
Lecture 7

Last time

I Today-) Police norms cont
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DMcDiarmid's cont

DMcDiarmid's Ineq . D Lipschitz functions of
Gaussians.

McDiarmid's Inequality continued

Last time we finished with

Lemma (Azuma) : Suppose that syng is
a Martingale w . r .

t. YXb and set
1x = Yk-Yu · Further, assume K

2012#Let X
.

.
. .

, Xi] = e a .S. (%)
n

Then , the som &A is 101122-sub-Gaussian
.

k=1 ↑
Proof: For any Ke[n] ,

we bound
Y

Ele] = E[E(ebn(X , ,
. .

..Xit]↑
Tower law

= Elent[en(X . ..

..Xu)
↳e[e]
= Gm= . 2 It

Note that we didn't use the fact
that [Am/X .. . .

.. Xx-1) = 0 (Martingale
property explicitly ,

but we cannot get
1:) without it ; see HW1.

Proof of McDiarmid's :

Note that we have thatdyi is
a Martingale w . r .

t. LX ,] thanks to

(D) · To apply Azuma's we need
to show (8). Fix neans ,

and

define
halt) = E (f(X , . . .

..Y
,
E
, Xi ...Xn) /Y , ,

. . .

,Xin]
Then

14K - YFhr(Yx) - E[hi(X) (, ...,XD
=Ihr(Xk) - E[hi(Xi / , ...,XiD

↑



--
&

M

Repeat-ex It

Note that we didn't use the fact
that [Am/X .. . .

., Xx-1) = 0 (Martingale
property explicitly ,

but we cannot get
1:) without it ; see HW1.

Proof of McDiarmid's :

Note that we have thatdyi is
a Martingale w . r .

t. LX ,] thanks to

T- (B) . To apply Azuma's we need

to show 1). Recall

Y1-Y-1
= E[f(X 1 . .

.,Xn)1 Xis ... ,Xi] - Elf(X ,,
. .

.,Xn)/X,...Xin]
= E(inff(X , , . . .X-11t ,Xi ,Xn) - f(X . .

.,Xn)(X,
...

/
Xa

t-
An

Similarly
Yk- Yk

1P(X, 1 :X-
,

t
,XXn)-f ..Xn)(X



Thus , conditioned on X, ...,Xi

In lands on SAn
, Bi] and

moreover thanks to the bounded

differences assumption
Bi- Ak
- [SUPf(x. ... , Xn) - inf(X-t,..,Xn) IX, ...Xi
ECK
Thus , lusing the same argument as in Lect. 2)

*/
#Len(X , ...,Xi]se j

By Azuma's we have that
U

2Ak is1cIl-sub-Gaussian and
k=1

so

IP (1f(X) - Ef(X)1 = t) = 2exp(-zty)
I

McDiarmid's inequality is specially useful
when we back independence .

Let's see

an example.



Example (U-statistics) Suppose
we want to estimate Eg(X , Y1
where X

, Y areiid was and

g : /R -> IR bounded by C with access

to a sample X
, ..., Xn. A nate

ral approach IS

U() =- [g(Xi , Xj).(2) isj
Notice that the elements in the sum
are not independent. However, they
are only weakly-dependent.
We can bound
(V (X, . . ., Xn) - UCXis ..., Y

j , ... Xn) I
-
Tit

- lg(ix) -gi

=(ii) -gi
↓ 1 (n-1)22 = 1.
(2)



Thus the function U satisfies the
bounded differences property and

McDiarmid's inequality yields
P(10-Eult) = 2 expert (827)) ·

↑

Lipschitz functions of Gaussians .

Next we see another instantiation of
the principle from the previous Lecture .

Theorem : Let X, , . ... Xn be iid-

rvs with Xe-NCO,
1). Let f:R"-IR

be an L-Lipschitz function ,
i
.

e
,

If(x) - f(y)1 = (1x-y1k XX
,yeR?

Then, -2
PP(IF(X) -EF) (1 +) = zeni -

Proof : We will prove a weaker ver
sion of this result with
IP(IF(X) - EF(X))It) = 2e

&

For the best constant see the proof



in Vershynin's (if was deep results
that we will not cover) .
WLOG assume F is C

* -smooth
A

Radamacher's Theorem

Claim (80) : We have that for convex N : IR-IR,

#[P(f(x) - Ef(x))] = EY( <0f(x) , YS),
S

where X
, Y are iid N(01). t

Before proving this claim, let us show

how it implies the result. Notice that
it suffices to show that f(x) - EfC) is

(1)2-sub-Garssian . Applying the Claim with
t + ext

# [exp(X(f(x) - If(x)))] = E exp(x <0f(x) , YS)
X

,Y
For fixed X, (0f(X), y)-
is a rr. With dist.

= Eexp(18(1)
NCo, 110 f(X) /I?
For Lipschitz f> exp(E)
110f(x) 11 = L

Therefore, f(X)- IfIX) is sub-Gaussian
with 02:p as we wanted

Next we establish Claim (CO).


