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Distances beetwen subspaces
Distances and angles between subspaces
Last time we ended with 3 notions

of distances between subspaces
1) Distance with optimal rotation
disti. (U , U*) = min IIIUR-U

* III.

e.g ., Frobenius , operator
REOCr)

2) Distance between projections
IIIUUT-U**)"III
t

This matrix projects onto U.

3) Pricipal angles
Let 0. 2... 2Or z0 be the singular values
of UTVP Let Gi = arcos oi and
Let

hen,it to betwe vi = accosOi,
sin G,

I
o
... J I 1

.

① =

-
Or .

SinG = ...

sinOr



Let 0. 2... 2Or z0 be the singular values
of UTUP. Since

lutulop = /UllopIIUPHop1.
- Y Fact*

then
, Oi [0, 1]. e- 0 . = avccosOi,

· = 1. ...J , sin(n- singl
We measure

III sin E III .

Interpretation : The angle between-

a couple of 1D subspaces iS clearly
defined I

↑ u*-
What's the angle between a couple of
2D subspaces?
The idea is to define a set of an-
gles instead of just one angle.
The first principle angle

⑦ , = min -(n, v)
neUn$%

V=451d-1 (x)
- min arccos ((u,v))
UEUVen395

%

19d-1



Let u, and v , be the minimizers in (4),
Note that they minimize arcos (<u, v)) iff
they maximize<U,v) # cost

.

Exercise :Convince yourself that es
, v,

are the top singular rectors ofUP
Then

,
we can inductively define
O2 = min

nehspan(n))19
arcos ((n, v))

vE(4+ /Span <V,3) Id
+

Pictorially

x
Comparison between different "distances"
For our purposes any of these three
distances are the "same."

Lemma & Chemmas 2. 5 & 2 .6 in Chen, Chi,
Fan & Ma 2021) Let VERY and UPEREU

Then ,

1 urt-UT11 = Usin G llop = luIulop = llUTUIllop
op



Elluut-util = Isin 11 = luue = lutuIF

and, further
1UU-UT/[minluR-RplUUT-Ul
IUU-UTminIUR-R IUUT-UF F

-

Thus , controlling any would be fire.
Davis-Kahan sin theorem

Going back to perturbation analysis
fur eigenvectors , suppose we have
M = M* - eS" with eigendecompositions:

(B)

M= = [U]/]V
M=in = [uu][~]]
where

=diag
The matrices U,U- and 1 are do-

fired analogously.



Warning : Unlike for eigenvales, eigen
rectors are stable only if their associated

eigenvales are sufficiently far apart.

Example : Consider
-

Mo= (1 + a

1-q)E = [ 9] ,
M=]

for EE(0.1). Then , a routine computation
yields that the leading eigenvectors of
MB and M are

= [b] and .=!)·
Thus, regardless of E

,
we have

In.U - usu,*T11
op = (2

-1) 1.07

11n ,u. - +117= 1
.
26

The issue here is that MP is too close

to having a 2D eigenspace associated with

the top eigenvalue and a small perturbation
can more egenrectors "gar away." Thus,

we need some control on 1
,
(M1 - Xc(M*) ·

1



The following is a seminal result due to

Davis and Kahan.

Theorem (Davis-Kahan SinO) Consider
-

M and ME as in (B) Suppose I scalars
a=b and 10 S. t. any of the following
two conditions hold
1) Mi...,X][a,b) , and

Exres ..., XnY-(-* , a- 1JU (b+1,D).

2) Mi..., X- -X , a- 1Ju (b+1,%, and
&xres ..., Any ? [a,b] .

Then
,

dist (U , U
*= IIsinGlopllop;op

*
dist(u , u*)Elsin Elle ? Enellop.

A
t

This statement is a bit inconvenient
because the eigenvalues of M = MP + E

depend implicitly on both Mr and E .



The following corollary requires more ex-
plicit control on IIE11 op .

Corollary () : Consider M and MB as
-

in (B). Assume

(12 ... 11 and

1 , 1 z ... = /Xnl

Further, suppose
IEllop < (1-1) (11-1xtl) &

um
A :=

Then ,

distop(U , UP): E1lSin Ellop 2
/Ell op
-

A

distf(u, up)E11 sin ElfIEllop.
+


