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Missing lemmas

let's finish the proofs from last time.

Lemma (Null) : The set S has zero measure.
_

ㅓ
Proof : The key idea is to show that two points

separated by a negative-curvature direction cannot
both stay in K . Recall that at WH =0,

OT(WA) = ( Im
-nD-

=am-2Dx) .

Consider four points
we(n,v) EN wEJû, Y)EK, TCW)= (mr", vT), & TCW)=(ETF.}'WGIRm
Plus, the four distances

U= In-Fl
,
V= Iv-Ull

,
UT= lat-utll & VEIV+-8t

.



of: (1t결]U,
Claim : Suppose UIV ,

then Ut ? VT.

Proof of the claim : By the fundamental_

↓heorem of calculus

T(w)-TIw)

= OTCO) (w-w) This segment is in M.
{

_
- = (en, cv)

By the definition of K,

≤ UY Hw -wll
π

드 , ( U
+ V )

드 조몰 U .

Then,



Ut = 11 2+-+ 11

: 1 CI-UD. ) (w- w) + ewll
∞

*
min(I-2D_) => (1 + (4) 12-ull-leall
:(1+조)

& reverse
크 (1+ny) U -

조몰 u
triangle

≥ π+꼴] 0

? V + Hell

C
111-2D+ llop ? 1 ∞ triangle

&> IICI-ND+
1(v-v) + erl

= VT
.
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Fix q-R 103 ,
we will show that

for any XER? the line X+ Spank(q,01

can only intersect S in at most one

point. Suppose seeking contradiction

suppose there are two points wo
. WoES



Itq, o)
~

such that = llwo-Woll 20 = Vo. Then,

inductively applying the claim
,
we get

thatlIW- Will ? Uk ? (1+ )"Vo ->x.

Thus one of the trajectories has to leave

K
,
which contradicts W., ES. The co2

clusion follows by Fubini's. 디

Lemma(Image of a null) : SupposeF:/R&->R
&

is L-Lipschitz ,
and C has zero mea

sure. Then FCG) has zero measure.-

Proof : Let Exo, and let Br (ci), Br(2)...
a covering of Ca with volume at mosti
Discard any ball that doesn't intersect C.

For all j , pick WjEC1Br (c) .
Then,

j

IIF(W) - F(Wj)I < Llw-will
WEC1Bi(Ci)



동 L Mw -cjll+ lCj- wyll)
소 2L Vi.

Then
,[B(F(Wj), 2Lvi)) covers FCG), and

Ʃ vol (BL ,
w;) aLri? = (2L)

φ
E vol (Blez , rj))

g=,

도 E 廿

Stochastic Gradient Descent

Today, we shift years a bit and

start talking about random problems.

Suppose there isa distribution D over

some space 2 (We will avoid worrying
to much abou measure theoretic details)

,

and instead of having an exact

gradient oracle wi> 0flw) we have
access to a noisy oracle

w 1 -> 9 (w, z).
↑
zwD



We will make the following assumption
(unbiased) -f (w) = E g(w, z).

This suggests a natural iterative method

(SGD)
Draw a fresh sample zk,

update WK4* WK- 49 (WK,Zk).

There area number of concrete examples.

Example (Coordinate descent) : Imagine
d is too large, so instead of computing
all coordinates of OfC )) , we use

in Unif [d]

g(w, i) =d 2 if (w) ei,

inthat
gow, indafcaw)ei= o few).

+

Example (Finite sums) : Suppose we can



write our loss as
어 a All of ML

f(W) = ↓ [fj (w). training.j=1

Then, we can write

i ~ Unif ([nJ), What is the

advantage over
taking a full

Once more gradient?

Eg (ω,j) = 吉 ÷ fj( ω)= Ofw)+
Example (Stochastic Programming) : ⇌

Suppose we can write our loss as

f(w) = Evp f (w, ε) .

Define
g(w, z) = -f(w, z).

Under mild assumptions (Leibniz rule)

EgCw, z) = 7 f (w). ㅓ

conditional expectation



Within the analysis, we will use

the notion of conditional expectation
of the samples we have seen

F
品

= σ C o,
ω Zo, …,Ek-i) 。

That is C . IFK ]. We will we three

properties. Given r.v. X
, ...,n and

41 , ..., Un EIR we have

Clinearity) [[[XiXi/F] = [xE[X; /Fr].

(Tower( EEECX. 1 F0] ] =E [X,] ,

↑ Expectation over U.V. in Fis .

Suppose a r.v. Y is determined by FK,
) Pull-out ( E [ YX, 1 ] = YE[ X,1 FπI.

Expected descent

Asa first step towards proving a

guarantee, we establish descent under

the following assumption.



Assumption (SGD) : The function f : RP->R is
L-smooth and f * = inff > -X. Further,

d

g
: RPxz -> R satisfies cunbiased) and

Ez [11g(w , 7) - -f(W)112] O? WWEIR
Lema (ED). Suppose Assumption (SGD)
holds. Then, at eac 1 we have

E Lf (wk, ]H**] ≤ f(wk) - . [1 .옆k lof(w.]14 Lnoz←
:

Proof : Using Taylors Theorem
ㄻ

_

E g
(we,Ek)

f(WM+1) [ f(Wx) - 258f(Wp) , 8r) + 22I gall?K

Let' bound the norm Igalk in expectation
CoJ # [11gn11"1 Fr]

_

= E [ Igr - f(wr)t OflwalI? 1 Fu]
~

CLinearity)
↓& ppull-out) 5r
=> IIPfIWKIll2 + 2/8f(W) , [[5k/Fk]) + #[511Fis]
sunbiased)

IIPf(WKII2 + #[511Fi] =110f(W) 11 + 8?



Combining (i) and (B) gives the result.
디

Next class we will use this lemma to

prove a rate for 1Pf(Wr) 11.


