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Strict Saddles

Lately we hav focused on local convergen
ce guarantees, but in practice we don't

get the luxury of initializing close to a

solution. This points to a natural Ca:
when do first-order methods converge
to local/global minimizers only?
Today ,

we will focus on GD.. We know

CLecture 2) that we can find points
such that

The guarantee we will prove is based

on the idea that we can avoid



the following saddles.

Def : We say that Wi is a strict
_

Saddle point if

7f(W#) =0 and Amin(8?fCW1)) < 0.
ㅢ

The intuitive idea is that the least

eigenvector gives a direction that pushes

Example : Consider the 2D function
flw
,
Z) = - α ω^ +差 も ?

Ʃ

GD takes the form
NK11 = (1 +4x) Wk and Ek+

= (1-4B) =K.

If we follow the flow X=-f(x),

onlyaasmme "setgets
trapped at zero.

ㅓ



Measure zero sets

To understand what "small" means, We

need two measure -theoretic ideas.

Def: Let SCIP be a subset
,
we say_

thatS has measure zero if for all

> 0 there exists a countable sequence of
balls B1, Bas... with SSUB; such that

*

& vol (Bi) E.
ㅓi=」

Theorem (Fubini) : Let S ? /RP
.

closed and

vEIR91903. Suppose that for all XEIRd

we have thethat intersection

(X + Span (vg) 15 countable.is Then,
enough
-

Finite isS has measure zero.
for US.

can that properprove

and surfaces↳...obspacesmeasure zero.



Escaping strict saddles
We are now ready to state our

core result for today.
Theorem : Let f :RP -> IR be a c2 func
_

tion with an L-Lipschifz gradient.-
Suppose we ran (GD) with 46 (0,) and

No is picked at random wrt to a

distribution with a density. Then,

for any strict Saddle Wi we have

IP (lim Wn = WH) = 0. ㅢK->A

Remarks :
ー

1
. We don't assume (GD) converges.

2 . If the strict saddles form a

countable set, we can avoid all of them

wit probability one.

3. If, additionally, all critical points



are either minimizers or strict saddles
,

then,

if the iterates converge, they go to minimizers.

4. This is only asymptopic. In the

worst case it might take 2(exp (d)
number of iterations (Du et al. 2017).

require5. Nonasymptopic guarantees
adding stochastic noise to the itera-

fes (Jinet al. 2017). J

Today we will prove this result

som lemmas that we willassuming
prove next class.

Proof:
_

WLOG , suppose W1 =0 and

flo)= D
- o )I음밌
ms0 d-m



where D. C0 and D+ 10 . Define the

GD map as TCX) = X-20f(x). Then

DTCO) = I - そ O
2

FCO) = ( I-ND. )IMD
Define

y = λmin (-D- ) 20.

By continuity of 82f1.) there exists

~o such that

1182flw) -7"f(0)llop? VwEB
.
(0).
~

π K
√

Finally set

SFIWEKITCW) GK UKY

二感 (TR)
~

(K ) 、

This set contains converging trajectories
and more. Let

℃(WH) = す ωo ) T
"
(ωo) →Wt } .



we want to show that E(WF) has mea

sure zero. Any trajectory that conver

ges to WH eventually stays in S
, so

(A) E6W#) ⇐ ‰I )" (s) .
We use the following results.
Lemma (Null) : The set S has zero measure.
_

Next class ㅢ
(a)

Lemma (Inverse Lipschitz) : For any pair_

W, y ERP, we have

IIT(w) - Tly)111 (1-2L(llor-y11.

Hence, T is injective and its inverse
T"is(1-2L)"- Lipschitz.
Proof : Expanding
lUア(ω) - Tcy) ll = 11 w - y -そ (Ofsw)

- ofcy))1
Reverse triangl,
inequality = lw-yll-210f(w)-UfCyII
f is L-smootht ?(1-2L) lw-g11. 디



Next class 에
3 Lemma (Image of a null) : Suppose F:/R&->R

&

is L-Lipschitz , and C has zero mea

sure. Then FCG) has zero measure.-

By Lemma (Null) , S has zero measure.

By Lemmas (L) andG1) , (T')"(S) has
zero measure for all j. Then, their

countable union has zero measure. To

see why, take 230 , and cover the

jth set by balls [B:3?, of volume less

than E/25+, then

j2 」 i=f J1 i혀~
CE

Thus
,
(A) and (B) show that ECWH) has me

sure zero. Further
, for any E30, there

exists an M30 s.t..

) SPlu dw = E . (Why?



Then,

IPC lixWc= Wt)

= Ewa) *<PcMy(w) pl) du + Sa*SpzMyPlu)du
하
D

Nex!M
de e

로 를 리올 = ε

Sincea was arbitrary, the conclusion follows.
디


