
Lecture 15
Last time Today

D covering numbers via I D Two-sided bounds
volume on the singular values

↳ Detour : error correcting of sub-Gaussian matrices
codes

Bounds on the singular values of
sub-Gaussian matrices
We started our investigation by thinking
that if
(x) max IlAullzmax llAull

vesue VEN

then we can apply union bound to

get high probability bounds II Allop.
Today we will execute this plan . Our

first result formalizes (X) .

Lemma : Let A be a nxm matrix and
-

E [0,1) . Then , for any E-net N of the

sphere $M-
, we have

sup lAxle <llAllops sup IIA x112 -
NEW XEN +

Proof : The lower bound is trivial since



N& $m ! To
prove the upper bound, take

vers .
t
. VlAllop = llAxllop . Since

W is an a-net
,
there exists yea s .t.

ly-XIEE . Then

llAxII = llAX-Ayll + 11 Ayl
= EllAllop + llAylI.

Thus, rearranging
IAopII lylmalz &

I

We shall use a slightly different version
of this lemma

.

Lemma (Max) : Let AES"be a sym . matrix

and gE[0 , 1) . Then , for any E-net N of
the sphereInt and have
sup (X ,Ax)[llAllop1 Sup < X , AX..New +

Try to modify our previous proof to
derive this result.

We say that a random vector
E in IR2 is sub-Gaussian if

1lzlly: sup 1Kz ,villy overt



We say that z is isotropic if
#zzT = I .

Lemma : show that zuN(O,1) is
-

sub-Gaussian and isotropic. -

We are ready for the main

result of to day.
with men

↳
Theorem : Let A be an nxm
-

random matrix with independent, mean
zero , sub-Gaussian , isotropic rows Ai.
Then

, for any to we have

- CK"(m +t) = Om() = 0, (A)n+CKfm +t)
with probability at least 1-2 expl-t2), where
K = max 11Aill. t

Proof : We shall use the following
-

Lemma to rewrite the conclusion.

Lemma (Isol : For AtRm with men
and a scalar Eso

,
the following are

equivertent :
(a) llATA - Ill op < E.

(b) (1 - c)lIXII llAx C+Ellie YX
.



(c) 1- E = UmIAls O,(A) 1 + E.

Proof of Lemma (Iso) : (a) #(b) WLOG
assume lxI = 1 in (b). Then

llATA-Illop = max IxTCATA-1(x1
*E m- 1

= max IIIAXI-11
*Em+

Thus
,
this being bounded bya is

equivalent to (b).

(b)#)(c) This follows from the variatio
nah characterization
0
. (A) = max llAxll and Om(A) = min Hx11.

Xe $m+ XESM-1
I

Recall from Lecture 8 that

It"-11 < SVS-It-1158Vt,8:0.

Thus , to prove the result it suffices to
show that Check !)

(i) IATA - Illop E (48VS4 with 8
=C+).

The proof follows in three steps.
Step 1 : Approximation . Using Corollary



from Lecture 14 allows us to construct
an 1-net N of $4 with cardinality
IN 19 " Then

, by hemma (Max) we
have

1) * ATA - Illop <2 max KliAA-I)x, x)
= 2 max (lAx-

So to prove (iv) it suffices to show

max(A-1 with
Step 2 :Concentration . Fix XeW and

express llAxII2 as

IIAxIIn"=x
By our assumptions , I: are indepen-
dent sub-Gaussian random variables with
#Xi =1 and and Mille : K (Check! )

.

This makes X-1 independent , mean
zero subexponential random variables



with
IX? -IECK?

By Berenstein's irequality we get
IP(IllAx12-11

*)
= P(Xi-11 = E
= 2 exp) -a()n)
= 2 exp)-48'n) Since E = 3 VS

<2 exp)-4((n+ th). (a+b)-atb
Va, b 20.

Step 3 : Union bound. Now we can bootstrap
the result for fixed X to cover all X.
Recall that IW19 ! then

IP)max Flax-11: /New

= 94 . 2 exp) - c.22(n+ (4)
= 2 exp)nlog9 - c, (n+(4)
= 2exp(n/log9 - c, (2) - tr) (21 .
= Lexpl-t2) < cla



Since have the freedom to pick C,
we ensure

- 1 v &,
which concludes the argument. I

Remark:Note that we never computed
-

expectations of norms for this proof.
Nonetheless

,
we can use this high

probability bounds to derive

#Allop(CK(mn+ (m) and

#IIA-Ill =2k()
2) The bound on the operator norm is

optimal . See Exercise 4 .42 of Vershynin's.

3) Something remarkable about this result
is that we only need independence among
rows) the entries per row might depend
on each other).


