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Abstract

Several machine learning models are defined for inputs of any size, such as graphs with
different numbers of nodes and point clouds containing varying numbers of points. The univer-
sality properties of such any-dimensional models remain poorly understood, as universality is
traditionally studied for models accepting inputs of a fixed size, defined on a compact subset
of their domain. In sharp contrast, any-dimensional models can be viewed as sequences of
functions defined on growing-sized inputs, and it is not clear in which sense they can be universal.
We develop a systematic approach to establish any-dimensional universality, by identifying
any-dimensional functions with a unique function taking inputs in a suitable infinite-dimensional
limit space containing inputs of all finite sizes as well as their limits. Using the symmetries of
these inputs and relations between inputs of different sizes, we show that this limit space admits
a natural topology with rich families of compact sets on which any-dimensional universality can
be established. We illustrate our approach by showing that several existing architectures fail to
be universal, and we propose simple modifications that restore universality.

1 Introduction

Traditional supervised learning aims to learn mappings defined on fixed, finite-dimensional spaces
by using training examples lying in those same spaces. In contrast, many modern learning tasks
involve maps defined on inputs of varying dimensions. For instance, graph parameters, particle
system dynamics, games, and regularizers remain meaningful regardless of the number of nodes,
particles, players, or variables. There are a number of architectures in the literature that are defined
on inputs of any dimension, e.g., DeepSets [1] for sets, Graph Neural Networks (GNN) [2] for
graphs, and PointNet [3] for point clouds. Effectively, these any-dimensional architectures finitely
parametrize an infinite sequence of invariant functions (fn V., = R),, with increasingly larger input
dimensions.! Despite the proliferation of any-dimensional architectures, their expressivity remains
relatively unexplored. Specifically, the universality of most of the any-dimensional architectures
above has mostly been studied in a fixed dimension or in finitely many dimensions [4, 5, 6]. This
motivates our main question

Can any-dimensional models universally approximate functions across dimensions?

As stated, this question is ill-posed. To understand why, recall that classical universality
concerns approximating a single continuous function f: K — R on a fixed compact set K by a
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!By “invariant’ we mean that there is a sequence of groups (G.,), such as permutations or rotations, such that for
each n the group G, acts on V,, and for all g € G5, and v € V,,, we have f(g-v) = fn(v).



model f uniformly on K. Any-dimensional models, however, produce a sequence of maps with
varying domains. To resolve this mismatch, we adopt the framework of [7]. Specifically, we view
the input spaces as a nested sequence V3 C Vo C --- of increasing-dimensional vector spaces,
and embed them all into an infinite-dimensional limit space Vo, we construct containing each V,,
as a subspace. Under a mild compatibility condition, an any-dimensional model (fn) admits a
unique extension fooz Voo — R satisfying foo (z) = fn(x) for any x € V,, and n. This identification
lets us pose “universality across dimensions” as standard universality on an application-specific
infinite-dimensional space.

Main contributions. Let us summarize our contributions.

(A recipe) We develop a general strategy for proving any-dimensional invariant universality. The
strategy highlights two principles: (i) exploiting symmetries by passing to orbit spaces can yield
rich families of compact sets, even in infinite dimensions, on which universality can be proved; and
(74) unlike in finite dimensions—where all norms induce the same topology—the choice of norm
on Vo, is essential, as continuity (and hence admissible activations and architectural primitives)
depends on it.

(Instantiations) We apply this recipe to three representative domains: sets, graphs, and point
clouds. We show that several widely used architectures yield extensions foo that are either
discontinuous in the natural topology induced by the learning task or fail to be universal. We
then propose modifications—and, when necessary, new architectures—that restore continuity and
achieve universality.

Outline. The remainder of this section reviews related work. Section 2 reviews the mathematical
preliminaries of any dimensional learning necessary for the rest of the paper. Section 3 formalizes
the type of any-dimensional universality that we wish to establish and outlines a general recipe for
establishing universality. Section 4 presents concrete instantiations of this recipe for models that
apply to sets, graphs, and point clouds. Finally, Section 5 concludes the paper with limitations and
opportunities for future work.

