
Lecture 5

Last time

I
Today

- Degree of random D Johnson-Linderstrass
> graphs. Lemma.

I Subexponentials D Oulicz norms

↳ Bernstein's Inequality I

Dimension Reduction

Suppose we have a set of points
XX , , . . ., XmG CIRA and we wanted to

Ch I
compress them by mapping them

to RR" with nsd
,
while approximately

Qmaintaining their geometry", i

.e-, we

want fiRd-Rh sit . XX
, yeX

( - 3) 11X - y((? 11f(x) - f(y)12= (1+2)/(X-y/k()

How small can n be?

Theorem (Johnson-Linderstrauss)
Fix 2

,
86(0,1) a let X-19 be a

set withn points. Take



This is inde
pendent of↳ In( d.&

and draw a matrix MelRned with
iid NCO, 1) entries. Then

,
with pro-

bability at least 1-G, the map

f(x) = -MX
satisfies (i) for all x,yeX +

Remark :
-

1) The embedding dimension depends on
m

,
but not d

. CRAZY !
2) This is an example of the probabilis
tic method.

3) This result is oblivious to the data.

4) what can you do when X is not

finite? We'll come back to this

question.

Proof : Given any EtXy,
we h a

-

IMM
->

~No,1) (why?)i= 1u



By the Sum Rule from Lecture 3

MEP is C2In , 4) - subexponential.
IlZ112

Thus, applying Bernstein's Ineg.

IP(/-1/ : 3)1zexp(-))
↑ = 2 exp)-nE/%) .#(*) - fly

:

nX - y12

This implies that for fixed y, yeX
PP((A) does not hold for xy) < 2e-ma%
Taking union bound over the (2)
pairs of points yields
IP((*) holds for all xyex)11-2(e-

=1-m2-
= 8. I

Sub-Gaussian Norm
We gave one definition of



sub-Gaussians. Yet there many
Proposition : Let X be a n.v. the
-

following are equivalent (module const.
factors :
1) 7k, 0 s .t . 1P((X1t) < 2e-E4 , VEzo.
2) JKz20 st . Nep=(E)"<Knopat .
3) 7kg30 s .t . Eexp(X(z) = 2 .
Moreover, if EX =0 then, these are

guivalent to

4)5ky>0 St. Exp(X)=exp(k)R
Proof : We prove 1) = 2) = 3) -4).
-

1)= WLOG KI =1 (why?) · By HW1

EMX10 = S.pto-p(X1 = t) de

zu
= p. 2 fp-etdt

t =S P-1
"eds

wirelGamma function
↑(X)13x+

E pr(P/2)

for X2
-
= 3p(p(z)

P/2

Chhy?)



= IVlep = (3p(% (P/)
* see p.

2)E 3) WLOG K2 = 1.

E exp(XX) = 1+↑
To be set

-
> 1+

Sterling 1+ 2Approximation ↓

↓

= Rex=
3) = 1) Assume WLOG K3 =1.

P((x1 = t) = Ple
*zetz) <etFes2e*

we proved 4)= 1) in Lecture 2 . Prove

the missing implication. Il

A very slick consequence of this
characterization is the following
definition and result.

Def : The sub-Gaussian norm of a-

r.V. is

IIXIIv := inf <K>0:exp(X)/2) < 2).
t



Lemma (HW) : II . Ily
,
is a norm on

& XIIIXIlvo Y. t

We can restate the Hoeffding's ineq.
Theorem (Hoeffling via II. In2) : Let
X , ..., Xn independent r .v. and sob-

Gaussian. Then universal.
On

IXiu= CEXili t
Notice thatIXIlve does not require us
to recenter X . In particular, we have
Lemma : 11X-EXIIvCIIn
Proof : Applytriangle ineq.

11X-EXIv = IXIy+EXIIm ·

To bound the second term (2)
1) EX1Iv = IXIIIIIIu-cENs C'IXIIy·

-X A
Jensen's Different const .[I

There is an analogous story for



subexponentials &

Proposition : Let X be a v . v . the
-

following are equivalent (modulo const.
(factors :

1) 7k, 0 s .t . P(1X1t) < 2e-t/k , VEzo.
2) JKz20 st . Nep=(E)"SK2 p Xpzt .
3) zky30 s .t . EexpliX) = 2 .
Moreover, if EX =0 then, these are

guivalent to

4)5ky>0 St. Exp(X)=exp(k)in
t

This motivates the following.
Def : The sub exponential norm of a-

r.V. is

IIXIIy := inf(K>0:exp(/1) < 2).1 t
just as before Illy , is a norm over

the set of subexponentials. Moreover

1IX-EXlly , = CX1y



We motivated subexponential via x
distributions

,
in turn products of sub-

Gaussians are always subexponential.
Lemma : Suppose X

, Y are sub-Gaussian,
then

/Xylly, = Mllvellyly +

Proof : WLOG IXIIn = 1Y/v =1. Then
-

#exp(Ixy) = # exp(X + YY)
↑

Young's ineg . lablaze + b 21

↓ - I exp(**) exp(y(2)
[E(Eexp(x2) + Eexp(y)))
-(2 + 2) =2. I

It is natural to wonder whether
other functions besides exponentials de
fire other norms capturing different
growth/tails . Indeed

, this is the case.

Def : Given a convex , rondecreasing function
-

t-X

Y : /R+ - IR s .t. Y(0) = 0 with Y(t)-*,
t

define the Orlicz norm of a rv. X
as



IXIIv = inf[k>01Eu(M) = 19. +
One can show that this defines a room
on 2X1M1v*Y.
Example : For YIE) = HP with p21 de--

fires Lp . While Yet-1 and Y
,
Ct)

t
I e -I define sub-Gaussians and

sub exponentials, respectively. t


