⊤V )2 =
∑
σ=±1

E
[
(2a⊤x+ ta⊤w)2(a⊤ζ)21Aσ,t

]
+Od(t

2). (E.38)

By (E.38), it now suffices to compute the limit of the sum divided by t and show that it is
uniformly positive. For each σ ∈ {−1, 1} in this sum, let b = bσ, put b̂ = b/ ∥b∥, and write a = z+ vb̂
with z ⊥ b. For sufficiently small t and fixed z, the crossing interval in v has endpoints 0 and

vt(z) = − tz⊤w

∥b∥+ t̂b⊤w
.

Thus, for a continuous function F bounded by a polynomial times a Gaussian,∫
{(a⊤b)(a⊤(b+tw))<0}

F (a)da =

∫
b⊥

∫ 1

0
F (z + ℓvt(z)̂b) |vt(z)| dℓdz. (E.39)

Here and below, dz denotes Lebesgue measure in orthonormal coordinates on the hyperplane.
Moreover, |vt(z)| ≤ Cdt ∥z∥ and

∥∥∥z + ℓvt(z)̂b
∥∥∥ ≥ ∥z∥. Dividing by t and applying dominated

convergence gives the leading contribution of this crossing:
1

t

∫
{(a⊤b)(a⊤(b+tw))<0}

F (a)da −→ 1

∥b∥

∫
b⊥

∣∣∣z⊤w∣∣∣F (z)dz. (E.40)

We also need (E.40) to hold uniformly as x,w, ζ vary. The same dominated-convergence argument ap-
plies along convergent sequences of parameters b, w, F with a common Gaussian bound, using orthonor-
mal coordinates on b⊥ that vary continuously with b. Applying (E.40) to (2a⊤x+ta⊤w)2(a⊤ζ)2φId

(a)
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and using (E.38), we therefore obtain
1

t
E(ζ⊤V )2 −→ 4

∑
σ=±1

1

∥bσ∥

∫
Hσ

∣∣∣z⊤w∣∣∣ (z⊤x)2(z⊤ζ)2φId
(z)dz. (E.41)

To obtain the covariance lower bound, we show that the limit in (E.41) is uniformly positive.
Put δ = δ(x, y). Lemma E.3 and ρ(x, y) ≤ δ imply

t2 = ρ(x, y)2 + (τ + βx)(τ + βy)δ
2 ≤ Cdδ

2.

For σ = ±1, (D.8) and (D.9), together with ∥x− σe∥ ≤ Cd, therefore imply

∥PHσw∥ =

∥∥∥P(x−σe)⊥(y − x)
∥∥∥

t
≥ cdδ

t
≥ cd. (E.42)

On each Hσ, (E.42) and (E.36) imply that the restrictions of z 7→ z⊤w and z 7→ z⊤x are nonzero
linear forms. Thus the corresponding integral vanishes exactly when ζ is parallel to bσ. Since b+
and b− are nonparallel, the sum of the two integrals is positive for every unit ζ.

The triples (x, ζ, w), with x ∈ Tn0 and unit vectors ζ, w satisfying the fixed positive lower bound
in (E.42), form a compact set. The right side of (E.41) is continuous there, by Gaussian domination
in local orthonormal coordinates, so it has a positive minimum depending only on d.

The representation (E.39) implies convergence along every convergent sequence of parameters,
hence uniform convergence in (E.41). The positive lower bound therefore transfers to t−1E(ζ⊤V )2 for
sufficiently small t. Since ∥EV ∥ ≤ Cdt, after choosing t1 ≤ t0 sufficiently small, we obtain, uniformly
over unit ζ,

Var(ζ⊤V ) = E(ζ⊤V )2 − (ζ⊤EV )2 ≥ cdt− Cdt
2 ≥ cd

2
t.

Lemma E.5(I) with j = 2 implies E ∥V ∥2 ≤ Cdt, which proves the upper covariance bound. Thus

cdtId ⪯ Cov(V ) ⪯ CdtId. (E.43)

This proves the first estimate in (E.34).

Mixed covariance. Since ∥Zx(a)∥ ≤ Cd ∥a∥2 and ∥µ(x)∥ ≤ Cd, (E.28) and (E.30) imply

∥Cov(Zx(a), V )∥op ≤ E[∥Zx(a)∥ ∥V ∥] + ∥µ(x)∥ ∥EV ∥

≤ Cd

(
tE ∥a∥4 + E

[
∥a∥4 1A+,t∪A−,t

])
+ Cdt ≤ Cdt.

