Optimization for Data Science, Autumn 2026 - Homework 2
Due Sunday Nov/1, 11:59 pm Chicago time (Gradescope)

Your submitted solutions should be your own work. You may discuss the problems with peers and
consult sources, including Al tools, but you must acknowledge the sources you use. Write all
submitted solutions from scratch, in your own words, and without assistance from an
LLM during the writing process. Copying Al-generated solutions is not permitted.
You are responsible for understanding every part of your submission and may be asked to defend
it in a one-on-one oral examination. If you cannot demonstrate that understanding, you may
receive a zero on the assignment.

Problem 1 — Harder, Better, Faster, Stronger

For this problem you will analyze the convergence of a variant of Nesterov’s accelerated gradient
descent for strongly convex smooth functions. Let f: R? — R be a continuous j strongly convex
function with L Lipschitz gradient. Write f* = min f = f(w™).

Algorithm 1 AcceleratedGradientDescent

Input: Start point wg, number of iterations T’

Initialize yg < wp, A\ < 1
Iterate (k=0,...,7 —1):
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(a) In class we saw that Algorithm 1 achieves a rate of convergence of f(wy)— f* < Wﬁ%w

for £ > 1. Find an integer value 0 < 7™ (in terms of p and L) such that if we set k > T*
we have

flw) = 7 < (f(wo) — f7)/2.
(b) Consider the method that at each iteration updates:
Zi+1 < AcceleratedGradientDescent(z;, T™)

starting with zg = wg. Here T™ is the value you found in the previous question. That
is, at each iteration of the algorithm we run an instance of Accelerated Gradient Descent
for T iterations and then restart the method. This is known as “Restarted accelerated
gradient descent.” The total number of iterations of this algorithm is the sum of all the
iterations of Accelerated Gradient Descent that the algorithm performs. Show that for any
0 < e < f(wy) — f*, this algorithm finds a point z € R? such that f(z) — f* < ¢ after a
total number of iterations of at most

[4\/L/ ] - {logQ (Wﬂ iterations.



Problem 2 — Getting over the span

The lower bound in Lecture 4 was first proved under the span assumption. Here you will remove
that assumption for deterministic first-order methods. Let f: R?>T — R be the strongly convex
chain constructed in the handwritten Lecture 4 notes. Use the notation x,p,a, and E; from
those notes, and assume x > 1. You may use the properties of this function proved in class
without proving them again.

Consider a deterministic algorithm that queries wy = 0, w1, ..., wpr_1, receiving a function
value and gradient at each query, and then returns wy. Each point may depend on all previous
oracle answers. There is no span restriction, and the output need not be one of the queried
points. We will choose a rotation of f that is iteratively chosen as the queries arrive.

(a) Rotating the function. Let U = [u; --- usr] € R?7*2T be orthogonal, ie., UU'T =
U'TU = I, and define
Fy(w) = f(Uw).

Compute its gradient and Hessian. Show that this transformation preserves the smoothness
and strong convexity constants, the minimum value, and the initial function gap A.

(b) Choosing directions as queries arrive. Our goal is to iteratively pick a rotation U so
that for all k € {1,...,7 — 1} we have

wy, € span{uy,...,ugpt and VFEy(wg) € span{uy,..., usx+1}- (1)

(1) Choose any unit vector uj, and show that it determines Fy;(0) and VFy(0).

(2) For k € {1,...,T —1}, suppose that the first 2k — 1 columns have been chosen. Show
that, once the algorithm chooses wy, you can extend these columns to an orthonormal
family uq, ..., usgs1 such that (1) holds.

(3) Show that the values of Fyy(wy) and V Fyr(wy) do not depend on the last 27" — 2k — 1
columns of U. Conclude that this iterative procedure to construct U preserves all
previous oracle answers.

(c) Accounting for the final output. After all 7" answers, the algorithm determines wrp. At
this point, u1,...,usr_1 have been chosen. Show that you can choose the sign of the final
column usr so that

(ugr, wr) < 0.

Explain why this choice does not change any oracle answer. Prove that running the
algorithm on the resulting single, fixed function Fy reproduces the same queries, answers,
and output.

