
Lecture 12
Last time Today
"Complexity of Simplex ↓ DAffine invariance①Intro to interior DA new guaran
point methods Re for Newton's .

D Remembering Newton
.

An affine invariant measure
of progress
Last time

,
we recalled the

Newton Method :

↑m, X- [V
-f(x)] "UF(X

and presented
Theorem ( : Suppose that f-

is such that x near X
*

dI7f4x)BI
Then, for any pointXo sufficient
ly close to X* = argmin I,
we have



Then, for point Xo sufficientany
In close to X* = argmin I,

have

11x1 -x* 111 ② 11Xo-X
*
/?

2
2

2-
t

In particular we needed
11X0 - x*1

for geadratic convergence.

This property was terrible for
our hopes of polynomial time
guarantees for IPM because it

depends on our representation
A and how close we are to
the boundary of the constraints.

Lemma: Consider 4 : MP-IR
&

given by ↓ Ge Reed invertible
Y(X) = QX + w

Let F : fo4 and

X1 = Xo - [urfex] Vf(Xo)
,

ye = yo - [02[(y)7"VF(yo).
Then Xo = y !Y0). ↓



Intuition
Thus

,
the iterates don't change

under affine transformations
and the

↑

convergence in "the right
metric should be independent
of & and B . -

A measure of progress should

1) Measure how far is Pfexie]
from being Zero

2) Be affine invariant.

So ,
we might simply measure

the norm of of(x) in a
different metric. Define

< u, vix = u82f(x) v 9
Inner productMill = <W

, uXx if 72f(x)>0.

I claim that a good metric
of progress is



11 n(x) llx = 11/0
-

f(x)]"of(x)1x
= (of(x)T(02f(x)]"of(x))

Exercise : check that In(x)1IX
is zero ifffCX)=0 and

Incx)lx is offine invariant.

An affine invariant guarantee
We now prove a guarantee in

terms of linx)/x. To this end
we need a condition that
ensures the continuity of 11 . 11x

DeL : A 22 function f is
I strongly nondegenerate) self
concordant (SC) if
(1 - 38) 82f(x)102f(y) < 11+35742f(x)
for all lly -XIIX = 2 < 1 .

-

Intuitively the Hessians change
continueus ly .



Theorem : Suppose f:-IR-

is strictly convex and SC.

Then, if IIn(X0)1xo we

have

In (x1)(x
,
< 3 im(x) 1150 ·
↑ f

Independent of conditioning
Before we prove this result
let's introduce the shorthand
H(x) = 02f(x) · Further , for
a given 2> O we use

2

llulla = uTQu.

Proof : Note that In(x)/Ix =

-

110f(X) /1 H(x)-1 ·
Since

11 X ,
- Xollxo = In (Xo)/xo- "A

and I is SC, we have

· H(X) < H(x1) 12 H(X0) ·



In turn
, this implies (Why?

H(x)"(H(X,) " (2H(X)!

Therefore
11n(X , ) 11x

,

= 0 f(x ,) H(x ,)
+

0f(x)

= 28f(x)) H(xd"Uf(X)
= 2116f(X ,/I H(X)+

Thus, it suffices to show
110f(X , )"HW 118 f(Xd 112H(X0)-
By the Fundamental Theorem
of calculus

Of (41)
=of(X0) +J

.

H(x
·
+ t(x, -Yo)(x,

-x) at

= Of(X0) - S
.

'H(y0 ++(x ,
-Xo)) H(X)"Vf(x0)dt

= Of (xo) - (J.' H(x0+ t(x,
-X0))dt) H(X0)"Of(x)

= (H(x0) -J.H (xo+ t(x . -Xo))d+] HEX) "Of(Xo
-

M(Xd)



=> M(X0) H(X0)"Of (Xo) ·
Thus

,

118 f(x1) (lH(x)
= (l M(Xo) H(X0)

"

Of(x)()
+ (xx)

+

(why?
= 11 Hexo)"2MCyo) H(X0)"Of(Xo112
= 11 H(X) M(X0) H(X0)" Klop 11HxO)*** f(xdll
Y= 11H(X)* M(X0) H(X0)" Klop11of(xdll H(X)".
Cauchy-Schwarz
The result would follow if
we show

11 H(X) M(X0) H(X0" Klop- Ellof(x) Hex"
For this we use

Lemma : Suppose AESI and
Bes" such that for someso

-xAXBLA .

Then



Ila-BA-llop X.

Proof of theLemma : By definition
llA-BA- Klop =sup1ABA

-= ul
u+0

change ofvariables iTu

vAu = sup luTBV1
-VI0 v= Av

By assumption's&
Il

Thus
,
we need to show

(1) -ESH(V) [M(X0) <ESH(X) .

with 5 = 118f(Xo) /I H(X0) +-
Since f

is SC we that for S = 11X
,
- Xoll xo

and for all -E To,1]
- 378H(X0) - H(X) - H(X + t(x ,

-X0))
[ 3tSH(X0) ·

Integrating from t = o to + = 1 gields
(*)
,
which proves the result . I



Q : But is this applicable in

our setting ?
Lemma: The log barrier function
-

B(x) = -log (b : - a[x)-
is self concordant. Vi(X)

Proof : Recall that

H(y)= aai
-

i=1

Si(X)2
Let S = 11y -x11x < 1 , then

82= <y -x)H(x)(y -x)=
Hence, each individual term

Si
Therefore,
(2-5)1S, (x)11S : (y)) =(1 +8) 15 : (x))

which implies



-2

ty
Thes

archi
aiat

-2

aia].(z+s)-
2

1yes)- SiCX)
2

SiCX)<

summing over all i and using
the fact that

(1 - 38) 1 (1+g) 2 (1-872-1+ 35

for all SE20,1], yields the result.I


