
Lecture 8

Last time

ㅣ
Today

\

p. Quasi- Newton methods DGauss-Newton
I BFGS ㅱ Levenberg - Morrison-

Marquardt
Gauss-Newton
Today we will cover one mor family
of preconditioners that tackle, a speci
fic family known as "nonlinear least

squares. These, are problems like
Fr : IRd→ IRn

(o) minHrCWI12 differentiable.

Example : Imagine we wan to learn

a map F : R -> R and we observe

input-output pairs (X
, y . ), ..., (xn, yn),

where Yi = F(xi) +E; with EiNSO, 62).



If we have a parametric family
of functions( Fw) . ) IWERPG , a
natural strategy (MLE) is to

어

min凯等 ( Fω (xi) -Y :)^=∵州|:Fw(Xn) -Yn~
row) ㅓ

Our idea to derive this method will

also be to find a good model to

minimize
-
Jacobian

+ VU(WK)(W-Wn) 1126.Wis,,p argmin{= II UCWi)
ω ー

Taylor approximation
This model is convex ,always althoughSO

there might be mor than one minimi-

zer, we can use first order optimality,
0 = Dr (W)" (UCW) + PrCWis) (WWR)

E Whenever
↓ defined

WHI = Wi - (WiJUIN))JUCW)r(WM) .
*r(Wk)+



Ther i a unique solution when

Vr(W)"DUCWK) is invertible.

A slightly different interpretation
Let's compute the Hessian of fl.)

σ σ

ouch

The second term is horrible. Fortuna-

fely it should be close go to zero as
rcw)-> 0

,
which is approximately true

for leas squares. Let's show that

thi method emulates Newton's.

Theorem (V) : Consider (D) and suppose

the following holds in a ball of radius
8 near a minimizer w?

미 We hav tha JUIW"TUCW)?621.

(2) The Jacobian Jr is B-Lipschitz.



13) The residual at the solution is zero.

(4 ) δ < 2응
Then, the iterates of (GN) give
1WK+1-W

* 1l! 11WK-WEI ↓ K.
20

provided11Wo-W' 8.

Proof : Definecx =WW Assume that
ー

Heal > 8. We shall prove that llecill >S.

Expanding,
9K+1 = CK- (PUCWa)"DUCWK "8ULWK) UCWa)
^

JTJ=I = Pr(W.)
+ (Dr(Wk) ex - vCNk)). .

Using th Taylor bound from HW1
0

11 r(WP) - r (Wn)+NU(Wn) call s lleall

combining these two gives
nektill ≤ HOrwalt'll lealに

≈
(why?) 드 lekll? 디

2θ



If we don't impose (3)
, you can easily

prove that the convergence is linear.

Lemma : Suppose that f= /U.112 is M-

strongly convex and UIWP) =0. Then (1)

holds with ㅢ

A very important issue with this method
is that it can be super unstable when

TU(W)"NULW is nearly singular.
fExample : Consider the problem

ー

f(t = 会 ( ^ー1) iw
rct)

Then (BUCH OUCED T So

tat ,← tco “ 会 (t《品)
Hence

,

limtoto ta a t ∞. ㅓ

Thi motivates putting a cap on how big



the spectrum of (JU(w)"8r(WK))" can be.

Levenberg- Morrison- Marquard+
To do so we add a regularizer to our
model,namely
(LMM) WK+,* argmin) r (W) + 8rCWp) (W-Wis) /1+dlW-WalR
This has close connections with ridge regression
and 1st order optimality gives us

In turn
,
the way set x is very in

portant.. The following result captures
this fact.. We assuming a cap
in the damping coefficient
.) λ

a
≤λ

。

Theorem : Consider (D) and suppose_

the following holds in a ball of radius

11) We have th - JUIWTUCW)?621.

(2) The Jacobian Jr is B-Lipschitz.



Consider (D) and suppose

8 near a minimizer w?

) We hav tha JUIW"TUCW)?621.

(2) The Jacobian Jr is B-Lipschitz.

13) The residual at the solution is zero.

14) We set x <.
(5 ) 8 < 2 ( -歳) 一
Then, the iterates of (LLM) give

11WK+ -W
*1 11W,5WEll t* 11WK-WFI3

20 K,

provided11Wo-W' 8. ㅓ

The proof issimilar to that of
Theorem (V) . This theorem tea-

ches as that at least under

these assumptions , it makes

sense to set
- Unrealistic

XK ~ IWK-W11.



In practice people often use

↑ k = Ir(W) 11.
Observable

One can extend the previous theorem

to prove a guarantee for Irlw1I,
which motivates this choice. (think howl

History Trivia
People often call the (LMM) method,

Levenberg - Marquardt.. Philippe Toin+
told me that we met Morrison and

we was a bit sour about.. Let's

give the guy some historic credit

back.