(d) The lower bound. Apply the Cauchy—Schwarz argument from Step 4 of the Lecture 4
proof to show that any w € R?T with (w)sr < 0 satisfies W > p*T=2 Hint: The
last coordinate of w* — w is at least ap?’ ~!. Deduce that

Fy(wr) — Ff > p4T—2.
A >
Compare this with the p?” bound under the span assumption. Explain why the dependence
of the iteration lower bound on x and the desired relative accuracy is unchanged up to a
constant factor, provided the dimension is sufficiently large. Does the construction give
one function that is hard for every algorithm, or a hard function for each algorithm?



Problem 3 — Pitfalls and hidden beauty of Newton

This question concerns the divergent behavior and interesting properties of the Newton method.
In parts (a)—(c), we are finding a root of a scalar function F', using

F(wk)

F'(wy)

Wg+1 = Wk —

In class, we considered the special case F'= V f.

(a) Divergence. Find a continuously differentiable function F': R — R with exactly one root
w*, such that F'(w*) # 0, and an initial point wy € R for which the Newton iterates
diverge to infinity. Check that every iterate is well defined.

(b) Cycles. Consider F(w) = w? — 2w + 2. Find two distinct points wp,w; € R such that the
Newton iterates cycle between them forever:

wo, Wi, Wo, Wi, Wo,-...-

(c) Fractals. Over the complex numbers, the boundaries between the basins of attraction of
Newton can be fractals. The picture below comes from the polynomial in part (b).

3BluelBrown has an absolutely fantastic video about it. For this question, you just need
to watch the video :).

(d) Affine invariance. Now consider Newton’s method for minimizing a function. Let
f: R* - R be C? with invertible Hessians everywhere. Let A € R%*? be invertible,
and define ¢(z) = f(Az). Starting from wy = Azp, run

wig1 = wy, — [V2 f(wp)] 7'V f(wy), and
Zhp1 = 2k — [V (21)] 7 Vb (z).

Show that wy = Az for every k.


https://youtu.be/-RdOwhmqP5s

Problem 4 — Filling in the details of BFGS

Write g = Vf(wg), and let By = 0 be an approximation to the Hessian, with Hy = Bk_l. A
quasi-Newton step has the form

pr = —Hyqp and W41 = Wk + NMkPk-

The measured change in position and gradient is

Sk = W41 — W and Yk = Jk+1 — 9k-

Here y; denotes a gradient difference, as in Lecture 7; it is not the extrapolated point from

Problem 1.

(a) Lemma D2.0. Prove the lemma from the handwritten notes for Lecture 7: if f is L-smooth
and By > 0, then

L 2
) < 7000 = (= 32 ol

where [|[v]|2, = v" Mv. Deduce a range of positive step sizes that guarantees strict decrease
whenever g # 0.

(b) The BFGS update. Suppose y, s > 0, and set pr = (y sg)~'. The inverse BFGS
update is
Hyr = (I — prsiy ) Hie(I = pryesy, ) + prsesy, -
Show that Hj. 1 is symmetric positive definite and satisfies the secant equation Hy 1y =

sk. Explain why the next direction is a descent direction unless the gradient is zero.
Expand the formula into a rank-two update that can be evaluated in O(d?) operations.

(c) The Wolfe conditions have a solution. Let f be continuously differentiable, let p be a
descent direction at w, and suppose f is bounded below on the ray {w + np : n > 0}. For
any 0 < ¢1 < ¢o < 1, prove that there exists > 0 satisfying

fw+np) < f(w) + C1?7Vf(w)Tp, and
Vf(w+np)'p> eV f(w) p.

Hint: Compare ¢() = f(w + np) with the line $(0) + ¢11¢'(0).



(d) Finding a Wolfe step. Under the assumptions of part (c), consider the following proce-
dure, where ¢(n) = f(w + np). Prove that, in exact arithmetic, it terminates after finitely
many iterations and returns a positive step size satisfying both Wolfe conditions.

Algorithm 2 WolfeLineSearch
Input: Function ¢, constants 0 < c; <co <1

Initialize £ < 0, u < 400, n < 1
Iterate until a step is accepted:

L. If ¢(n) > ¢(0) + c1n¢’(0), set u < 1.
Else if ¢/(n) < c2¢/(0), set £ + n.
Otherwise, accept 1 and stop.
2. Set
(L+w)/2, ifu< +oo,
n <
2n, otherwise.

Output The accepted step size 7.




