
Lecture 23
Last time Today
Vapnik-Chervorenkis D Controlling the VC
(rc) Theory I dimensionD Generalization for

linear models.

Controlling the VC dimension

Let G he a class of real va-
led functions (g : X+ 1RY . Define

Sg =< xEX1g(x) = 04
S(G) = [Sg/geG) .

Proposition : Let G be a vectors
-

space of functions gift-IR
with dim (G) < %. Then,

vc(s(G)) = dim (G).

Proof : Set n= dim(G) +1 and
-

suppose S(G) shatters some X = &X1, ..., XnY ·

~

~ (g) i]"g,19



S(G) = [Sg/geG) .
Proposition : Let G be a vectors
-

space of functions gift-IR
with dim (G) < %. Then,

vc(s(G)) = dim (G).

Proof : Set n= dim(G) +1 and
-

Define
L: G -> IR"

h (g) = -> (9(4)) .

g(Xn)

Sincen> dim (G) , there is
(why?)
↓

0 U ERY s .
t

. <0
, ((g)) =0

for all geG . Therefore,
-EU : g(Xi) = E Vig(i) YgeG.

Gi : U:04 hi :Visos
X un ↑~
Au T Az T2

WLOG assome 8 :30 for some :.
Since S(G) shatters X

, there is a

function g Sit .

g(xi) 10 VieD , and

g(xi) >o ViEA2

so
OITi = T2 >0. Y

I

Example (Halfspaces)
Define
San = <xER/ <a,x) + b =OS
S = & Sad I aERY , bEIRS
G = <x + (a,x) + b9 .

Then
,

vc(s) =dim(G) = d+1. +



WLOG assume 8 :30 for some i.
Since S(G) shatters X

, there is a

function g Sit .

g(Xi) = 0 Vie D, and

g(xi) >o ViEA2

so
-

Example (Halfspaces)
Define
San = <xER( <a,x) + b =OS
S = & Sad I aERY , bEIRS
G = <x + (a,x) + b9 .
↳HWS

Then
,

vc(s) =dim(G) = d+1. +

Example (balls) :

Define
Sa

, b
= G XEIR")1IX-alle be

S = (SablaeRa , blog.
Consider functions
gab(X) = 1x-all" - b2

=> 1Ix11 + 2<a,X) + Hall" - b2
.

This is not a subspace. But it is
contained in one.

gc(x) = < C , E(X) with =11)

and

-(x) = (1 , X , , . .., Xd , IIII) ·
Then, it is clear that

& ga,b 1 aEIGChgcIcEl
↑ subspace of

So dim d+2

ve(s) = d+2.
+



Sa
, b

= G XEIR")1IX-alle be
S = (Sab1aeIRa , blog.

Consider functions
gab(X) = 1x-all" - b2

=> 1Ix11 + 2<a,X) + Hall" - b2
.

Proving that this is a finite dim.
&

-

The trick is to define
gc(x) = < C , E(X)) with CERdt

and

G(X) = (1 , X, , . .., Xd , IIII) ·
Then, it is clear that

& ga,b 1 aEIGChgcIcEl
↑ subspace of

So dim d+2

ve(s) = d+2.
*

The correct value is d+1 (much harder to prices
As we have seen with these simple

examples, we open get guarantees
of the form

#P1[fil - Ef(x))] =0[
where d is the input dimension. A na
tural question is
Can we get dimension independent



bounds for interesting E ?
Dimension free bounds
We will derive bounds for two types
of losses : 11 linear models and 2)

strongly convex functions.
Linear models
Consider the problem I is 1-Lipschitz in- its first coordinate.
Some set min

# l ( (0,a), b)
O (a,bluP-

Thus
, we aim to prove generalization

bounds by controlling Rn(F) of
= = ((a,b)+ (((f ,a) ,b) 10 I

.

Recall that we had

SupElbi) -Elab
-2Lib

,
up Suppl ,ail,bil

In turn we can also prove the same

thing without absolute values
,
which

↑
Prove it



1 .stills gives us interesting information (why?
-

Let R and Rn be Rademecher

complexities without absolute values
.

Theorem econtraction principle) : Con
sider a set AGIR" and let Y: /R-IR

bep-Lispschitz functions and let

A = <(4
,
(a) , ... ,

Inlan)) 1 aeAS .
Then, RCA)

H

R(A) = Esup [Eiai EsupEcidi .
atA

Notice it is A

aA -

Notice that this fleorem allows is
to take U.(a) = l((0 ,

a)
,
b :) and

R(F) < En (4a> 10,a) 100%
N

Proof of the contraction principle
WLOG -1. For anyN

:R"-IY with

↑ j 1- Lipschitz define
Y(A) =h(. (a,) .

. . . Unlan))1 at AY .

Let Y : (4 , ,
. ..,r) , and = (5

, 42 ...

R
,
it suffices to prove

(A) & (y(A)) = R((A)).

Expanding
R(Y(A) = E SUP :Yil



Proof of the contraction principle
WLOG -1. For anyN

:R"-IY with

↑ j 1- Lipschitz define
Y(A) =h(. (a,) .

. . . Unlan))1 at AY .

Let Y : (4 , ,
. ..,r) , and = (5

, 42 ...
Yn) . By the permutation invariance of
-

R
,
it suffices to prove

(A) & (y(A)) = R((A)).

Expanding
R(Y(A) = E SUP :Yil
Def

= SupDial

+ sup-U ,(a)

=Sut Y,
(a .) -y( ,)

+Ei(ai + 4,()]
1-Lipschitz
Sup la , - a

Because of -Ei(ai) + 4,(i)]
the sup we can

L
ensure I ↓ ( Sup a-
a ,-, 20.

-Ei(ai) + 4,(i)]
--

r - L

- -

-sup-a
DefE((A)).

IJ



Def
= SupDial

+ sup-U ,(a)

=Se (a) -Y,

+Ei(ai + 4,()]
1-Lipschitz
Sup la , - a

Because of -Ei(ai) + 4,(i)]
the sup we can

L
ensure I ↓ ( Sup a-
a ,-, 20. 10 . . 0 .

n .17

= I Supall
-sup-a

DefE((A)).
IJ