1.1 Related work

Dimension-free learning. Many modern architectures are any-dimensional. Convolutional
neural networks apply the same translation-invariant filters to images of arbitrary resolution [8, 9].
Recurrent neural networks and transformers handle variable-length sequences via recurrence or
attention [10, 11, 12]. Neural operators such as DeepONet and FNO learn maps between (infinite-
dimensional) function spaces and can be evaluated on grids of different resolutions [13, 14]. In
geometric deep learning, several models have been proposed to handle sets of arbitrary cardinality
[1, 3], graphs with varying numbers of nodes and edges [2, 15], and point clouds with any size
[16, 17]. Recently, [18, 19, 20] leveraged representation stability [21, 22] to derive general-purpose
dimension-free equivariant and invariant model classes, encoding neural networks, convex sets, and
kernel machines. However, the ability to accept variable sizes does not guarantee consistent (or
transferable) behavior across sizes. The study of transferability originated in the GNN literature
[23] and has since been explored extensively in that context [24, 25, 26, 27, 28, 29]. More recently,
[7] proposed a unified framework—beyond graphs—for formulating and certifying transferability
across dimensions.



Universality. Universality is one of the pillars of deep learning theory. Let us start by commenting
on finite-dimensional results. Classical universal approximation theorems show that fully connected
networks approximate continuous functions on compact sets [30, 31, 32, 33], with recent extensions
beyond compact domains under suitable growth and activation assumptions [34, 35, 36]. The
expressivity of symmetric models has only recently been studied. For graphs, expressive power is
subtle: message-passing GNNs are known to have intrinsic limitations [37], commonly formalized
via the Weisfeiler-Lehman (WL) test [38], and many variants have been analyzed through this lens
[37, 39, 40]. Alternative GNN based on tensor layers [4, 5|, and those based on homomorphism
density functions [41, 42] do achieve universality. For permutation-invariant problems, DeepSets is
universal [1, 43]. Beyond these specific examples, [6] established universality of polynomial-invariant-
based models that are symmetric under the action of any compact group. Nonetheless, these results
are largely formulated for a fixed input dimension. By contrast, universality for any-dimensional
models remains comparatively underdeveloped. The closest related results are [44, 45] for sets
and [5, 46] for graphs. Our results and strategy highlight a more general perspective based on
the transferability framework developed in [7], applicable beyond these concrete scenarios. Let us
briefly comment on more specific differences. First, [45] studies lower bounds on approximation for
certain RKHS classes; these classes are not our focus. Our DeepSets results extend [44] by covering
a broader class of compact sets. On the graph side, [25] proves universality of graphon neural
networks in simplified regimes, while [46] establishes universality with respect to the ¢, metric. In
contrast, we work with the arguably more natural and widely studied cut metric §g, which induces
a coarser topology.

2 Preliminaries

In this section, we introduce the notation and technical background necessary for the paper.

Notation. We use R and N to denote the reals and positive integers, respectively. Define
No =NU{0} and [n] :={1,...,n} for n € N. We write O(k) for the orthogonal group in dimension
k and S,, for the symmetric group on n letters. For a given metric space (X, d), we denote the open
ball centered at x of radius n by B(x,n) :={u € X | d(u,z) < n}. Let C(X,)) denote the space
of continuous maps from a topological space X to Y, and write C(X) when ) = R. Let B(X,))
be the space of bounded linear operators between normed spaces X and ). Given an arbitrary
norm || - |gs on R¥, the symbol £,(IR¥) denotes the space of sequences X = (X;. € R¥);cy such that

221 [1X5:|[gi < oo. Similarly, for a given measure space (R™, ), let LP(R™; R*) be the space of
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measurable functions X : R™ — RF with || X, = (f HX(t)H%kdu(t)) v < 00. The symbol || - ||,
refers to either the ¢P- or LP-norms, as appropriate. Finally, let P(R¥) be the set of probability

measures on R¥, and let P,(R¥) C P (Rk> denote those with finite pth moments. We use the symbol
W), to denote the Wasserstein-p distance.

Any-dimensional learning. Next, we recall a few basic notions pertaining to any-dimensional
models and their generalization across dimensions. Our exposition here follows [7]; we refer the
interested reader to that reference for additional details. We focus exclusively on real-valued
functions, and accordingly streamline several definitions, though all notions in this section extend to
more general codomains. The key idea of this section is that a sequence of functions (f,: V;, = R)

with growing-sized inputs can be identified with a single extension fo: Voo — R, defined on an
infinite-dimensional space V, that ‘contains’ each V,, as a subspace. This viewpoint lets us pose



questions such as universality on one common domain, rather than across a sequence of domains.
To state these ideas precisely, we start from a family of vector spaces encoding inputs of growing
size, together with maps and relations linking them.

