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More on convexity
2 EIR"

Lemma:Assume thatC,C2ER* convex sets.
Then, the following are convex

1. (Scaling) (R+2, =Gx5/120 and xtC]
2. (Sums) 2, +C2 =G5, +Xz) X,EG,xzt2]
3. (Intersections) C, 1C2.

4.Linearimagesand preingsin
is linear,

A2, and ACs are convex

Intuition +

#*



Proof: Exercise
#

Equivalence of operations
InEpigraphxf(x/x) *Fill in
max fi itepil
I

f(Ax) I (AxI] "epif exercise
Lemma /First-order characterization ↑

of convexity what
are sum?

Suppose thatf:R*-IRis differentiable.
Then, the following are equivalent:
(1) I is convex

(2) Ax,ye(Rd f(y)-f(x) +(0f(x),y -x).
(9) X x,y (0f(x) -yf(y), x -y) =01
Intuition for (2)

fix) f(x) + (8f(x),y-x)~4 supports the
/ epigraph



Intuition for (3) Xf(x)

In
the

*function is monoto

Proof:(1) =>(2) Letx, y
Rd and t = co, B

-

convexity ensures that

f(x +x(y - x)) =(rx)f(x) +xf(y)
#

fix)-f(x)
=f(y) - f(x)

Taking 1 -> 0 -><f(x),x-y) +f(x) =f(y).

(2) = (1) Let y,YE1R, 1=20,17 and

zt
=4X ++ y

E f(x) =f(zz) + [0f(ze),X -z1 (
f(y) =f(zx + (0f(E), y -zz) (

=S (1 - t)() + t2 gives i
(1 -t)f(x) +tf(y) =f(z) + 20f(21), (i-fix.

+ 1 y
- Et7

2fCZE.



(2) => (3) f(x) =f(y) +xf(y)T(x -y)
-fex+of(x)T(y -x)

0 =(0f(x) - 0f(y))T(y-x).

(3) =>(2) Define Y(H =f(x+ t)y-x))
Then f(y) =4(1) =4(0) +S'Y'(t) dt

= 4c0) +4c0)+ '['(t)-4']
=f(x) +0f(x)(y - x) 20

-
=f(x) +Xf(x)(y-x) +(of(x+tcy -x)5sy-x)

tdt
2 f(x) +y f(x)(y -x)

I

Lemma 2nd-order characterization
-

Assume of twice differentiable. Then,
I is convex E 42f(x) =0 FX.



Intrition

second order model never
curves down!

T-
Proof Exercise. #
-

Question:How can we assess
-

optimality for general connex
functions !
Idea:W IA,f(x) +40f(x),y-x) /f(x) +(+2,y -x)R

Def: consider a comex function
-

8: IRd -> IR. The subdifferential of
I

a f(x) =Y. YER" f(y):f(x) +(v,y-x



X0

Examples of(x) =(in x1. f(x) =IN X<0

- #-
2. f(x)

=11 x 11

#,afx=(x,ye
3. f(x) =max 40, X 4 RehU

1 2 f(x) =op
= -



Whatdo we just gained? general
Theorem:Optimality cord for comex func-

Suppose fiR*->IR is convex. Then

x* is a minimizer iff 0G2f(x*).
Intuition

↑#Nothinge
Proof:Assume x* is a minimizer.
-

⑰
f(x*) +10,y -x) <f(y) Fy.

#
Assume that 0 c2f(x). i

Proposition:Subdifferential calcul
-

Suppose that I,h: RAR are convex

functions. Then the following
holds
1(Sums) G(2+ h)(x) =Gf(x) +2h(x).


