
Lecture 12

Last time Today
D Distances continued. I D Proof of Davis-B Davis-Kahan sin ⑦

Kahan Sin0.

Theorem D Wedin's theorem
D Community detection

ProoffDavis-Kahan: We will prove a
silightly more general bound on

111UIUSAny rotationally in -

variant norm.

The final bound will follow fromLe
mua Lectura 10). Assume condition
1) holds True. WLOG we can assu

me that a = -b 0 . Otherwise, we
can modify
MP M1= In and M . M -a+b In

You can check that this doesn't chan

ge the eigenvectors , it only shifts
eigenvalues. Thus, we get
11-
* 11
op
E b and Omin (1) = b +.-

un -
*

max Wil min Wil
ie[r] iE[nYl[r]

i 11
We will use these to conto IIIUIU* III.
The next decomposition will be useful:

vi(M-M* U* = 11VIU
*

-UIU*1*
Thus
, by noting EU= (M-M1) up, yields

↓
Reverse triangle ineq.

IIIVIEU* III = III1_UIU*111-IIIUIU
*
1
*
111

- Omin (v+) · III VIU
* 111-11IUIU*11. 111111 op

↑
Fact * in Lecture 10



We will use these to control IIIUIUIII.
The next decomposition will be useful:

vi(M-M* U* = 1_VIU
*

-UIU*1*
Thus
, by noting EU= (M-M1) up, yields

↓
Reverse triangle ineq.

IIIVIEU* III = III1_UIU*111-IIIUIU
*
1
*
111

- Omin (v+) · III VIU
* 111-11IUIU*11. 111111 op

↑
Fact * in Lecture 10

- (b+ 1- b) IUIU* /I
= A IIIvIU* III.

consequently, IIUIllop =1

IIIUIUIIIIIIIII↑
Fact A

when III . III = 11 . Klop, we can apply Fact

* once more to derive Ilsinellope Ellop .
*

When III . III = /I : If
,
we do the same and

note llvelIt =- , which gives IsinElly = VIEllop.-
A

The proof with condition 2) is simi-

lar and we leave it as an exercise.

I



Proof of Corollary (2) : We shall prove
that the the eigenvalves satisfies condition
2). Let X : (MP) (rep . 1 :(M)) be the with

largest eigenvalue of MP(resp . MI sorted

by value (as opposed to absolute value.

By Weyl's ineg.
(w) Hi(m) - Xi(M1)/[IEllop Vie[n].

Let r = # < : /xi(M) = 1813 and

re = #hi/x (M) =-r14 .

That is
Up

~~xxX(M)-1x*r+1

By construction , v = r, +r . Using (W) to-

gether with triangle ing we get that for i S . t.
it[ri] or isn-r we have

(xi (M) 12 (xi(M)1- 1Ellop

= (x1)-(1-)(181-15+,1)

Comex combi =+ (1- )(XPreil
nation with -- /1 + (1-)
more weight
on the smallest = (1 + (1 - Ve) (18-Wl)
value.

2 Wil + II Ellop.



On the other hand
,
if r, is n -v2

we have

# ,(m)1 = (xi(M)1 + 1xi (M) - Xi (M1
= ( , 1 + DEllop .

Thus
, setting b : /x

*
r+11 + 11Ellop , gives

gara ..., Xub = [ -b,b]
Using thatil ... Wel yields
↑X , ...,* 1(- D , - ]0[I1 ,b) .

We can set a
=
-b and

1= (1-Il-IElop > (l-Ill/ .
Invoking Davis-Kahan with condition

2) gives the result
.

T
Wedin's sing theorem
Wedin (1972) developed C parallel
perturbation result for singularrec-
fors. Assume M = M* +E Rhem

WLOG assume n<m



M1= =[U](0]V
(

M=v =[ S

where = [u, ..., up] , U = [We ..., um],
v * = [vi , ..., Vr] VI = (v , ..., un] ,

* *S -diay (o ....,dr) , and E* = diaglo 8)->N+11
--

/ n

The matrices U, UI , ", Y , [ and +

are defined analogously.
Theorem (Wedin's sin 0): Consider
the setting in (1) . Assume IEIlop
08-12. Then

distop(U, UP) Vdist(V,VP)12TUPopVIEVPO
dist

_
(U, UP) Vdist(V,VP)2 TUDIVIEV

t
The proof is similar in spirit to that
of Davis-Kahan Sin O . If you are in
terested it appears in Spectral Methods

for Data Science by Chen , Chi , Fan & Ma



Section 2 .4 .3.

community detection in networks
We will apply these perturbation re
sults to analyze an spectral method
for community detection.
We consider the so-called stochastic
block model where we observe
a random graph G(n , p , q)
with n nodes that can be split
into two disjoint communities
of sizeWe sit.

P V , V2 are in theIP((V , Vz] is an edge) = E same community,

I otherwise.

The goal is to identify the two
communities from one draw of
G(n , p , g).



Consider the adjacency matrix of
G given by

Aij = E 1 if G,j) is an edge
o otherwise.

In expectation this matrix has

a block structured. Assuming the

first community is [11] , we have

·EA = I IL" q :
check that this matrix is rank

2 with 1=, X2=

u = [E] and=
L

Rey Insight : Thus , if A is close

to EA we could use its second

eigenvector to identify the communities.