Definition 2.1. A consistent sequence is a triple V.= {(Va),cn > (¥Nn),<n » (Gn)pen} indexed
by a directed poset (N, =),% of finite dimensional vector spaces Vy, maps_cpNyn and groups G
acting linearly on V,, such that, for alln < N, (i) the group G, is embedded into Gy and (ii)
ONn: Vo = VN is a linear, Gy,-equivariant embedding.

The elements of different vector spaces in a consistent sequence represent objects of different
sizes, while the groups and embeddings between them represent their symmetries and relations
between objects of different sizes, respectively. To crystallize this notion, we provide two examples
of consistent sequences that will play a crucial role in this work.

Example 2.2. Let V,, = R" and G,, = S,, be the symmetric group acting by coordinate permutation.
One might endow this sequence with two different types of orderings and embeddings.

1. (Zero-padding embedding) Index by N with the standard ordering <. Define on ., : Vi, — Vi
by
ONn (T1,.. o Tn) = (T1,...,Tpn, 0,...,0 ).
——
(N—n) zeros

We use the symbol Ve to denote this sequence.

2. (Duplication embedding) Index by N with n < N if n divides N. Define pnn: Vy — Vy
by repeating each coordinate N/n times,

ONm (T, Tp) = (T1, 0, T1ye o, Ty e oo, Tpy).

N/n copies N/n copies

Similarly, we use Vqup to denote this sequence.

To define and study continuous any-dimensional models, we further define a single, infinite-
dimensional space containing inputs of all finite sizes. This is done in the following definition.

Definition 2.3. Define V, as the disjoint union | |V, modulo an equivalence relation
Voo == |_| Vo) ~,
n

where v ~ N n(v) whenever n <= N, and denote by [v] € Vi the equivalence class of v € V,,. The
limiting group G and its equivalence classes [g] are defined analogously.

In turn, this allows us to identify any finite-dimensional element v € V,, with its infinite-
dimensional counterpart [v] € V. The next definition will allow us to extend a sequence of functions
to this infinite dimensional space.

Definition 2.4. Let V = {(V,),(¢nn),(Gn)} be a consistent sequence indexed by (N,=<). A
sequence (fn : Vi, = R) is compatible with respect to V if fn o ony = fn for alln X N, and each
fn is Gp-equivariant.

2A directed poset is a partial order < on N such that every two elements have a common upper bound.



In other words, a compatible sequence of functions is one that takes the same value on “equivalent”
inputs, i.e., those related by symmetries and embeddings. A sequence of functions (f,,) is compatible
if and only if there exists a unique Goo-equivariant map foo: Voo — R such that f|y;, = f, for all
n € N [7]. Thus, we can identify any compatible sequence of functions with a unique extension that
matches the functions when restricted to finite dimensions.

In order to reason about continuity of f., we will endow V., with a metric. To do so, we consider
a sequence of compatible invariant norms (|| - ||v, : Vi, = R). Compatibility yields the existence of a
Goo-invariant norm || - ||y, on V. This construction allows us to define a limit space that contains
not only (equivalent classes of) finite-dimensional objects, but also their limits.

Definition 2.5. The limit space is the pair (K, Goo) where Vo, denotes the completion of Vao

with respect to || - ||v.., endowed with the symmetrized metric
d(z,y) = inf llg-2—ylv. forzye Ve (1)
9€Goo

The orbit space is the metric space (Voo/Goo,d) with

Voo/Goo = {Goo 2 | 2 € Vi },
where the outer completion is taken with respect to d.

This symmetrized metric is a pseudometric on V,, and a metric on the space of orbit closures of
Vs under the action of G, [7]. We slightly abuse notation, by denoting this set Vo /G and calling
it “orbit space.” Two elements x,y € V, are in the same orbit (closure) if, and only if, d(x,y) = 0.
Let us provide a quick example that will be used recurrently.

Example 2.6 (Duplication sequence with ¢, norms). Consider the duplication embedding from
Ezample 2.2. Endow each V,, = R™ with the normalized £, norm for p € [1,00), i.e., ||y, =
(L aP)VP. Then, the limit space Voo can be identified with LP([0,1]), with permutations S, acting
by permuting the n consecutive intervals of length 1/n in the domain [0,1] of functions in LP([0,1]).
The orbit space Voo /Goo corresponds to the space of probability distributions P,(R). Furthermore, the
symmetrized distance d coincides with the Wasserstein-p metric. Details appear in Appendiz C.1.2.

