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* Nonconvex smooth I D Finish proof
guarantees

↳ Better garantees
a characterization of for connex f
L- smooth convey f

D strongly convex

Proof continued
/

Here we continueprovingthe temous.characterizing
Proof continued.

(4) = (1) By Carchy-Schwarz

- 10f(x) --f(y)1: 110 f(x) -0 f(y)11IX-yll
#

10f(x) - f(y)1)1 (1x-y1)

(1) = (3) Taylor Approximation Theorem.



(3) = (4) For any x
, y , define

g(o) = f(0) + 10 fly) , ). 237

S

and satisfies
Note that g is connexs and Dg(y) =0.
Then

, for z = X-15g(X) we have

g(x) + (0g() , z - x) + [Iz - XIR = g(z) !
~

- 110g(x)112
= g(y)

Then writing everything interms of
X an y

f(x) - If 115 f(x) - Ofcy- fly)
- (8f(y) , x)

- (5f(y) , y)

Reversing the role of Xzy
↳ f(y) - <5f(,y) - 110-fy

ff(x,*]t -

Y-
Adding (0f(y) - -f(x) , y-X) = 1110f(x) -Ofiyli

↳ 1



Better guarantees for convex functions

Theorem : Let f :&-IR be convex

with -Lipschitz grad. Let
-- E argmin f . Then, GD with
= Yu produces

f(Xkt) - minf ↳&lo-Y
*I

-

f

How does this compare?
Our result for general L-smooth

d
functions said we find XER

St
.
110(XIIE after e)

iterations:

One could compare the rates by
T = T , + T2

X *
uses convex uses general
bound (1) bound (2)

f(x) - minf S 2)L 11Xo-X
* II
2

(1)
-

Ti



min1f(x)/12:x) - minf) (2)
TEKE T Tz

142211X0-X* 12
-

T = Tz+
Lo-X*12 T, Tz
-

E
4 E?

- we find X st10f(x)/IE after (t) :
↑

squarerovement.
Proof : First we prove that X-X1 doesn't grow-

115m+ - **? = 11 Xx -EDf(X) - ** 113
= 1xx-x

* 12 = 2(x -X&, 0f(Xk))
K
[

Using / Of(X. 12
(4) of X

Previous Lemma = 1 Yn-X*/ - 2118f(x)# 11*2

= MXx-X
*
I?

Next , we prove the rate. Let Sn= f(x) -minf
From DL,

+ Sm -E1fX (2)



By convexity
8) ? Off" (x-x

*
) : 110fMil1IX-** 11 .

- Si
= 118 f(X ,) 11

2
(8)-

11xx- X
* 1

Then combining 1) and (B)
2

Site Six- = Gi-Spe1(Xx-X
* 112

Motiply
1
- 11-
-

88k+1 Si Sk+ 1 ↳xain

1
-

=>

Sk+↳-
=> I 2 -1xo-X0112

Sk+ 1 I

We saw before that additional curvature

yields faster comergence.

Def : A function f: RP-IR is n-strongly-

convex if X f(x) - ENXIR is convex

T



Intuition
f(x)

I can curve iny function
down and it is still

# convex .

- f(x)- IM

--xiC

Lemma : For feC' , the following-

are equivalent
11) A is n-strongly convex
(2) f(y) = f(x) +((x) , y -X) + Ely -x|

#x
,y

(3) (0f(y) - -f(x) , y-X) =Mlly-XIr Yay.
If f is ci2

(4) of2(X)[MI XX.

Proof : These follow from the characte-
-

rization of convexity for falt III.
Check! I



Intuition Quadratic upper bonegradient

Quadratic lowes
&# ↓ u-strongly
bound if

= convex

Linear lower bound
X if convex.

iLemma Any8 ↳smooth
, -strongly-

convex satisfies that

XX
, y (5f(y) - 0f(x) , y-X)z/X - y/12

M+L

+1 110 f(y)- Yf(x)?
M+L

Pol : Exercise .
+

Hint : Consider g(x) = f(x) -
M 11 XII" and show
-

that it is CL-M) - Smooth. I

Theorem : Let f : R&-R be u-strongly-

comex with 1-Lipschitz gradient. Then
GD with Xx =2, we have

M+L



X = 1
-2k

+

k - 1 2k

f(X) -minf IE- ( 11X0 - *& ?
K =/ condition number k + 1

Proof : Goal :Show that 1)X - X91) contracts
-

11
+1
- ** 12 = 15- ** -2 of(X ,) 112

M+L

- 115-*9112-1 <Of(in), Yin - ** >
M+L

# ~
118f(*) /(A)

Let us upper bound the inner product

< Of(In) - 5f(x
,
Y -*** 110 f(x1k +

ML 114x - X
*/(i)

-

L+M

Then applying (o) in (1) gives
11
+
- ** /E 115-5911

h

118 f(*) /12

- (2 +

#(2
ML 11x

..
- x8(1)-

L +M
-

= (1 - n) IX, - X
*12



To prove the result for the function value
Taylor

f(xx+) - f(x*) 15+ - X913

(21x0- X
*/

·

j


