
Smooth optimization
Let us start simple and assume , I is
a smooth function , with L-Lipschitz gradients

11Vf(w , ) - -f(w)11- L llw-well.

Let's think of as a black box (we don't

know its exactstructure). We can merely
query w (f(w) , of (w)) · Our goal is
to find a E-critical point.
Theorem (Taylor) : Let f : RP-IR be
X
an L-smooth function , then

- If(y) - f(w) - (of(w) , y-w)l- Ellywill+
Armed with this result we can derive are

incredibly useful lemma.

Intuition
f (w) + 10 f(w), - wi + Elly-wll?

Y f( :)
&~x
--n
This simple result, motivates an
incredibly powerful idea.



Algorithmic design principle
Instead of minimizing f directly,&
iteratively minimize an approximation
of f centered at the previous
iterate.

We will use this principle over
and over again g Let's see a

first instantiation.
In)(Step K = 0 :-

WWk+, argmin G(Of(W), w -Wh) +- Iw - cy .
-- 27k-
Linear approximation Anchor

Let's use first order optimality conditions.

o = -CWH) = -f (Wi)+ (W - Wi)
#

(GD) WH+1 =Wk
-21 - fWm) ·

Next , let's try to show this is a good idea.

Descent Lemma: Letof be L-smooth
-



and ne(0, 21). Then

f(w-a-f(w)) < f(w)-2(1-(x) 110f (will ?Z
num

1 when n=
2L

Proof This follows from Taylors with-

y =w- Of(W) , since

f(y) - f(w) + 215f(w/l12
= f(y) -f(w) + (0f(w) , y

-w]

↳ E11y-wil

= 110 f (W) II" .
I

Theorem (D : Suppose that of is L-smooth and
-

inf f >.% . Consider the iterates

Wit, Wi - - OfSWs) ·

Then,

min 1108(WI s(wf).Ke[T-1
* 40 , 1, ...,T-1]

Proof : Applying the descent Lemma-

to each index and adding all inequali



ties up yields
T- 1

↳ 118f(W)I(w) -f(w)
= f(wol - f(w+)
1 f(o) - inff .

Using that the minimum is smaller than the
average gives
min 110f(wil11(112KE[T-1]

-
> fewo) - inff-

compleating the proof. I

A natural next question is when is
it that we can garate something
about the distance to a solution.
For that we need additional regularity
assumptions.
Definition : We say that functionI iS
-

M-strongly convex it for all w, yer!
(v) f(y) = f(w) + (5f(w), yw) + Elly -wil↑

convex when M=O.



Intuition

·⑳I -->f(w) +<0 f(w),
· -w)

-- +E11 - -wil?n
There are very strong consequences of this

assumption.
Proposition /Quadratic growth) : Suppose that

f is n-strongly convex
. Then , I has a

unique minimizer wa
,
and for all weRa

M 11W-w& 11? I f(w) - f(w*) ·
Z I

Theorems 18)Suppose that I is L-smooth

andu-strongly convex. Then , the iterates

of (GD) satisfy
f(wi) - f(w) - (7 - -)"(f(wo) - f(w).

t
A simple computation yields that if
we want to reach

(t) f(w+) - f(w*) -E ,
then it suffices to take



(why?) T2 ↓ In -few)
Further guadratic growth ensures

Iw+ -wall22E/M.

Remark : For Theorem (D) we needed

T2 22(f(r)-f(w)) for (4) . If 3 : 10
Th

= 5 = 1012 While In) 14 . +

Thus
,
how fast (GD) converges is dicta

fed by the ratio
k = Yue(t, b) .

From now on we will call this Scalar

the condition number. This is not

an artifact of the proof . (see demol *

We will come back to the proof of
Theorem (*)

,
but summarizing :

For general smooth functions, we can
merely find critical points at a rather
slow rate OCE-2).



fast
If we want to guarantee "convergence
towards a minimizer , we need additional

geometric structure.

Polyak-tojasiewicz Inequality .
For a long time, most of the "additional

geometric structure" optimizeus used to
=

I'll use this word to refer to people
prove guarantees amounted to strong convexity.
In the last couple of decades , that has

changed. Published this in 163 and was ignored until 2016.X

Definition (PL Inequality) : A differen-
tiable function f : /-IR satisfies the

PL-inequality if there is a uso s . t..

u(f(x) - inff)< 115f112 # xEIR9
I

This is a relatively strong assumption,
in particular it yields that

Xf(x) = 0 => f(x) = inf f .
Nonetheless

,
it generalizes the votion of

strong convexity.
Lemma (SC = PL)· Suppose filR"-IR is



differentiable and -strongly convex
,
then

it satisfies M-Ph . Further, there exists

a nonconvex , smooth function that sa

tisfies M-PL.

Proof : We only prove the first state
ment

.
Pick whe argmin f and set y = w

*

in (v) to obtain

f(w*) - f(w) + <0f(w) , wo - w]+1w-w(p
Complete -
the square

= f(w) + El-(w)
- 110f(wil12]u2

= flw) - -110 fcwill?
zu

Rearranging the terms gives the result. #I
Now , let's state and prove the linear

convergence of (GD) under this condition.

Theorem (8)Suppose that o is L-smooth

and satisfies M-PL .
Then

,
the iterates

of (GD) with NK= satisfy



f (wi) - inf > (7 - *) "(f(Wo)-f(w) .
t

Proof : Using the descent lemma and

m - PL, yields Y Descent
few-infff(wl-80-Yful

und

f- f(w-1)-28 -(f(w- -f)
PL

= (1-m) (f(W,-,) - f
*

)
Recurse -

&(2 - mr)" (f(WO) - f).

History trivia
Polyak's paper in '63 Karimi ,

Nutini
,
Schmidt 2016

6↳

Next class we will see modern applications
of this result..

slide from a
2021 talk by ->

Polyak (Passed away in 2023)