(E.44)

This proves the second estimate in (E.34). Substituting (E.43) and (E.44) into (E.33) and applying
Young’s inequality, we obtain

Var(ξ⊤Zx(a) + η⊤V ) ≥ cd ∥ξ∥2 + cdt ∥η∥2 − Cdt ∥ξ∥ ∥η∥

≥ cd
2
∥ξ∥2 + (cdt− Cdt

2) ∥η∥2

≥ cd(∥ξ∥2 + t ∥η∥2),
where the last inequality holds after reducing t1 once more. This proves (I).

Concentration estimate. For any fixed T > 0, Lemma F.7 with m = 2d and ε = RT , together
with independence, implies

sup
z∈R2d

P(X ∈ z +B(0, R)) ≤ C2d,RTR
2d

∫
∥(ξ,η)∥≤T

|χ(ξ, η)|k dξ dη, (E.45)
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where

X =

(
S(x;Ck)

S(y;Ck)− S(x;Ck)

)
, and χ(ξ, η) = Eei[ξ

⊤Zx(a)+η⊤V ].

It therefore suffices to prove that, for some fixed T > 0 depending only on d,

|χ(ξ, η)| ≤ e−cd(∥ξ∥2+t∥η∥2) when ∥ξ∥ , ∥η∥ ≤ T, (E.46)

since the resulting Gaussian integral in (E.45) has order k−dt−d/2.
To prove (E.46), we separate the variance from the third-order remainder. Let Y = ξ⊤[Zx(a)−

µ(x)] + η⊤[V − EV ], and let Y ′ be an independent copy. We use the same symmetrization idea as
in [5, proof of Proposition 8.2]. Independence and the inequality cos s ≤ 1− s2/2 + |s|3 /6 imply

|χ(ξ, η)|2 = E cos(Y − Y ′) ≤ 1−Var(Y ) +
1

6
E
∣∣Y − Y ′∣∣3 .

For the remainder, Jensen’s inequality, |a+ b|3 ≤ 4(|a|3 + |b|3), and (E.28) imply

E
∣∣Y − Y ′∣∣3 ≤ 8E |Y |3

≤ 32 ∥ξ∥3 E ∥Zx(a)− µ(x)∥3 + 32 ∥η∥3 E ∥V − EV ∥3

≤ Cd

(
∥ξ∥3 E ∥a∥6 + ∥η∥3 E ∥V ∥3

)
≤ Cd(∥ξ∥3 + t ∥η∥3),

where the last inequality uses Lemma E.5(I) with j = 3 and the finiteness of Gaussian sixth moments.
Since part (I) implies Var(Y ) ≥ cd(∥ξ∥2 + t ∥η∥2), we obtain

|χ(ξ, η)|2 ≤ 1− cd(∥ξ∥2 + t ∥η∥2) + Cd(∥ξ∥3 + t ∥η∥3).
For ∥ξ∥ , ∥η∥ ≤ T , we have ∥ξ∥3 + t ∥η∥3 ≤ T (∥ξ∥2 + t ∥η∥2). Choosing T > 0 sufficiently small
depending only on d therefore allows us to absorb the cubic terms into the quadratic terms. Taking
square roots and using 1 − s ≤ e−s proves (E.46). Finally, substituting (E.46) into (E.45) and
enlarging the integration domain, we obtain

sup
z∈R2d

P(X ∈ z +B(0, R)) ≤ Cd,R

∫
Rd

∫
Rd

e−cdk(∥ξ∥2+t∥η∥2)dξ dη

≤ Cd,Rk
−d/2(kt)−d/2 = Cd,Rk

−dt−d/2.

This proves (II).

E.3 Normal-dominated region

We continue to use the notation Ωnor and Dnor
r,n from the proof of Theorem C.3.

Lemma E.7 (Normal-dominated region). Fix d ≥ 4 and 0 < δ0 < 1. As n→ ∞, we have

Dnor
r,n = Od(n

d/2−1) = od(n
d−2) for 0 ≤ r ≤ d− 1.

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x⋆ = e, where e is the first standard basis vector.

There are
(
n
d

)(
d
r

)(
n−d
d−r

)
= Od(n

2d−r) ordered pairs (I, J) with overlap r. It therefore suffices to
show that, for any fixed I ̸= J with |I| = |J | = d and |I ∩ J | = r, the integral

Inorr,n :=

∫
Ωnor

pXI(x),XJ (y)(0, 0)

× E

[
|detAI | |detAJ | 1Kx(AI)1Ky(AJ)

× πn,I,J(x, y;AI∪J)

∣∣∣∣∣ XI(x) = XJ(y) = 0

]
dx dy
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satisfies
Inorr,n ≤ Cdn

−3d/2−1+r for 0 ≤ r ≤ d− 1. (E.47)
We first estimate the integral over

Ωnor
+ = Ωnor ∩ {(x, y) : u⊤x uy > 0, δ(x, y) > 0}.

