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a Overview D separation
The setting
We will work on a real
Euclidean space E .

We
↑

(Finite dimensional Hilbert space
denote its inner product by < ...).

Examples
↳ Standard space : Ra with xTy.
1 Symmetric matrices :
S"= &"symmetric non matrices")

with(X
, y) = tr (xTy).

We consider problems of the
form
min f(x) or min f(x)
E sit. xEC E s .t . gi(x) 10 Vie [m]↑

[m] := <1, . . .,my.



for some functions f, g :: E-RUCID]
and CE

.

X
They can take
infinite values.

In the next few lectures we will

focus on potential assumptions
for C and f , gi.

Convex sets

Def : A set CEE is convex if for
all X,YEC and X-10,1] we have

XX + (1 -x)EC t

Intuition
C

②D
Examples
Two simple examples
I Half-spaces



saTX =B

↓ ↑
H : =2x/a+x =BY *for some acE* and BEIR .

*
EKO)

D Unit ball
Define 1x11 :TX)

,
and

B = <XEE1 11x1111] .
+

The next result gives an easy way to identify
convex sets.

Proposition : Arbitrary intersections-

of convey sets are convex.

Proof : Exercise.- I

Example
I Polyhedra
Any set of the form
P = <XeEl(ai,X) Bi Vie[m]]

↑For some"aifE and BitIR .

↳ PSD matrices
S = <XeS"lyTX y 20 FyEI]



is convex since

0 = y Xy = tr(y
+Xy) = tr(Xyy't = (x,yy)

thus it an infinite intersection of
half spaces. +

Denote infC anddC the
interior and closure. of C

. They'll
play a key role later on and
interact nicely with convex sets.

Proposition : Closures of convex
sets are convex

.

Proof & Exercise . I
-

Lemma (f) : Suppose C is convex .
-

1 xeintc and yeaC, then
(1 -x(X + Xytin+ Cfx(0 , 1)
Intuition

The segment

y ·o belongs
to int C.



Proof : Assume first yeS.
-

There is a 830stX + &BES .

By convexity , XCo
,1)

( -X)(y + SB) +XyS
=> (+ - y)x + xy + (1-x)fB = S ,

which implies (1-1)x + Xyeints.
Now suppose yeas, then there

is a sequence(YES sit yety.
For yeCO, 11 , we can write

(1-x)x + Xy
= (1-x)x + 4yx + x(y - yk)
= ( -x)(x + x(y -y ,) + Xyx(l-X)
-

zk

for large enough K
,
ZEintS

.

Then,
t shows theour first argumenconclusion .

I



corollary : The interior of convex
sets is cornex .

Proof : Take y, yeintC . Then,
-

Ye cl C => (1 -x(x + xyeintC Exelon

by Lemma (t). I

The next set of results will
form the foundation of duality.
Theorem (Best approximation) Any
nonempty closed convex set C has
a unique shortest rector

X = argmin 11X11.
XEC

Moreover
,
it is characterized by

(i) < X , X-5710 AXES.
t

Intuition
↑ andX are

1 ⑭ aligned .#



Proof :
- 1

Existence
.
Choose any XEC , consi-

der C = C11 * IIB . Then

min 11X115 continuous
Yes, s compact

achieves a minimizer X* Moreover,

FXECIC
, we have 11*11 : /* 11 < IXII.

characterization. Let * argmin 11XI),
REC

then 11*112 - 11X + X(X -* )11 YXEC
.

Expanding
0 - XIIx - 5112 + 2(7, X-*),

takingxto yields (2). The other
direction follows easily.

Uniqueness. Suppose , 2 Satis

by (1) . Then
(X , Y ,
-2710

#



Thus
, X = *2 I

Theorem (Basic separation)
Suppose C is a nonempty closed
convex set and yec. Then
there exists a half space H S

.
t.

CE H and yeH.

Proof : Apply previous result after
a change of variables so that

y =0. - -1 H
I

Intuition

↑ ·Fo
->

Theorem (Hann-Banach) Suppose
C is convex and intC +0 and
let yfintc. Then, there exists
a half space # containing C



CC 1 intC
Y

with ye bdc.

Proof : WLOG assume Otint?. For
-

ne IN , define
zn = (1 + +)y.

Notice that y= 0+
then Lemma (-) implies En CC.

Thus, by basic separation we

obtain -GanGCE
*
st.

Can : En]] (an , X) XXEC .

WLOG we can take lanll =1 , (why?)
then by the Bolzano-Weierstrass
theorem there exist a subsegun
ce an st

. An
,

-a
. Therefore

(a, y) = (a, x) YXEC
The result follows by taking
H = /x/ <a,x) = (a, y < 3. I


