
Lecturea

Last time Today
↳ subdifferential 1 Linear programming
calculus revisited

D Lagrange deality ↓ ↳ Extreme points
↳ Fenchel biconjugation "Intro to Simplex.

Linear Programming Revisited
We can always write anyain "standard form?

inf < C, x)
1 Feasible

(p) p
:=& Sit.

X
Ax =b region

AEIRMA X 20

From Lecture 7 we know its
dual is equal to

(D) d*=Sop <b
, y) #S.t. Any =0.

For general conic programming
one requires a constraint quali



fication condition for strong
duality . LPs do not require
that

Proposition : There are exactly
4 possibilities for LPs :
1) Both primal and dual apexlAx=b,
achieved and

2) The primal isge
the deal infeasible po=-x =d

3) The deal is feasible and
the dual infeasible.

4) Both prival and dual are infea
sible pl = 0 and do= -X.

Proof : Exercise. I
-

Intuition
The reason we needded
of int domg-Adomfy
= int dom d ."value function .



was to guaran
be -year(o).

If this doesn't happen a subgra
dient might fail to exist, e. g.

0
.
-- *- (0,2)

I
If(0) =

f(x) = S
1 -(x-1)2

+X otherwise.

=
closed

,
convex functions that

are piecewise linear on their
domain do not have this issue.

Extreme points
Vertices will play a critical
role for simplex , so let's try
to understand them better.
Let

p = qx/Ax = by
be a generic polyhedron.

J when p is bounded we call)it polytope .



Def : We say XEP is an extreme
-

point if there are no pair of

points y , z eP and Xe(0, 1) s .
t.

X = Xy + (1-X)z. -

%
~ Extreme

Def : We sayXeP is a vertex
if 3 c st. Ex < CTy yepkxY.-

vvertex

F
A

-

Def: We say XeP is a Basic Feasi-
-

be solution (BFS) if there exist
n linearly independent as with

aiX = bi. +

( If we drop the constraint Xep, we(say it is a Basic solution.



Basic solution

---&- ↑ BFS.
--
-↑

⑳
---, Y aix = b

,

as
?
x=by

a[x =bz
Theorem : The set of extreme
-

points, vertices, and BFS are

the equal.
Proof : (Vertices 1 Extreme points)
-

Let Xep a vertex with witness ?

Take y , z E Plaxy and Xe (0,1) , then

X(c+X < cTy)
+ (1 -x)(c+x (c

+ z)
-

cTX(aT (dy + ( -X)z)
so x + dy + (1 -X)z.
(Extreme points & BFS(

Suppose Xe D is not a BFS
.

Let = die[m]laTX =by and so

said = are linearly dependent.

-ospe ...n ang get

some d0 .
Then for any eso



the same.

Proof : (Vertices 1 Extreme points)
-

Let Xep a vertex with witness ?

Take y , z E Plaxy and Xe (0,1) , then

X(c+X < cTy)
+ (1 -x)(c+x (c

+ z)
-

cTX(aT (dy + ( -X)z)
so x + dy + (1 -X)z.
(Extreme points & BFS(

Suppose Xe D is not a BFS
.

· n L

thence they are contained in a

subspace S : &ZER"1 diz =09 for
some d0 .

Then for any eso

a (x+ Ed) =bi VitI
.

aily-ed) = bi
For it I' we can takeI small

to ensure

ai (x1(d) 1 bi Viel ?
This X = & (x-ed) + & (X+Ed) is not

extreme.

(BFS & Vertices)
Let Xep be a BFS and let

I = hi1 a:TX =bil and let E
be a subset ofsize n s .t. qailite are

linearly independent. consider
C = -[a, . For any yepkxy we

have"Ty I bi Vi and so

CTy = - Saiy > - bi
itI

* i s .+ . = - [aix
dig < b as wEI

otherwise y=x. = CTX. El



Vertices of standard form
Polyhedra.
Recall that a for standard
form problems we have

P =2x1Ax =b
, x z0].

↑ Airmen
WLOG we may assume the
vows of A are independent (why?)

Thus for any BFS we will

have u linearly independent
constraint hold tightly :
- m come from Ax=b.

· n-m from nonnegativity
constraints s

.
t. Xi =0 .

Def : We call any B =<B, ..
-

Bm S - [n] of size m. -
For any nector XEIR" and a set
S = 25 .. ..., Sig & [n], Let

*s = (*, ...., XSn] .



For Airmen
,
let

As = (1x ... Asi)
↑ rows of A.

Note that any BFS Xep

corresponding to a basis B

is the unique solution of

EAx = b E & ABX
+ AzaXzc = b

↑

Xzc=0
Xzc
=0

↳ Y = Ab Cr)E
XBc = 0 .

Lemma V: Any wonempty O in standard
form has at least one BFS.

( P cannot have infinite (lines 94 + /I VERY

Proof : Exercise. B



Theorem : If (P) achives a
minimizer, then some BFS is a

minimizer.

Proof : Let Q = (x1Ax = b , xzo S- cTX = p
be the set of minimizers.
Then by Lemma ~ there is a
BES of Ch , call it X* Let's

show that *
is also a BFS

of P. X
*

Let
,
z eP and XE(, t)- a

Consider two cases : D
↑-c I

DIf y ,zC ,
then -

* y + (1 -1) + -X since X is extreme.

"If either yor z belong PIG,
say is y. Then
cT( y + (+

-x)z) = (cTy + (1 -x)cz

yepic -> > CiX.

Thus X * /y + (1 -x)z. El



The simplex method.
tsThis sugges a simple strate

gy · start at avextex and

move to "neighbori ng vertices"
that improve function value:

i⑧ - coptimum)
Xo

We do this using bases
.

Let

↓ (B) be the solution of (B) .
SIMPLEX (Informal)
I Pick a basis Bo st. X(Bo) is

feasible.
iBJEB- Loop K20 : &

Update But,* Biguajy s
.

t.
How to -1 . X (Biti) is feasible
guarantee
these? - 2

.
CX(B) - TX (Bc).

Y
D If X (Buil is optimal :
Return X(Bitl ·




