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SGD reaches criticality
Let's continue with the proof of Lemma
CED) 。

Lema (ED). Suppose Assumption (SGD)

(X) holds. Then, at eac 1 we have

E Ef (wk ,x]≤ flwk]- 다 . [1 -열) lof(wk)로 Lnozㅿ.
Proof : Using Taylors Theorem
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Let' bound the norm Igalk in expectation
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Combining (i) and (B) gives the result.
디

We are now ready to establish a guaran
fee

.

Theorem (SGD to criticality). Suppose_

that Assumption (SGD) holds. Then
,
the

iterates of (SGD) with Mr= 2EC0,)

satisfy that for any T1,
(o) 予臨

E

1lof(wclで ≤ 2

。
t

L そo:

Tension between controlling noise and convergence.
ㅢ

Proof: Taking total expectation in (x), and

applying the tower law gives



EEf(Wk+,) ] ≤EflWr)] -歌Ellofwrll ? +しn
Rearranging and summing up to 7-1,

登 ƩEMOfwr)R ≤ 臨
(

fwr)-fw'c+、l )ヤ
= flWo) - [fIWT)+22g)
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Dividing by 2T/ gives the result. I
Corollary : Suppose Assumption (SGD) holds.
Then, for a given time horizon T21 , the
iterates of (SGD) with

nu =片
satisfy
卡鼠 E 1lof(ωx) 1| ≤ rucfw.

r-f)ㅓ
The proof follows from(0) and Jensen's.



If we tak R ~ Unif [F-1], then the same

upper bound applies for EIFCWR) 1.

Thi guarantee is much worse than

what we got when 50
, namely

_

TF(Wo)-f)
F
T

Also it requires knowing T. If we

want an any-time guarantee, we might
take Na :v , why? ) .

PLis back

Recall that we proved much better

tee under the stronger, PL inequality :
CPL) 走 (lof(ω) |2 ≥ µ (fω) - f

*) .

Th next result shows that although
convergence can be faster, the noise



floor doesn't change much.
Theorem (SGD under PL). Suppose that

Assumption (SGD) and (PL) hold. Then,
the iterates of (SGD) with 1=2->C0,)

satisfy that for ever T10,

E [f (ωτ) - f
}

ε [ I-µn
)
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θ zu

Here is tha tension again!

Proof : Taking total expectation in CD)

and subtracting f* yields
E [f(Wk+.) -f

*

] ≤ Ef( (ω c)- f打一些 E 1 lof(ωk1112
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t[n20。
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Recursively applying this inequality



yields
T

ST Ʃ 11-2M) 8o +L (1-ya)"

= (1-4M)So + LM6 (1- (1-UM)T)

(1-2u)
= S1-UMIT8.+no2 . P

Why can't me surpass the extra noise

term with a constant step size ?

To see exactly why , let's consider a
finite sum example, i.e.,

^

fw) = 品 filw).
Suppose we have a sequence

0f (Wk)- >O.
Even in tha case

, we don't

need to see oracles tha go to zero,



e. g., we might have tha Vizin]
-fi(W) O.

Thus
,
even though the average goes

to zero, the individual components might
not (they cancel eac other, but aren't zero).
Next we will see how to bypass this issue.

Variance reduction.

This section only applies to finite sums
as in (2). For this type of losses we

could feasibly compute a gradient, yet
it might be expensive. The key idea

of variance reduction is to compute one

full gradient every so often and note

flw)=Of(w)← 吉 : ( OfiCw)-Jfila)
_

Nearby point shouldn't grow too
much if Ofi is Lipschitz.



This naturally suggests a gradient estimate

Then
,
it is immediate that

Eg ( w,i; ω
) = 7 f( ω).

So when would this estimator be less

noisy? Suppose for instance that each
8fi is L-Lipschitz , Define

Ai = Ofilw) - 7ficω)

then
, g(w,2jw)

- 8 f(W) = Ai - EA:. So,

Ellgcw, ijw-EfCw) lR -I 1Ai -EAi 1R

E 1 AiIR2SEAi ,E Ai)+Ailk
E NAiIP- HEAiIR

EE NAil|?

= E1 l7 ficω)- Ofcwi112

Could be really small if we are
close to



This suggests a natural iterative method

Compute 8flWo).

For t = 0,...,T-1

(SVRG) Drawa fresh j-Unif [n]

t태

Updat Wit,+t
Next class we will analyze this
method.