Denote this contribution by I+. By Lemma E.8, for pairs in Ωnor
+ ,

sup
B:BI∈Kx
BJ∈Ky

πn,I,J(x, y;B) ≤ Cdn
−d/2e−cdn∥y−x∥. (E.48)

When AI ∈ Kx and AJ ∈ Ky, |detAI | |detAJ | ≤M2d
d . Therefore, (E.48) implies

I+ ≤ Cdn
−d/2

∫
Ωnor

+

pXI(x),XJ (y)(0, 0)e
−cdn∥y−x∥dx dy.

Write h = y − x. Lemma E.3 implies

∥h∥2 = ρ(x, y)2 + (τ + βx)(τ + βy)δ(x, y)
2 > 0,

where positivity follows from ρ(x, y) > δ(x, y) and τ + βx, τ + βy > 0 for sufficiently large n. By
(D.3),

pXI(x),XJ (y)(0, 0) ≤
Cd∥∥∥Pv⊥+

h
∥∥∥r+ ∥∥∥Pv⊥−

h
∥∥∥r− ,

where v± = x∓ e and r± count the shared rows with matching signs ±1. Put q = r+ + r− ≤ r. The
chosen sign pattern implies r+ ≤ d− 2 and r− ≤ 2 ≤ d− 2. The disjoint case is included by taking
r+ = r− = 0.

After enlarging the displacement domain to Rd \ {0} and changing variables h = tω, we obtain

I+ ≤ Cdn
−d/2

∫
Tn

∫
Sd−1

dσ(ω)∥∥∥Pv⊥+
ω
∥∥∥r+ ∥∥∥Pv⊥−

ω
∥∥∥r−︸ ︷︷ ︸

I1

∫ ∞

0
e−cdnttd−1−qdt︸ ︷︷ ︸

I2

dx.

By Lemma D.2(III), the first integral satisfies I1 ≤ Cd uniformly in x. For the second integral, the
change of variables s = nt implies

I2 = n−(d−q)

∫ ∞

0
e−cdssd−1−qds ≤ Cdn

−(d−q),

since q ≤ r ≤ d− 1. Substituting the bounds on I1 and I2, we obtain

I+ ≤ Cdn
−d/2n−(d−q)

∫
Tn

dx

= Cdn
−3d/2+q

∫
Sd−2

∫
[−n−1/2,n−1/2]2

(τ + βx)
d−2dαx dβx dσ(ux)

≤ Cdn
−3d/2−1+q ≤ Cdn

−3d/2−1+r, (E.49)

where we used the change of variables x = αxe+ (τ + βx)ux and q ≤ r.

The antipodal contribution. For pairs with u⊤x uy < 0, replace y by y′ = −y and reverse all
active signs assigned to J , as at the end of the proof of Lemma E.2. This change preserves δ(x, y),
ρ(x, y), and Lebesgue measure, and transforms the antipodal contribution into the corresponding
integral over Ωnor

+ with reversed signs for J . The proof of Lemma E.8 applies under this sign
reversal, so (E.48) holds with y′ in place of y. The density bound (D.3) and the angular bound in
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Lemma D.2(III) also remain valid: the signs on I are unchanged, so r+ ≤ d− 2 and r− ≤ 2 ≤ d− 2.
Hence the antipodal contribution satisfies (E.49) as well. Since the sets {δ(x, y) = 0} and {u⊤x uy = 0}
have Lebesgue measure zero, combining the two contributions proves (E.47), uniformly over I, J ,
and completes the proof.

Lemma E.8 (Probability estimate in the normal-dominated region). Fix d ≥ 4 and active sets
I ̸= J with |I| = |J | = d. There are constants Cd, cd > 0 such that, for all sufficiently large n and
every x, y ∈ Tn satisfying u⊤x uy > 0 and 0 < δ(x, y) < ρ(x, y),

sup
B:BI∈Kx
BJ∈Ky

πn,I,J(x, y;B) ≤ Cdn
−d/2e−cdn∥y−x∥.

Proof. Fix active rows B satisfying BI ∈ Kx and BJ ∈ Ky, let r = |I ∩ J | and ν = n− 2d+ r, and
relabel the remaining independent standard Gaussian rows as g1, . . . , gν . We split the remaining
rows into two independent groups to obtain the two factors in the desired bound. The joint event
forces at least one group’s increment to have a projection bounded above by a fixed constant in
the direction µ(y)− µ(x), yielding the exponential factor e−cdn∥y−x∥. Conditional on that group, a
uniform concentration estimate for the other yields the factor n−d/2. Take the first ν1 = ⌊ν/2⌋ rows
for C1 and the rest for C2:

C1 = (g1, . . . , gν1)
⊤, and C2 = (gν1+1, . . . , gν)

⊤.

