
Lecture 9
Last time Today
-Missing claim 17 Matrix norms

↳ Concentration of I D Singular Value De-the norm composition
D spectral Factorization

Matrix norms.

So far we have focused on

scalars and vectors
, in what

follows we will deal with matri-

as . We need a linear algebra refresher.
We start with norms.

Def : Given a matrices A
, BelRm define-

the trace inner product as
[A, B) = fr (ATB).

It induces the Frobenius norm
11 AllE = < A , A). +

This is equivalent to
(A,B) = vec(A)"vec(B) and11AIF= /IvecAll.



We can also think of matrices as
maps from RM- I" and this

give s d different worm.

Def : The operator norm of A
-

llAllop = sup. 1Aulle
m-1 ↑

VES

Facto : Both II . IIF and II . Il op invariant
-

under rotations
,
i.e. 1)UAVIl = /All .
~↑

Ue Ocn VeOlm).
Matrix factorizations
One of the best ways to deal

and think about matrices is

via factorizations or decom-

positions.
Theorem (Singular Value Decomsition)
Let Ackhem . Then, there exist

orthogonal matrices VE O(n)
,

V E O(m) , and a diagonal
matrix & EIR

nam
such that

A= UEVT



and the onlypotentially (nonzero
elements of G are

&[2 z ... z &
,
20

with p-minhn,my t

Remarks : One way to think
-

of U and UT is as change
of coordinates that make

X+ Ax
look like a scaling of the
axes.

Proof : Consider
-

(Crc v
,
) = angmax uTAv

WE-

VES
m-/

These two exist since wiAr is
continuous and $n-1 +art is com

pact . Further , let 0 =TAV,.

Claim : Av, = 0. u.. (why? )-



From linear algebra we know

we can construct outhonormal bases

in Tiz , ... En of IR
Vi ,2 .... Em of 12

Let v = /nu ... n) ,
v= ( ...m)

Then,
N N

u = Av = [=
CUTAV): (ii , Av .) = 0< , ui)

Moreover,

a = max uAv

crusS
= max II A ,VIz

Vegm-1

= /IA (w)/ 11 (0,willz



-E 82 + llwil?S

- O,

Thus
,
we conclude w = 0 . Hence

,

"AV = [00] · Repeatingthe
t

argumen inductively , we get
= UE O(n) , veOlm)

uTAV = 2 Check !)

with E diagonal as we wanted.
Then

, it is immediate that
A = UEVT El

The rectors

v= (4 ... ur) and v= h ... um)
are called left. and right-six
gular vectors respectively.



Further Oi = Eii is the ith

singular value of A . We use

O (A)
,
Omin (A) for the maxi-max

mum and minimum singular
values, respectively.

Corollary (Properties)
Let Aethem and let UEVT
be its SVD elecomposition. Then,
1) Avi = Gill and ATM = Givi

2) For any XEIR",

Omin (A) /IXII2[1IAXII2Omax(A) /I XII2.
3) Let r = rank A , then

Or (A) < Ort (A) = 0.

4) We have
null A = Span (voth , ... Vm],
range A = Span U, . . ., ur].

5) We can write

A= : wir



6) 1All = 110112 and llAllop= IlOlla.
A ↑

vec(0,, On , ...(

For symmetri c matrices
max lol . +

$" := & AEIR1A =ATS
we have another useful factorization
Theorem espectral decomposition) : Let
-

AEs . Then, there exists UEOCn)
and C = diag (x , ..., In) e$"s.t.

A = Unu t

Exercise : Prove that symmetric
matrices have real eigenvalues
and their eigenspaces are orthe

gonal to each other. Use this

fact to proce the theorem above
.

t


