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Last time Today
Radamacher com 17 Vapnik- Chervoreukis
plexity (VC) Theory.
Polynomial discri
mination

I
ve Theory
We will develop another method to

certify polynomial discrimination
of 2016-valued functions F
Def : We say that

X = <X 1 , .
. ., XnY

is shattered by if
#

# F(x) = 2

The VC dimension is

vc(E) = supQueN/ExeX" shattered by FYwith

We will use the following notation,
if S is a class of set and

= = (1 Ala e Sy



then,
S(X) = =(X) and ve(s)= vc(f) .

Example : Recall the last example from
last class

SoneG(-0, t] I t ERRY

then
, we have that ve(Sone) = 1.

Similarly,

Stwo = <(a,b) / a,beir , a<b).

With n=2-xx

23 - 00

- 10

C 7 -> 01

C 9. - 11

But with his we cannot form
101 . t

Lemma (Saver and Shelah) : suppose
that d = vc(5) . Then for any X = IX, . . ., And,

d (2)
#SCX: &(4) < (n+ 1)rc(s)

i=0 +wir
Ea(n) (i) = Shi O



Thus, F has polynomial discrimination
of order ve(s) and by the results

from last Lecture we can bound
-

Rn(F) I Eou(s)loy (n.

Proof : We prove 11) and leave (2) as
an exercise. We will prove 11) using
induction on d+n
m1

Im I
- d
Base case Inductive step

Base case : Assume d arbitrary and
-

n=

0 F(0) =011 = ( % ) = G(0)
i=0
-(8) = 1

Assume n arbitrary d = 0.
#F(X) = 1 = 1 = (* ) = Go(n)·



Inductive Step : Fix & and m and
-

suppose the inequality holds for any
I'm's .

t
. d' +m = d+m. Let X

be such that
X = argmax #F(X).
I =m

Take any aeX, and define
X- X (a] ·

Label H = F(X) = 10, 14#s, and define

Ho = Ghly-1neH and hal = ob,

Hi = Shlx-1heH and hal = 19.

Define He =Ho1ty these are

binary strings that can be extended
to X with both labels

.

Example a

I H =GG Hoh , H=! (&and H = 2016

Therefore ,



# H=HouH) + #H
↑

Convince yourself of this !

Inductive
= F(X) + #H (A)
Yhypothesis :@ (n-1) + #H ·

Consider now
sit

. fi(al fr(a)
yF= 49 :X- 40,14 /ff 3ExtX; g(x)=fix =fiN .

Then

Hn ? Fa(X).

We claim that relfal = d-1. Suppose
that it is not= > Fa can shatter
some Y ? X-and using the two

extensions at a we would have

# F(yUnab) = 2d+
+

G
Thus , we obtain Inductive hypothesis

↓

#H = #FaCX = Pln-1) . (a)



Fact (Pascal's Identity) :
(4) = (n)) + (02)I

↑
Number of subsets of [n] of size i
= #/S[[h-1] 1 #S = 1)

t

# & Sunny /S ? [n-1] ,#S= :- 19.
T

Then
,
(A) , (D) and (i)

#FIN-(it)+(: )
i=10 i=10

=(v)
= (4)

I