With ν2 = ν − ν1, both groups have n/2 +Od(1) rows. As in the proof of Lemma E.4, the target
sets for the sums at x and y are

Bx = −Q(x;BI)(−1, 1)d − S(x;BJ\I), and By = −Q(y;BJ)(−1, 1)d − S(y;BI\J),

and both lie in B(0, Rd) by the row norm bounds on B. Write

Uj = S(x;Cj), and Vj = S(y;Cj)− S(x;Cj) for j = 1, 2.

Then πn,I,J(x, y;B) = P(F ) for the pair event

F = {U1 + U2 ∈ Bx, U1 + U2 + V1 + V2 ∈ By}.
Put h = y − x and w = [µ(y) − µ(x)]/ ∥µ(y)− µ(x)∥. For a single row a ∼ N(0, Id), write

V = Zy(a)− Zx(a). Let λ0 be as in Lemma E.9. For a sufficiently small fixed 0 < λ ≤ λ0,

Ee−λw⊤V ≤ 1− λE[w⊤V ] +
λ2

2
E
[
(w⊤V )2eλ|w⊤V |

]
≤ 1− λ ∥µ(y)− µ(x)∥+ λ2

2
E
[
∥V ∥2 eλ0∥V ∥

]
≤ 1− λcd ∥h∥+ Cdλ

2 ∥h∥
≤ e−cd∥h∥.

(E.50)

The first inequality in (E.50) uses e−t ≤ 1− t+ t2e|t|/2; the third uses (E.52). The last inequality
in (E.50) follows by choosing λ sufficiently small. On F , the difference sum V1 + V2 belongs to
By − Bx ⊂ B(0, 2Rd). Thus F implies at least one of the events Ej = {w⊤Vj ≤ Rd}. For j ∈ {1, 2},
the exponential Markov inequality implies

P(Ej) ≤ eλRd

(
Ee−λw⊤[Zy(a)−Zx(a)]

)νj
≤ Cde

−cdn∥h∥.

The local limit argument for S(x;Cj) in the proof of Lemma D.7(I), applied to a fixed cube
containing B(0, Rd), implies

sup
z∈Rd

P
(
S(x;Cj) ∈ z +B(0, Rd)

)
≤ Cdν

−d/2
j (E.51)
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uniformly for x ∈ Tn and all sufficiently large n. For j ∈ {1, 2}, conditional on Cj , the event F ∩ Ej

requires U3−j ∈ Bx − Uj . Since C3−j is independent of Cj and Bx ⊂ B(0, Rd), (E.51) implies

P(F ∩ Ej) = E
[
1EjP(F | Cj)

]
≤ E

[
1EjP(U3−j ∈ Bx − Uj | Cj)

]
≤ Cdν

−d/2
3−j P(Ej) ≤ Cdn

−d/2P(Ej).

Summing over j = 1, 2 proves (E.48). The argument uses only the row bounds on B, so it also
applies after reversing the active signs at an antipodal endpoint.

Lemma E.9 (Moments of increments in the normal-dominated region). Fix d ≥ 4 and let a ∼
N(0, Id). There exist n0 and constants cd, Cd, λ0 > 0 depending only on d such that, for every n ≥ n0
and x, y ∈ Tn with u⊤x uy > 0 and δ(x, y) < ρ(x, y),

∥µ(y)− µ(x)∥ ≥ cd ∥y − x∥ , and E
[
∥Zy(a)− Zx(a)∥2 eλ0∥Zy(a)−Zx(a)∥

]
≤ Cd ∥y − x∥ . (E.52)

Proof. By rotational invariance of the standard Gaussian measurements, we may assume without
loss of generality that x⋆ = e, where e is the first standard basis vector. Put h = y − x. Since
u⊤x uy > 0, we have

δ = ∥ux − uy∥ , and ρ2 = (αy − αx)
2 + (βy − βx)

2.

Lemma E.3 and the condition δ < ρ of the normal-dominated region imply

∥h∥2 = ρ2 + (τ + βx)(τ + βy)δ
2 ≤ Cdρ

2 ≤ Cdn
−1.

The segment from x to y therefore lies within Od(n
−1/2) of τux. Since µ = ∇F/2, Proposition 3.1

and continuity of Dµ near S give, uniformly over these pairs,

µ(y)− µ(x) = κ(uxu
⊤
x − ee⊤)h+ o(∥h∥) with κ =

8τ

π(1 + τ2)2
> 0. (E.53)

Moreover,

e⊤h = αy − αx, and u⊤x h = βy − βx −
τ + βy

2
δ2.