Armed with these notions, we are now ready to define continuity across dimensions.

Definition 2.7. Let V be a consistent sequence endowed with a compatible invariant norm (|| - ||v,)-
A sequence of invariant functions (f, : Vi, — R) is continuously transferable if (i) there exists
an extension f: Voo — R, d.e., fn = fooly, for all n, and (ii) the extension is continuous with
respect to || - ||v..

We remark that if (f,,) is continuously transferable, then it must be compatible. Further, an
extension foo is continuous in the limit space with respect to || - ||v,, if, and only if, it is continuous
in the orbit space Va,/G o With respect to d; see Lemma A.4 in Appendix A. The term ‘transferable’
is motivated by the results in [7], which show that if a high-dimensional model is transferable, then
it can be trained on low-dimensional inputs and generalize to higher-dimensional ones.

3 How to establish any-dimensional invariant universality?

In this section, we outline a general recipe for establishing any-dimensional invariant universality.
We begin by formally stating our goal. Consider a continuously transferable, consistent sequence of
invariant functions (f, : V,, = R). Building upon the foundational concepts from Section 2, our



primary focus is on approximating its G-invariant extension fo,. To approximate this function we
consider a class of continuously transferable any-dimensional models F. We identify each of these
models with its limiting extension foo and our goal is to show that: for any fixed accuracy € > 0
and compact set K in the domain of f.,, there exists foo € F such that

sup | foo () = foo(2)| < e. (2)
zeK

We make two remarks concerning domains and topology.

Domain of the extension. Since invariant functions are constant on orbits, they admit two
equivalent viewpoints: as functions on the limit space fo: Voo — R, or as functions on the orbit
space foo: Voo/Goo — R. Thus, the question of approximation can be posed over any of these
domains. Any consistent norm || - ||y,, induces a topology over the limit space, the corresponding
topology on the orbit space is given by the symmetrized metric (1). As it turns out, compact
sets in the orbit space are ‘richer’ than those in the limit space. The underlying reason for this
phenomenon is that by taking orbits, we collapse ‘big’ subsets (potentially noncompact) into single
orbits. To illustrate this point, consider the setting in Example 2.6 where Vo = LP([0,1]) are
integrable functions and Va/Goo = Pp(R) are probability distributions with pth moments. While
the set K = {X € LP([0,1]) | range (X) C [0,1]} is not compact in LP([0,1]), the collection of its
equivalence classes K = {u € P,(R) | supp(p) C [0,1]} is compact in Pp,(R); we defer details to
Appendix B. In Section 4, we will see more examples of this phenomena. In what follows, we focus
on universality on the orbit space equipped with the symmetrized metric, i.e., we prove (2) for
compact subsets K of the orbit space.

Induced topology and activation functions. In finite dimensional settings, all norms induce
equivalent topologies, which means that continuity with respect to one norm guarantees continuity
under any other. In sharp contrast, the topology of the limit space Vo, (and correspondingly that of
the orbit space) is heavily dependent on the choice of the consistent norm || - ||y, . This choice is
often dictated by the learning task, i.e., the map fo, we aim to approximate (or in practice learn) is
naturally continuous with respect to certain norms but not others. To illustrate this point, consider
again the setting in Example 2.6 with p = 2, and the sequence of ‘second moment’ functions

1 & . .
fn(z) = - Zw? with extension foo(px) = Eyapuy [V
j=1
where px € Po(R) denotes the probability law associated with X € L2([0,1]). In this case, fs is
continuous with respect to Ws, but discontinuous with respect to W;. As we will see in Section 4,
several existing any-dimensional architectures are not continuous in the natural topologies induced
by norms of interest. A recurring theme is that the chosen topology constrains which activation

functions and architectural primitives can be used.

Desiderata and a recipe. We now outline our strategy for proving universality. Our proof
strategy is based on the Stone-Weierstrass theorem, which we recall for convenience; see [47][Theorem
5.7] for a proof.

