
Lecture 7
Last time Today
D Preconditioning I & Quasi - Newton methods-

Newton's method & BIGS

We saw last class that Newton's has a couple
of issues : Xmin(V2f(WA) < 0.

(i) It might converge to saddle points is
started close to one.

(ii) It is expensive.

Let us emphasize the second issue.

Given a dense PSD symmetric matrix M
*
we

can invert it exactly using a Cholesky facto-
razation

,
which costs Old?) memory & Oldflops.

We can invert it inexactly using conjuga
te guadient, which costs Old2) memory
and (TTM log() d2) flops.

It's hard to abstract these numbers. Let's
see an example (see website).



Thus
,
there are different regimes

Scale Range What is reasonable?
small d 103 d

,
d2
,
d3

Medium 10d I 105 d
,
d2

↑ Large
d 105

2

d
.

When dealing with fnlw) = [ljcw) wejIl
increase the cost of computing gradients& Hessians.

Today , we will try to get precondioning
to work up to medium scale.

Quasi-Newton methods
A natural idea is to substitute 72f(w)
with something a bit simpler to compute.
The idea is

(CN) WKH = WK-kBif (W) .
We would like three things :
(1) Descent Intuitively this shouldin f(W) .E help us avoid saddles.
(2) Emulates Newton near a minimizer.

↑
(3) Updating & Inverting B is "cheap." Fast conver

gence
Let us start with a general condition



that guarantees descent..
Lemma (D2 .0) Suppose f : RP-R is 1-

smooth and Bi >0, then (RL) gives
fCWcn > f(Wa) - (M - thisB)) 110FWIBi

-~
2xmin(Bi)Positive when InE10.->L

The proof is very similar to that of the

original descent lemma, and it right
away tells is that we get substitute 1)
with (1) Br 30 .

Now, let us try to materialize (2) . Intui

firely we want to capture the "cuura
->

ture" of f . We can capture some of it
Wi+1- WKwith gradients, since

Of(WM) - Of(Wn) = (S02fCWn+ +sdt)*S .

#
~Near criticality HK↓

When is small Hk2 f(WK+1).11SkI
So we could use (A) as a way to
constrain Bra. So we ask for



SI
ne

12* ( Br(Wry-Wa)-f(wa).
In 1D this corresponds to

ItBr-filwn).
In higher dimensions however By has
did+1)/2 and (2

%) only hasa

constraints
,
thus

,
there are many

Bi's that satisfy this .
For this we go back to (3) , one simple

way to do this is to request that
(34) BK+ - BK has rank r.
↑

A first natural idea is rank (BK
+ -B) =7.

However one can show that if (2%) and

(3%) , then11) cannot hold. Thus
,
we

focus on (3%
)
. We know that

with2,BEIRBK1 - Bk = x un" + BUVT u
, v - IRP

Given that we expect (2%) it is natural
to take U = BKSK andV=Yk .

E
Allows us to easily correct for (2)



Then

Y= BK+1Sk
= By Sk + x (BSrs SK) By

↓ B .(yn, SK) Yn

=>* and B =J
This leads to the update

Brit Bi-BsB+Eg
Proposition : Suppose that B, Bi30 , Sit~

O
,
and [S

, YK) > 0. Then, BK+1 30. -
Proof : Take VERP 1203. Then,
viBrIV = VTBsV- (vBuSk)e~

> BKSK,Six
~↑

Nonnegative by Carchy - Schwarz<Ba
, B"26)" [ < Ba

,
a) < Bb

,
b)

There are two possibilities.
D (v = cSk) Then, first two terms equal zero
and vBi+ V = (2 (5K/YK) > 0.

D (otherwise) Carchy - Schwarz is strict and



the first two terms are positive. (Why ?) I
Thus

,
we need to guarantee that

<Yk , SK) >0 K. This motivates the

Wolfe conditions for finding UK, namely
& Ensures the two are compatible

DescentOCC <<1 , we wantgiven ↳

f (W -4k B, 8f(Wn)) < flWK) - GM (BiTf(W), Of (WK)),
())
< f(Wk-MkBis8fIW)), BisVf(W)[ "[0fIW), B"-fJWK))
~

WKt
* Ensures (yn, Sk)> 0.

To see why we want the last condition, note

[8k,SK) = - Unf(Wk)-Vf(WK), B7f (Wi)]
? Uk (-C2) [8f(WK), Bis Of (Wis)]

> O
.

BFGS (Broyden-Fletcher-Goldfarb-Shanno)
We have all the elements to state BFGS,
with one small careat

,
we want to

be able to update the inverse Bis effi-

ciently , to do so we note that

#)
Bit = (1-S9i) Bis (1-nsi)+sYSK

Y



I
Can be written with one matrix-vector

(Check! product and two outer product..
Thus the total cost is OCd3) flops.

BFGS Algorithm
Start with wo and B=yYo

.

Step K50 :
Choose 110 to satisfy (9)

set WKH> WK-4kB7 f(Ws).
Update Bril using (t).

This algorithm is great in practice, but
Old?) becomes toowhenI gets large
,

much of a burden. Instead
,
Nocedal

proposed in 1980 a variant that only
keeps the lastm pairs of (S, YK). The

complexity of this variant is Oldm) and

usually people set m= 10 or m=20. This
variant is known as LBFGS.

e
low memory



What is known about K-)BFGS?
One can show that BFGS satisfies

up-wo E span? NICWO), ...,fCWs)] .
So we should not expect faster con-
vergence than for M-SC + L-smooth.

L-smooth +M-SC + Q-Lipschitz Hess

Fails to reach Global linear Global linear
BFGS criticality convergence Eventually superlinear

Mascaren has (2004) Powell (178) Nocedel-Wright (1999)

L-BEGS Fails to reach Global linear Global linear
criticality convergence convergence
Dai (2002) Lik-Nocedal (189) Lik-Nocedal (189)

↑ A
In practice L-BFGS seems to be much better !
See also Jin-Jiang-Mokhari (2024) for a more mo-

dern nonasymtotic treatment of BFGS.