Hence, ∥∥∥(uxu⊤x − ee⊤)h
∥∥∥ =

√
(αy − αx)2 +

(
βy − βx −

τ + βy
2

δ2
)2

≥ ρ− τ + βy
2

δ2

≥ ρ− Cdρ
2 ≥ ρ

2
≥ cd ∥h∥ .

(E.54)

The first equality in (E.54) uses that e and ux are orthogonal unit vectors. The bound ρ−Cdρ
2 ≥ ρ/2

in (E.54) holds for sufficiently large n, since ρ ≤ Cdn
−1/2. The expansion (E.53) and (E.54) therefore

imply, for sufficiently large n,

∥µ(y)− µ(x)∥ ≥ κ
∥∥∥(uxu⊤x − ee⊤)h

∥∥∥− o(∥h∥) ≥ cd ∥h∥ .

To prove the second bound in (E.52), write sx(a) = sign((a⊤x)2 − (a⊤e)2) and similarly for sy.
Then

Zy(a)− Zx(a) = sy(a)(a
⊤h)a+ [sy(a)− sx(a)](a

⊤x)a,

so
∥Zy(a)− Zx(a)∥ ≤ Cd ∥a∥2

(
∥h∥+ 1{sx(a)̸=sy(a)}

)
. (E.55)
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If sx(a) ̸= sy(a), continuity of (a⊤z)2 − (a⊤e)2 = a⊤(z − e)a⊤(z + e) along the segment from x to y
implies that a⊤(x+ th− σe) = 0 for some t ∈ [0, 1] and σ ∈ {−1, 1}. Writing a = ∥a∥ω, we obtain∣∣∣ω⊤(x− σe)

∣∣∣ = t
∣∣∣ω⊤h

∣∣∣ ≤ ∥h∥ .

For each fixed σ, a direct computation of the surface measure of the spherical band, together with
∥x− σe∥ ≥ τ/2, shows that

P
(
ω ∈ Sd−1 :

∣∣∣ω⊤(x− σe)
∣∣∣ ≤ ∥h∥

)
≤ Cd ∥h∥ .

Taking the union over σ ∈ {−1, 1} yields P(sx(a) ̸= sy(a)) ≤ Cd ∥h∥. This event depends only on ω,
which is independent of ∥a∥. Since ∥a∥2 has a χ2

d distribution, for 0 < λ0 < 1/(2Cd) we have

E
[
∥a∥4 eCdλ0∥a∥2] = d(d+ 2)(1− 2Cdλ0)

−d/2−2 <∞.

Thus, for sufficiently large n, (E.55) implies

E
[
∥Zy(a)− Zx(a)∥2 eλ0∥Zy(a)−Zx(a)∥

]
≤ Cd(∥h∥2 + ∥h∥) ≤ Cd ∥h∥ .

F Auxiliary lemmas

We collect auxiliary lemmas used throughout the paper. The proof of the first lemma is simple, so
we omit it.

Lemma F.1. Let G ∈ Rd be a nondegenerate Gaussian vector, and let p : Rd → R be a polynomial
that is not identically zero. Then, P(p(G) = 0) = 0.

Lemma F.2 (Almost sure nonsingularity of projected matrices). Suppose n > d, and let (ai)ni=1 be
i.i.d. standard Gaussian vectors in Rd. Then, almost surely, for every index set I ⊂ [n] with |I| < d,
every sign pattern σ ∈ {−1, 1}Ic, and every matrix V whose columns form an orthonormal basis of
the orthogonal complement of span{ai}i∈I ,

the matrix V ⊤

(∑
i/∈I

σiaia
⊤
i

)
V is nonsingular.

Proof. Fix an index set I ⊂ [n] with |I| < d and a sign pattern σ. Almost surely, the orthogonal
complement of span{ai}i∈I equals that of span{ui}i∈I , where ui = ai/ ∥ai∥. We can therefore choose
an orthonormal basis matrix V = (v1, . . . , vd−|I|) as a measurable function of the directions (ui)i∈I
alone. Define H =

∑
i/∈I σiaia

⊤
i . Since any orthonormal basis can be written as Ṽ = V Q with

Q⊤Q = I, the singularity of V ⊤HV does not depend on the choice of V .
The vectors (ai)i/∈I are independent of the directions (ui)i∈I . Conditional on these directions,

det(V ⊤HV ) is a polynomial in the components of (ai)i/∈I . This polynomial is not identically zero.
Indeed, choose distinct inactive indices j1, . . . , jd−|I| from Ic and set

ajl = vl, and aj = 0 for all remaining indices in Ic.

