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Last time Agenda
· 2nd-order I & Characterization

optimality cond.
&

smooth convex .

subgradients.
· Basic convexity

Lemma (First-order characterization
of convexity)

Suppose that f : RRP-IR is differentiable.
Then

,
the following are equivalent :

(1) f is convex.

12) #x
, yerd f(y)-f(x) + (0f(x), y -X).

(3) -x , y < of(x) - Of(y) , X -y) =0
Intuition for (2)

/f(x) + (0f() , y-x)↑ supports the
/ epigraph



Intuition for (3) of(x)

fu
In ID the

function is monoto
re

->
&

Proof : (1) = (2) Let x
,ye9 and to lo

, is
-

convexity ensures that

f(x + x(y -x))[(
-yf(x) + X f(y)
I

#+ b(y-
x)) - f(x) = f(y) - f(x)

Taking 1 + 0 = <f(x) , x-y) + f(x) < fly)·

(2) 11) Let X
,
YER

,
X-26

, 17 and

Ed = ciX + + Y
-> f(x)2 f(zz) +<0f(zt) ,X-E

fly) = fLEH + <OfCEd , y -Es] G
=> 11-f(D + +Q gives %
(1 -z) f(x) + t f(y) = f(zz) + 20f(Et) , li-fix

·

+ + Y
- zt]

2 flz) -



(2) => (3) f(x) = f(y) + 0 f(y)T(x -y)
If(y) = f(x + of(y)T(y - x)

o = 10f(x) - Of(y))T(y -X) .

(3) => (2) Define Y(H) = f(x + + (y -x)
Then fly) = y(1) = y(0) + %' % (z)de

= y() + y'(0) + ((y'(t) -y()
= f(x) + Of(x)(y - x) 20

-
= f(x) + vf(x)(y-x) + jjjf(x + E(y -x)) (y-x)

tdt
2 f(x) + -f(x)(y -x)

z

Lemuna 2nd-order characterization
-

AssumeI twice differentiable. Then,
I is convex Es v2fex 0 Ye.

↑
s8"fex)sz0Vs,
Xmn (D2f(x)) 20.



Intrition

second order model never

&

curves down !

M-
Proof Exercise. I
-

Question : How can we assess
-

optimality for general come
functions ? ~ Fu, y--I/f(x) +<Ye,y -x)Idea

*

Def : Consider a comex function
: IRA -> IR . The subdifferential of
f at X

Gf(x) = 2 v1 . Ed f(y) = f( + (v , y-xi)



Examples of(=1
· f(x) = IX)

# #
2. f(x) = 11 XII

#2f( = [y(xyn2+

=mo



What do we just gained ? general
X

Theorem : Optimality cord for comex func.-

Suppose fiR"-IR is convex. Then

X
*
is a minimizer iff 02f(x

*).

Intuition

X Nothing goesf - under.-

Proof : / sume X
*
is a minimizer.

-

#
f(x
* ) +<0, y -X)1f(y) Fy.

#
Assume that 02f(x). B

Proposition i Subdifferential calerts
-

Suppose that fifzRR are convex
I

functions . Then the following
holds
1 (Sums) G (2 + fe)(x) = G f(x) +2f

,
(() ·

↓ d
2. (chain rule) If A : IR" -> IR linear



2 (f0A)(X) = A8f(Ax) ·
3. (Scalings
G (xf)(x) = xGf(x).1

4
. (Max) For all x , define M(X) = [ : 1 fill) =max(ex , fex]]

2 max &f , frg(x) = convgeafil iemexsy·
↑ convex hall ·↑ &-

&

5. (smooth functions) Assume thatf , is diff at X.

Gf, (x) = 20f(x)] . <- This one

you should preve.

What did we ga : n
!

A way to compute subdiff, for
complicated functions !


