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Lower bounds

In Lecture 2 we derived linear convergen
ce for GD on PL + smooth functions, i.C.,
T = Klog() = f(w) -f

*
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The reason why it is called

linear (also geometric is
that if you plot it on a

log-y scale it looks like

a linear function. -
This is pretty fast fast, but it is natu
ral to wonder

Is there a faster algorithm than GD ?

Today we will answer this question . To

do so
, we need will use a framework

originally developed by Nemiroski and



Yudin 1983. The idea is the following
suppose we have

A metric of progress 2( : ) ,
a class of algorithms As and

K

a function class F
.

↑ "Number of
iterations"

Then our goal is to find a lower baund

for inf sup L(WA) .
At Ar feF

This is a beautiful idea, but we have
to be careful with what an algorithm
can do . Imagine we allowed the algo
rithm to guery infinitely many point
per iteration , that would allow us to

solve any problem in one iteration.
A better "united" is the number of
oracle calls (questions or queries to
the function) . Today we will consider

first-order oracles , i. e.,

w -> (f(w) , Uf(w)).



We consider iterative algorithms that
produce

one per oracleXo , X, . . .

, XX call.

For simplicity , we assume that our

algorithms are provided Xo = 0 and

(k) *ke Span &Vf(X) , ... Of (X)Y

For the metric of progress we will
ve

far function gap
We instantiate this strategy for two
function classes -strongly convex + 1-smooth

functions and M-PL + L-smooth functions.

strongly convex functions
Theorem It) : Let L,M, D 30 with K = Ym27,-

and T : 1. Then, there exists a

u-strongly convex
,
L-smooth function

f : IR2 -> IR with
+
-0 , and f(0) = 1

such that every method satisfying



(In) obeys

#70(&

The same holds for the "best" iterate .
+

Corollary : Under the same setting , we
get that whenever 24 , then

T1mind, log(
↑ -

This isactually important, otherwise the span
can generate the entire space.

Proof : Before delving into the proof
-

let no provide a road map.
1. construct a minimizer with exponentially
decaying entries and a "chain" function

for it. .
2. Verify that the chain function is in

the function class.

3 . Show that the chain function only
reveals one entry per query.

4 . Convert this fact into a lower bound.



Step 1 : Build a chain
-

For simplicity , write

p = () (0, 1) and:
We define our minimizer as

2T - 1
w
*
= (a , ap, as,..., ab (

and the chain function as
(*) IT-1

f(w)=p [3-p 4)(a -we) +&( -0x)]
* The worst Smooth + SC in the world .

It is easy to see that f(w* ) = 01 f(w) Yw.

Further

f(u) 2 zpp(1-pz)a2 = 1 .

Step 2 : Verify the chain is in the class
-

For this we will use a classical fact&
Fact (characterization) A twice differentiable
function f : IRIIR is u-strongly convex and

↳-smooth if, and only if,



Lowner order AEBE) Xmin (B-A)=0.
Y

MIn5f(w) < LIdWeRY
Our function is a quadratic that we
can write as

f(w) : -> Ju + Bw - H-pael)2(1+p)2

with a tridiagonal matrix

B =
-P1+1 -P Check !)I
T -P

..
-D (- 140 L

- 1+p2

Expanding we obtain that

wiBw = wi + We +(+zwir-2Wiwiti
Using the fact that 21avl = 12 + 12 we

get that
w Bw = wit w + (+p2)mi-p)wi +witi)
=+-p((w,+ wz) + (1 -p)2w

(1-p)z(
-p
Y

= (1 -p) =Iwil



A similar argument, yields wiBw =+plwIk
therefore

ul==BI
un

-2f(w)
so me concludef is in our function class.

Step 3 : Each guery reveals one coordinate
-

Define the subspaces
Eo = <03 and Ej = Spande, ..., ej) Vj.

The gradient of is

0f(w)= (Bx - 1-pa)
So for Wo Eo and Me Span (5f(0)) : Ex
Now, let's show that

WitEreWitExt

Suppose WEEK ,
since Br is tridiagonal

BWy = :I·)
Y
K col



Hence * f(wi) e Eri Wiespan Ekt-
Step 4 : Convert this into a lower bound
-

We know that for any Vector WeEm
we must have that

Z

I w ++ 11 = asT
Our goal is to use this as a lower bound

for few)-f*. To do so
,
notice that

2k- 1

(i) f(w)-fy(k-p4z+ [ ( -pt))
f* =0 j= 1

and=W
Let's we Carchy-Schwarz to lower bound

T

apT =p z) -[T-j(zjPzj)
Expand ↑

p Z
I

Ejt = pzj +(m)))) I z2 - P Z, (Y:
Z

(8)
z
++1
-

P +

um

-

I
j =1



The first term in this product simplifies
D
.=1 -p

On the other hand
, using (i) weget

P2+ (f(W) -1

squaring 180) and using these two

bounds yields
a22T [2(f(w)-

Rearranging and simplifying gives
-(1 -02)
-f(w) -f*
2(1+P)2

a e2T =/
I

Functions satisfying PL

The previous result also applies
for PL because SCPL .



Thus , we know the following
Impossible GD

(num[nur we-A ↑

Elog(') Y Klog(')
What happens here ?
The answer to this question
depends on the family of fun
tion we consider.
For

, functions satisfying PL
,
the lower

bound we derived today is loose.

Theorem (Yve
, Fang , Lin 2023) : Fix

↳M , 130 with K = Yu = 105 and TI1.
Then

,
there exists an L-smooth function

f : IR
?
-> 1 with fo =0 and f(0) = A such

that every method satisfying (N) obeys
f(wK) -f* 2 exp(-105+/m)-

A
The same bound holds for the best

iterate.



Thus we get
T mindlog
Hence

, up to constants we have

Impossible GD

uni-
Klog('() -

Next class we will see that
for strongly convex - smooth function,
Impossible Accelerated GD

muwe-
Elog(') &