For this choice, V ⊤HV = diag(σj1 , . . . , σjd−|I|), so its determinant is nonzero. Lemma F.1 gives

P(det(V ⊤HV ) = 0 | (ui)i∈I) = 0 almost surely.

Taking expectations and then a finite union over all choices of I and σ completes the proof.
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Lemma F.3 ( [24, Proposition 7.2]). Let f be closed and weakly convex, and let M be an active
manifold at a critical point x̄. Then x̄ is a (strict) local minimizer of f |M if, and only if, it is a
(strict) local minimizer of f .

Lemma F.4. Let τ > 0 be the unique solution of arctan τ + τ/(1 + τ2) = π/4. Let P ∼ N(0, 1) be
independent of jointly standard Gaussian variables X,Y with E[XY ] = c ∈ [−1, 1], and define

q(c) = E
[
XY sign(τ2X2 − P 2)sign(τ2Y 2 − P 2)

]
.

Then there exists a constant γ > 0 such that

1− q(c)2 ≥ (1− c2)(1 + γc2) for − 1 ≤ c ≤ 1.

Proof. For p ∈ R, put fp(t) = tsign(τ2t2−p2). This function is odd and has unit norm in L2(N(0, 1)).
Expanding fp in the orthonormal Hermite basis, applying the Gaussian correlation identity, and
averaging over P yields

q(c) =
∑
j≥0

wjc
2j+1 with wj ≥ 0, and

∑
j≥0

wj = 1.

Here wj is the expectation of the squared Hermite coefficient of degree 2j + 1. In particular,

w0 = EP

[(
EX [X2sign(τ2X2 − P 2)]

)2]
< 1,

because the inner expectation lies strictly between −1 and 1 whenever 0 < |P | <∞. Hence

|q(c)| ≤ w0|c|+ (1− w0)|c|3.
Since [w0 + (1− w0)c

2]2 ≤ w2
0 + (1− w2

0)c
2, the claim follows with γ = 1− w2

0 > 0.

For the next lemma, let τ > 0 and let X,Z, P be independent standard Gaussian variables. For
−1 < c < 1, set

s =
√
1− c2, Yc = cX + sZ, and Tc = −sX + cZ,

and define
r(c) = E

[
XZYcTcsign(τ

2X2 − P 2)sign(τ2Y 2
c − P 2)

]
.

As in the proof of Lemma F.4, write

w0 = EP

[(
EX [X2sign(τ2X2 − P 2)]

)2]
, and γ = 1− w2

0.

Lemma F.5. Suppose that 2/5 ≤ τ ≤ 9/20 and w0 ≥ 3/5. Then γ > 0 and

1− r(c)2 ≥ γ
√

1− c2 for − 1 < c < 1,

with equality if, and only if, c = 0.

Proof. We first obtain global bounds for r(c) from the Hermite expansion, then prove a quantitative
endpoint estimate, and finally combine the two bounds.

Global bounds. Use the functions fp(x) = xsign(τ2x2 − p2) and Hermite weights wj from the
proof of Lemma F.4, whose construction applies for every τ > 0. In particular, wj ≥ 0,

∑
j≥0wj = 1,

and w0 < 1. Write hi = Hei/
√
i! for the orthonormal probabilists’ Hermite polynomials. For i, j ≥ 1,

the Gaussian moment generating function gives

E[hi(X)Z hj(Yc)Tc] = 1{i=j}
(
ci+1 − i(1− c2)ci−1

)
. (F.1)

Indeed, for real a, b,

E
[
ZTce

aX−a2/2ebYc−b2/2
]
=
(
c− (1− c2)ab

)
ecab,
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and comparing coefficients proves (F.1). Applying this identity to the Hermite expansion of fp and
averaging over P , we obtain, with u = c2,

r(c) =
∑
j≥0

wj

(
(2j + 2)u− (2j + 1)

)
uj . (F.2)

To justify the passage to the infinite expansion, multiplication by the independent Z preserves the
L2 norm, as does the orthogonal rotation giving (Yc, Tc). Thus finite Hermite sums converge in
the required expectations. Cauchy–Schwarz bounds each diagonal expectation in (F.1) by one in
absolute value, so

∑
j wj = 1 also justifies averaging over P .

For 0 ≤ u < 1, each summand polynomial satisfies(
(2j + 2)u− (2j + 1)

)
uj = uj

(
2u− 1− 2j(1− u)

)
≤ max{0, 2u− 1}.

For j ≥ 1, its negative is at most (2j + 1)(1− u)uj ≤ 3u, since

j(1− u)uj−1 ≤ (1− u)

j−1∑
i=0

ui = 1− uj ≤ 1, and
2j + 1

j
≤ 3.

