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Descent
.

DExamples
is Convex guarantees

D Analysis
I
Extensions

Theorem Suppose f : IR
"
-> IR is L-smooth

--

and gCx, z) is an unbiased estimator

such that

E(1g(x,z)- gf(x)12) =82 FX
.

Then the iterates of stochastic

gradient descent with 0 < X < 2/

satisfy I

(f(0) -min 1) +Exi
1= L
-E [in 18 f(xi)11] = [xx) +-

⑧

k=0
a)
t

Relevant properties of the expectation
D Linearity



Given X.. ..., Xn r.V . and constants
↓
..
.. .. An ,

we have

E [EdiX :] = [diEX :

D Tower law

Given two random variables X
, Y

Ex (E 2Y1x]] = E [Y]
conditional
expectation

Prof : By the Taylor ApproximationTheorem

f(x x+1) = f(Xx) + 8 f(x ,) (X,+- Xx) + ll4ai Pell
= f(X,) - xnYf(X ,)" Gr + lg

Conditioning on XK
random
because of Ze

E(f(x ,+1)(Xx] = f(x ,) - x, xf(x)Ty , /xi)[
Linearity

+ L*E [118 :111 x =]
I

I
= f(x,) - x -Xf(Yx)T E(g ,/xi)
+ ↳xE[118x11"/X ,]
I



=f(Xx) - &x 115 f(X x)12
-<[02 + 18f(x ,)1]

(B)
=f(X,) - (xx + 2) 187Xx)l

+?

By Tower Law

E(f(Xx+1)] = # A(X -) - Kx+24E IVf(x)ll-

+Lx3 8?
"

By recursively applying this formula
# [8Cx+)] = Ef(o) - I (a n - 2x) EIVfex,Y

k
= 0 I

2+S
2

The result follows from reordering
and using the fact that

E in in 10 f(x)12 ola-i)I1 = T
↳ Mn-) #[1880x1R] ·

-1



Consequences
1
-If Xis=
L&+1

= I - LARI I
This we decive

-

#( * 10 f(xn) 12) = A minf)+ oL

I 1

= 0 ( ) :

By Jensen's inequality
-

-> # min 110f(X)11 = 0 ( >
=4)

.

KE T

This is rather slow , however it improves
when have convexity .

Convex guarantees
Theorem Consider the same

setting as the previous Theorem
,

further assume that x=X = 1 ·

I is convex and x * eargminf . Then
11Xo -X* 112

E(ms* [f(Xr) - f(x
*)]] =- + x0?

2x(k-1)



In particular if x =
t

and = 12

II Xo-x
* 12

E(ms* [f(Xr) - f(x
*)]] = -Ig2 .

- 2kA
+

Proof When < . = I , (P) gives-

E [f(Xis)/Xx] = f(x) - 11Vf(xx)11+ 162I
By convexity--

By Assumption If(x*)
- 8 f(x)" (x*- xi)

- [Ig(y, zlXn]
# (Ig(y,)(1X]- 62

· -82
=IV f(x) /12

= f(x) - E[g(X, z)(X
*
- xn)

- E 11g(t,z) 11 (*)

Using that + x82

1X, ** 112 = 14- ** -x gill = 1x-x*1 2xy /X*-X .) + x"lighk

↳
1 f(x*) - E [Ex ("* + - x

= 12-11Xn - x*117
14 -]

+ x82

By Tower law



#[f(xmi) - f(x
%

)] = Ea E+ ,

- x*2 - Nyn-x*
+x8?

Once more the result follows by summing
up and dividing by t . ↳

Remark
① The rate above is of the order o()↑S
exactly like the rate for nonsmooth
convex optimization .

D In HW4 you'll show the same rate

for otochastic nonsmooth connex opt .
There

,
we will have qCx , z) s . t .

#(g(x ,z)e2f(X) .

Extensions
Accelevation?

The noise dominates and leads to slow

comergence . Best known rate

0 ( 214 - -x
* 12

=
+2)



Randomized coordinate descent
Assume our oracle is

(i)
~ Unifkt , ..., dy)
g(x , i) = d - 2 f(X) - ei -

2x i

The analysis above yields a gravater
but we can do better

.

Theorem
&

Assume f : RR
*
->IR L-smooth

.

-

Then SGD with E) and I** d

yields
# [min 1101Cx :) 11]-Nex)

-mindsK=T

Proof Indeed this orace gives descentAt iter K ,

f(Xx -1) I f(xx) + 0f(x ,)(Xx+ 1
- xx)

+ ↳ Nic .

- Xul2

= f(n) - ad (X) . 81(Xa) CK
2 x :

+ did Yil)"
2 f(xn))2 .

= f(x) - E Ex



Taking expectations

#[f(x)] ! E [fCx ,)] - #[( (-)
=

E [fexn)]- # [lVfix)
↓

-

#[Exx] = =10f(x ,)12.

By recursively applying the formula above,
we obtain

#[f(x
,+)] = E [f(X)] =

1 IE 210fixall22d 1=0

Reordering and multiplying by I , yields
E [min 187(X ,) 11] = 22d(f(x) - mine)

KIT - -

t

* El
This is the same rate as

in the deterministic
cast.

Extensions to greedy and cyclic
rules can be found in [Nutini

,
KCML'15]

and (Beck , Tetrushuli , STOPT 151] .



Stochastic Variance Reduced Gradient(suna)

Recall the finite sum problem

min E
,

filxs

The SVRG reads as follows

Algorithm
Set Y.* Yo

fo i
= 0,

...or

I0s j = 0 , . . ., 2d

Draw ~Unif (ht, ..., n3)=
yo

j

*

ige of(x) + 0fe) yj)-Vf(x)
-j+ , * yj - xgj

end for
I
ItI

-Es
end for



Theorem : Assume f :R
*
-R 2-smooth

-

u-strongly convex . Then
,
if a

sufficiently small
X
8 = (0, 1) .

#[f(Y,) -minf] = 8 "[f(x) - ming]
.

Prof : Johnson , Zhang 2013] ↳


