
Lecture 7

Last time T oday
↳ Fenchel conjugate I a Conic optimizationFenchel duality

D Examples
D Quality

Conic optimization
To illustrate Fenchel duality , we consider
a broad template. Consider the primal
-

CEE inf (C, X] beX
* YE Axeby once

is

p5= Sit.
A

Linearmap + k = k (tz0)
A :E-Y.

Define the dual cone K
+
= < XEE1<x,yo

Vyek) .

N
Notice that EXY is also an Euclidean

space with inner product given by



inner prod. inner prod.
↓
in E & in Y.

((X,y) , (x,y')) := <X, x) + <y ,y
Then , we can see that KXH is a core

in Exy and
, further, (KxH)* = keHt

Examples of cores
" Nonnegative orthant RRY

.

This core models Linear programming (1p)
min <C,X) X Equivalent to
St

. Ax= b
·AXEb- IRY

We can always write an LP(after a
a transformation of A , b, and c) as

min <c ,X)
St Ax =b (Why?)
*30.

We already saw an example of LPs in
the syllabus . It has many more
applications in logistics, economics, not
works, among others.

D Second order come (icecream core)
Consider

Soy = ((x, r) EIRxIR1 I =r]
This models second order core progra-



ming (Socp).

min X bis-dil + so2

St. llAX-bill fix+di Vietm]

Here E= IR" , A : EIREith bitRY CERY
,

fiEl" and di E IR.
One can encode any

#
LP as an Socp by
setting Ai = 0.

sub example : Group Lasso
-

Statisticians often encounter problems
of the farm G

min 11XB-y112 + X& IBIII(8%) B X g= 1 &
Rup Tru rector with

indices in Iq.
where Ig = [p] XpE[G] are sub
sets of indices. This is a funda



mental problem for variable selection.
Exercise: show that It can be written
-

as an 80CP. +

↳ Semidefinite core
Consider the cone

Si = [Mesr/ xYMx 10 ExERRY
u
denoted M20

This core modes semidefinite pro
gramming (SDP):

trace inner
&

min <C, X) product

St
. A(X) =b

Linear map
-> X20

A : Si - Im
&

Fact : The following equivalence holds:
IIXII2 It E [ 20.



This fact follows easily from a Schur

complement computation.
Thus any seep is also an
SDP

.

Subexample : Max cust
undirected

suppose we had an
v weighed

graph onn nodes and

we wanted to find a subset
of the nodes SEEn] that
maximizes :

cut-value (5)

max & Wij. ⑧⑳

S
-LES X
jes
? ⑧-

This can be modeled as an integer
optimization problem

max & Wij ( Exixi)2

S .t. YE411}
or equivalently. ↓

matrix of all 1's.

max ! (w , j - xXT)
I Hopt [S .t . x =1. rector



We can relax this problem by
considering a larger set

max /W, 3 - VVT) max E(w, j - M)
OPT 3 S .F. /IV/1=1 . Matrix = [ Sit. Mii =1

↑ n+nith row. Mes
In turn

, after solving this
problem, one can get pretty
good cuts via:

Goemans - Williamson ↓
sphere

a Sample ue Unif (In-t)
↳ Return 5 = 4i 1 (vi), u) =03.

Fact (Goemans-Williamson 194)

E OPT2 Ecut-value (5)20 .87856 OPT.
Y

Duality for conic optimization
We can use our template
inf[f(x) + g(Ax)] to write
X

conic optimization problems



Aye c + Nk(x) (Ay -4k - *)20
with - ye MH(Ax)( y , b +h -Ax)
f(x) = (c,X) + 2,(x) 10

g(z) = [b+H(z) .

Recall that the dual was

Sup -f:A
*

y) - go-y)
Exercise : Show that the dual
reduces to

d=Gsyp
<b
, >

S.t. Ayec-K
+

ye Ht

Theorem : For conic problems
-

psz do . If H and K are connex

cores and either

1)5EK such that AY-beintH .

2) Exeint1 such that Ay-beH,
and A is surjective.

Then
, ped" and if do is finite

it is attained. If (X ,jj) are feasi



blen
,
then

, they are optimal if
< Y , Ay -c) =0 and (Ax-b, j7=0.

These properties doesn't always
hotel

Example .
Consider ⑨

inf X
,

3
infX,

S .t . Xz - t =0 sit
.
X22

(4
,, X2 /5) So

This can be cast with c= (b),
A = (0, 1

,
- 1)
,
b =0
, H = Coy , and

K = So2. The dual is

sup o

·t [i] y =(d)-soi
The orange formulation makes it

clear that po = 0 . On the other

hand the dual constrained yields

[ Y 2 1 + yz(-z)esoI X

-
infeasible .



Thus
,
d=-*. What goes wrong? wrong.

Consider the value function

S inf
X ,

S
infX,

Y
u(z) - sit.. Xc - t + z = 0 I S.tr X +z2IXII

.

(X
,, X2, t) So

Let's consider two cases

Case 1: z <0
,
then

X2 > Xz + z11X11 = 1421 ·

Thus
,
the problem is infeasible

and U (z) = 0.

Case 2 : zo
,
then

X2 + 2x2z + z2 z X + X?
T
s

2x2z +zz X,
If we let Xz**, the upper bound
is arbitrary large and ((z) = -X .

- X

Thus,
&

U(z) = 0 E and of intdomr.E
A zo