Separating the j = 0 term in (F.2) gives

−w0 + (5w0 − 3)c2 ≤ r(c) ≤ max{0, 2c2 − 1}. (F.3)

In particular, r(c) ≥ −w0 because w0 ≥ 3/5.
Endpoint estimate. We next show that

1− r(c) ≥ 2

5

√
1− c2 for 31/32 ≤ c < 1. (F.4)

Write c = cos(2δ) with 0 < δ < π/2, and put h = sin δ and ℓ = cos δ. Then 0 < h ≤ 1/8,
ℓ2 = 1− h2 ≥ 63/64, and s = 2hℓ. Conditioning on X,Z gives

r(c) = E[XZYcTc (1− 4 |Φ(τ |X|)− Φ(τ |Yc|)|)] ,
where Φ is the standard Gaussian distribution function. Define the radial integral

Ψ(a) =

∫ ∞

0
ρ5e−ρ2/2

(
Φ(τρa)− 1

2

)
dρ for 0 ≤ a ≤ 1.

The integrable bound τρ6e−ρ2/2/
√
2π justifies differentiation under the integral. The Gaussian sixth

moment, together with 1 + τ2 ≤ (11/10)2 and (11/10)7 < 2, yields
15τ

4
≤ Ψ′(a) =

15τ

2(1 + τ2a2)7/2
≤ 15τ

2
for 0 ≤ a ≤ 1. (F.5)

Using polar coordinates X = ρ cosϕ and Z = ρ sinϕ, followed by θ = ϕ− δ, we obtain

r(c) = 2c2 − 1− 4

π
I, with I = 2

∫ π/2

0
K(θ)D(θ) dθ, (F.6)

where
K(θ) = sin2 θ cos2 θ − h2ℓ2, and D(θ) = Ψ(cos(θ − δ))−Ψ(| cos(θ + δ)|).

Here E[XZYcTc] = 2c2 − 1, the Gaussian density and polar Jacobian leave the radial weight
ρ5e−ρ2/2/(2π), and the original angular integrand is π-periodic and invariant under θ 7→ π−θ. These
identities give the factor 4/π in (F.6).

For 0 ≤ θ ≤ π/2, the two arguments of Ψ differ by 2min{h sin θ, ℓ cos θ}. Consequently, (F.5)
gives

15τ

2
min{h sin θ, ℓ cos θ} ≤ D(θ) ≤ 15τ min{h sin θ, ℓ cos θ}.
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Moreover, since ℓ ≥ 1/2,

sin2 θ cos2 θmin{h sin θ, ℓ cos θ} ≥ h sin3 θ cos2 θ − h2

2
sin4 θ cos θ.

When the minimum is h sin θ, this is immediate. Otherwise it follows from

ℓ cos2 θ − h sin θ cos θ +
h2

2
sin2 θ ≥ 1

2
(cos θ − h sin θ)2 ≥ 0.

Apply the lower bound for D(θ) to the nonnegative term sin2 θ cos2 θ in K(θ) and its upper bound
to −h2ℓ2. Using∫ π/2

0
sin3 θ cos2 θ dθ =

2

15
,

∫ π/2

0
sin4 θ cos θ dθ =

1

5
, and

∫ π/2

0
sin θ dθ = 1,

we obtain

I ≥ 15τh

(
2

15
− h

10
− 2h2ℓ2

)
≥ h

(
4

5
− 3

5
h− 12h2ℓ2

)
≥ 0.

The first bracket is positive because h ≤ 1/8 and ℓ2 ≤ 1, and the second inequality uses τ ≥ 2/5.
Since π < 4, (F.6) implies

1− r(c) = 8h2ℓ2 +
4

π
I ≥ 4

5
h+ h2

(
8ℓ2 − 3

5
− 12hℓ2

)
≥ 4

5
h ≥ 2

5
s.

The last two inequalities use ℓ2 ≥ 63/64, hℓ2 ≤ 1/8, and s = 2hℓ ≤ 2h. This proves (F.4).
The minimum. Equation (F.2) shows that r(−c) = r(c) and r(0) = −w0, so it suffices to consider

0 ≤ c < 1. We have 0 < γ = 1− w2
0 ≤ 16/25. If r(c) ≤ 0, (F.3) gives |r(c)| ≤ w0, and hence

1− r(c)2

s
≥ γ

s
≥ γ,

with strict inequality when c > 0.
Suppose that r(c) > 0 and c ≤ 31/32. By (F.3), u = c2 > 1/2 and r(c) ≤ 2u− 1, so

1− r(c)2

s
≥ 4u

√
1− u.

