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As characterization of for connex I
L-smooth convey F

↳ strongly courex
/

Here we continue
proving the Lemma

characterizing B-smooth functions .

Proof continued.

(4) = (1) By Carchy-Schwarz

=108(x) -8f(y)l= 110f(x) -0 f(y)11Ix-yI
#

18 f(x) - f(y)1) = Lax-y1

(1) => (3) Taylor Approximation Theorem.



B) = (4) For any x
, y , define

q(0) = f() + 35f(y), ) .
S

and satisfies
137

Note that g is connex and 5g(y) =0.
Then

, for z = X-119(X) we have

g(x) + (8g(x) , z - x) + 211z -x = g(z) I
e

-

2 19(x)12
= g(y)

Then writing everything in ferms of
X an y

-

2
18 f(x) -ofly 112f(X) -s f(y)

- (1 f(y) , x)
- <Of(y) , y3

Reversity the role of x<)y
↳ f(y) - <0f(x),y) - = 110f(x)-OfCYCI=

t
! fex,
re
Addiny (0f(y) -0f(x) , y-x) = 1 110f(x) -OfCyIR

↳ 17



Better guarantees for convex functions

Theorem :
Let f :R*-R be convex

with L-Lipschitz grad. Let
I* E argmin . Then, GD with
&
k
= Yu produces
-

f(Xxx) - minf < - ** IR
.

K f

How does this compare?
Our result for general L-smooth↑

functions said we find X GIRd
S .t

.
110f(x)11 = E after r(e)

iterations
:

One could compare the rates by
T = T

, + Te
A ⑰

Uses convex uses general
Ibound (1) bound (2)

f(x,1 - minf =22
11Xo -x

* 1 2 (1)
-

th

Ti



M f(x)12 = min() (2)
Tz

T,
= Tz=2

=

-
x e

1 IXo-**U2
-

-
4 I E

I we find x s .t 10f(x)1122 after vilt) :

squareorement
Prof 8 First we prove that 1X- *I doesn't grow

AXr+= Y* N ? = 1 x
,
-2 f(x,) - x* /12

= 1Xx -x
* + - 27x-xY, f(x))k
I

Using -Fell If(X,)I
(4) of E

↳
previous Lomme = I Yn - x

*/ - 18 f(xx)K2 # I 48x,

NXx-x
*
I?

Next , we prove the rate .
Let Sn= f(x,-minf

From DL
,

Ext = 8 - lVf(Xx)l- (i)



By convexity
81 = & f(x,) (4, x) = 118f(Xill11Xx-x

*

/ .

=> 8
=118 f(x ,) 112 (D)-

NXic- x
* 11

Then combining 1-) and (B)

Sit = Si-t En I Sa- Dr11Xx-x
* 112

Mutiply
- 1
I Jun-

-x81 8 k+1

A
=) >-

xap
*-wiSk+

A

E
1

=L
2LIIXo-X

* 112
8k+1 El

We saw before that additional curvature

yields faster convergence.

Def : A function f: R
"
-IR is -strongly-

convex if x + f(x) -* IX is convex-

t



Intuition
f(x)

I can curve ing function

~X
.#

.

down and it is still

-
come

e
e

f(x) - IIX

-/ - IXI2

Lemma : For fec , the following
are equivalent
(1) o is m-strongly convex .
(2) f(y) = f(x) +<fex) , y -x7 + ly-xx2

↓x
,y I

(3) <Pf(y) - 0f(x) , y -x) = M1y-XR Fx,y .

If o is C2

(4) 0f(x) = MI Wx .

Proof : These follow from the characte
-

vization of convexity for a Hill1+ -

Check! I



Intuition Quadratic upper bound
↓ if -Lips gradient

IIe- Gradratic lowes--R &- ↓ -stronglyI.

bound if

-
convex- Linear lower bound

- if convex,
Lem ma : Any f L-smooth

, m-strongly-

convex satisfies that

* x
, y (88(y) -0f(x) , y- x) 2

ML 11X-y I-
M12

+1 110 f(y)-31cx)
MtL

Proof : Exercise .
I

-

Hint : Consider g(x) = f(x) - MIXII2 and show-

2that it is (L-M) - smooth . It

Theorem - Let f : R*-IR be e-strongly-

comex with L-lipschitz gradient . Then
GD with Xp= ,

we have

+L



1 ~ 1
-2k
-

f(X,) -minf=) X
- 1 jek -- 11Xo -** ?

k = Y/n condition number k + 1

Proof : Goal : show that 11X
,
- y
* K

↑

contracts
-

11Xk+ - ** 12 = IXx -Y
*
- Pf(X ,) Il
with

= 11xx- **12-1 (Vf(In), Y ,- x
*

>
uth
# 4 110 f(xx) 1 (A)
-

MeL
Let us upper bound the inner product

(0f([n) - 8f(x
,

Y
,
- x*) = 1 118f(X,)/ +

L+M

ML Il + x-x
*11 (8)

-

L+M

Then applying (i) in (A) gives
11Xxt - ** I E 15 , - ** 12 # Fin

110 1(Xx) 112

- 1 ( P7 ,112 +

(n +2
(1)2

ML 11 x
,

- x
* 14)-

k+ 1 L +u
e

=11 - T C Il X
x
x
*
11
2
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To prove the result for the function value
Taylor

f(xx+1) - f(x*) = 15x
+

- x
*12

= ()**No- x*I.
I


