
Mathematics of Data Science, Fall 2025 - Homework 2
Due at 11:49PM on Friday Oct/3 (Gradescope)

Your submitted solutions to assignments should be your own work. You are al-
lowed to discuss homework problems with other students, but should carry out the
execution of any thoughts/directions discussed independently, on your own. Ac-
knowledge any source you consult. Do not use any type of Large Language Model,
e.g., ChatGPT, to blindly answer this assignment. If you do, your submission will
be voided and you will get zero as a grade.

Problem 1 - Gaussian wonderland

Let X ∼ N(0, In) be a standard normal random vector in Rn.

(a) Pick a matrix Q ∈ O(n) = {A ∈ Rn×n | AA⊤ = In}. Show that QX ∼ N(0, I).

(b) Show that X ∼
√
ξU where ξ ∼ χ2

n and U ∼ Unif(Sn−1).1

(c) Let G be a random m × n Gaussian matrix with i.i.d. entries where G11 ∼ N(0, 1). Let
u, v ∈ Sn−1 be unit orthogonal vectors. Prove that Gu and Gv are i.i.d. random vectors
with Gu ∼ N(0, Im).

Problem 2 - Arguments that we missed

Show the following two things we did not prove in class.

(a) Let X ∈ Rn be a vector. Its order statistics are given by the reordering

X(1) ≤ X(2) ≤ · · · ≤ X(n).

Prove that for any X,Y ∈ Rn and k ∈ [n], we have that

|X(k) − Y(k)| ≤ ∥X − Y ∥2.

(b) Let X1, . . . , Xn be i.i.d. random variables with X1 ∼ N(0, 1/n). Pick a δ > 0 and consider
Rδ = {x : |∥x∥ − 1| ≤ δ and |X1| ≤ δ}. Prove an upper bound on P(X /∈ Rδ) that goes to
zero as n→ ∞. Thus, with high probability, a Gaussian vector concentrates on a ring.

(c) (Bonus) Let Ψ: R+ → R+ be an increasing, convex function such that ψ(0) = 0, and
ψ(x) → ∞ as x→ ∞. Define the Orlicz norm of a random variable X as

∥X∥ψ = inf{t > 0 | Eψ(|X|/t) ≤ 1}.

The Orlicz space Lψ = Lψ(Ω,Σ,P) consists of all random variables X in the probability
space (Ω,Σ,P) with finite Orlicz norm, i.e., Lψ = {X | ∥X∥ψ < ∞}. Show that ∥ · ∥ψ is
indeed a norm on the space Lψ.

1The symbol ∼ denotes “has the same distribution as,” χn
2 is a chi-squared distribution with n degrees of

freedom, and Sn−1 = {u ∈ Rn | ∥u∥2 = 1}.
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Problem 3 - Second-order Gaussian chaos

Fix a symmetric matrix A ∈ Rn×n with zero diagonal. Let X ∼ N(0, In) be a standard normal
random vector. The quadratic form Z = X⊤AX is called a second-order Gaussian chaos.

(a) Compute EZ and VarZ.

(b) Explain why Z ∼
∑n

i=1 λi(Xi
2 − 1) where (λ1, . . . , λn) are the eigenvalues of A.

(c) Prove the upper tail bound

P(Z ≥ t) ≤ exp

(
−min

{
c1t

∥A∥op
,
c2t

2

∥A∥2F

})
where c1, c2 > 0 are universal constants (find them explicitly), and ∥ · ∥op and ∥ · ∥F denote
the operator and Frobenius norm, respectively.

Problem 4 - Radamacher processes

Let ε1, . . . , εn be independent symmetric Bernoulli random variables (also known as Radamacher),
i.e., P(ϵ1 = ±1) = 1/2, and let T ⊆ Rn be a set. Define

Z = sup
t∈T

n∑
k=1

εktk.

Prove a bound of the form

P(|Z − EZ| ≥ t) ≤ 2 exp(−t2/2σ2) with σ2 =
n∑
k=1

sup
t∈T

t2k.

Show with an example that the variance proxy σ2 can exhibit a vastly incorrect scaling as a
function of the dimension n.
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