For u ≤ 3/4, the right-hand side is at least 1. For u ≥ 3/4, we have s ≥
√
63/32 ≥ 7/32, so it is at

least 21/32 > 16/25 ≥ γ.
Finally, suppose that r(c) > 0 and 31/32 ≤ c < 1. The endpoint estimate (F.4) gives r(c) ≤

1− (2/5)s, whence

1− r(c)2

s
≥ 1− (1− (2/5)s)2

s
=

4

5
− 4

25
s >

16

25
≥ γ.

At c = 0, the identity r(0) = −w0 gives equality, completing the proof.

Lemma F.6 (Angular integration). Fix d ≥ 4. Define g(u, v) = min{∥u− v∥ , ∥u+ v∥} for
u, v ∈ Sd−2. There exists a constant 0 < Cd < ∞, depending only on d, such that for every
nonnegative measurable function f on [0,∞) and every 0 ≤ a < b,∫

u,v∈Sd−2

a≤g(u,v)≤b

f(g(u, v))dσ(u) dσ(v) ≤ Cd

∫ b

a
f(t)td−3dt.

Here dσ denotes the surface measure on Sd−2.

Proof. Fix u. Reflecting v through the origin produces a factor of two and reduces the angular
integral to 0 ≤ θ ≤ π/2, where u⊤v = cos θ. Write v = cos θ u + sin θ w, where w ∈ Sd−2 ∩ u⊥, a
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sphere identified with Sd−3. On the hemisphere {v : u⊤v ≥ 0},
g(u, v) = ∥u− v∥ =

√
2− 2 cos θ = 2 sin(θ/2), and dσ(v) = (sin θ)d−3dθ dσ(w).

Integrating over v implies∫
v∈Sd−2

a≤g(u,v)≤b

f(g(u, v))dσ(v) = 2

∫
0≤θ≤π/2

a≤2 sin(θ/2)≤b

∫
Sd−3

f(2 sin(θ/2))(sin θ)d−3dσ(w) dθ

= 2
∣∣∣Sd−3

∣∣∣ ∫
0≤θ≤π/2

a≤2 sin(θ/2)≤b

f(2 sin(θ/2))(sin θ)d−3dθ

= 2
∣∣∣Sd−3

∣∣∣ ∫
[a,b]∩[0,

√
2]
f(t)td−3(1− t2/4)(d−4)/2dt,

where the last equality uses the change of variables t = 2 sin(θ/2). Integrating over u as well yields∫
u,v∈Sd−2

a≤g(u,v)≤b

f(g(u, v))dσ(u) dσ(v) = 2
∣∣∣Sd−2

∣∣∣ ∣∣∣Sd−3
∣∣∣ ∫

[a,b]∩[0,
√
2]
f(t)td−3(1− t2/4)(d−4)/2dt.

Since d ≥ 4, the last factor is at most one. The bound therefore holds with Cd = 2
∣∣Sd−2

∣∣ ∣∣Sd−3
∣∣.

Lemma F.7 (Esséen concentration inequality [62, Exercise 2.2.11, p. 85]). For every integer m ≥ 1
and every ε > 0, there exists a constant Cm,ε > 0, depending only on m and ε, such that for every
random vector X ∈ Rm and every R > 0,

sup
z∈Rm

P
(
X ∈ z +B(0, R)

)
≤ Cm,εR

m

∫
∥v∥≤ε/R

∣∣∣Eeiv⊤X
∣∣∣ dv.

G Numerical experiment details

This appendix details how we test the criticality condition (4.2) numerically for the candidates in
the first experiment of Section 5. The signal is fixed at x⋆ = e1, and the dimension, measurement
ratios, and trial counts are specified in the main text.

Candidate construction. For each enumerated index set I = {i1 < · · · < id} and nonconstant
sign vector s ∈ {±1}d, we impose the active equations a⊤ij x̂ = sja

⊤
ij
e1 for j = 1, . . . , d and form the

candidate x̂ = xI,s from (4.3). Let SI(x̂) and QI(x̂) be as defined in Section 4, with the columns of
QI ordered by i1, . . . , id.

Numerical verification. We recompute each candidate selected for verification and its multiplier
λ ∈ Rd using 60-digit decimal arithmetic and then apply the following checks.

1. Consistency of the active set. We solve the selected active equations and require every unselected
measurement to have a nonzero residual:

min
i/∈I

|(a⊤i x̂)2 − (a⊤i e1)
2| > 10−30.

This check numerically separates the prescribed active measurements from the remaining ones.

2. Criticality with an interior multiplier. We solve QI(x̂)λ = −SI(x̂) and require

1− ∥λ∥∞ > 10−30.

This condition keeps the multiplier strictly inside (−1, 1)d, as required by (4.4).

We count a problem instance as positive if at least one candidate passes both checks.
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