Theorem 3.1 (Stone-Weierstrass). Let C'(K) be the set of continuous real-valued functions on a
compact metric space K endowed with the norm || f|lc = sup,ecr |f(x)]. Let F be a subalgebra of
C(K) which contains a non-zero constant function.® Then F is dense in C(K) if, and only if, it

3A subalgebra of functions is a set closed under addition, scalar multiplication, and products.



separates points.”*

Density in the sup-norm is equivalent to (2). This discussion suggests two desiderata for practical
model classes F: (¢) functions in F should be continuous with respect to the natural topology
induced by the learning task; and (ii) the class F should form a subalgebra that separates points.
Somewhat surprisingly, many existing architectures fail to meet one (or both) of these requirements,
likely because most prior work studies approximation on a fixed dimension V,, rather than on the
orbit space. Guided by these desiderata, we propose the following three-step recipe.

Step 1 (Compact sets). Given a consistent norm ||- || dictated by the learning task, characterize
compact sets in the orbit space Vo /Goo.

Step 2 (Continuity). Construct a collection F of invariant any-dimensional models that are
continuously transferable with respect to the symmetrized metric (1) on the orbit space Vao/Goo-

Step 3 (Universality). Establish universality of F via the Stone-Weierstrass theorem by
showing that F forms a subalgebra that separates points.

4 Instantiations of the recipe

In this section, we instantiate our general recipe for any-dimensional models on three representative
domains: sets (Section 4.1), graphs (Section 4.2), and point clouds (Section 4.3). For brevity,
we work directly with the corresponding infinite-dimensional extensions of our models, rather
than the underlying sequences. Across all domains, we find that standard architectures are either
discontinuous, or fail to be universal. We therefore either introduce minor, principled modifications
to these existing architectures or propose new architectures, and we prove that the resulting models
are both continuous and universal.

4.1 Set functions

We start with models for sets of any size. Since fully connected feedforward neural networks appear
repeatedly throughout, we define the family

[e.e]
W}, = J {LaodoLi| L1 € Ly, Lo € Ly}, (3)
r=1
where Ly, = {x— Wz +6 | W e R"™ " 0 € R™} is the collection of affine maps from R™ to R™
and ¢: R — R is an activation function applied component-wise. Observe that these networks can
be arbitrarily wide.

We consider two models whose input spaces parallel the consistent sequences in Example 2.2.
Although both sequences share the same finite-dimensional spaces V,, = R"**, they use different
embeddings and consistent norms, and therefore induce substantially different orbit spaces. In both
settings we start from the DeepSets architecture [1], which maps

DeepSets”? (X) = o (i p(XZ»:)) , (4)
i=1

where p € NNf o O € NN‘ir, r € N. For each of the two orbit spaces we consider, we introduce a mild
modification of DeepSets that restores continuity and yields universality.

4The function class F separates points on K if for all 2,y € K and z # y, there is an f € F such that f(z) # f(y).



4.1.1 Universality over sequences

Additional details about the following constructions can be found in Appendix C.1.1. For the
first example, we consider the k-fold direct sum of the zero-padding consistent sequence V%ﬁo =

{(R™*F), (cp%f“n), (Sp)}. Given an arbitrary norm | - ||gr in R¥, and a real number p € [1,00),

we endow V2F  with the compatible sequence of ¢, norm || Xy, = (3", \|Xi;||%k)l/p, which are

unchanged under zero-padding. The resulting limit space is the space of sequences V., = Ep(]Rk),
with the group G« acting by permuting finitely many entries of these sequences.

Step 1 (Compact sets). For this example, we consider orbit closures of compact sets K C £,(RF),
which we denote by K/G. These are compact subsets of V. /G by the definition of the quotient
topology on Voo /Goo. Compact sets in £,(R*) are well-understood.

Proposition 4.1 (Compactness in £,(R¥), [48]). For p € [1,00), a set K C £,(RF) is compact if,
and only if, it satisfies that (i) it is closed; (i) it is bounded, i.e., supxcx || X ||, < 00; and (iii) it
ezhibits uniform tail decay, i.e., imy 00 SUPx e (Doi> N ||Xi:||%k)1/p =0.

For instance, the set {(z;)%°; : |z;| < 27" for all i € N} is compact in £,(R) for all p € [1,00).
We now turn to constructing a family of continuous models on Vi, /G .

Step 2 (Continuity).  Our architecture is based on DeepSets (4). To ensure that our architecture
is compatible with respect to our consistent sequence structure, i.e., that it is unchanged under
zero-padding, we assume that p (0;) = 0,. In general, (4) is not a continuous model as the infinite
sum may diverge since the function p can decay arbitrarily slowly. Motivated by this observation,
we propose

DeepSets2? (X) = o (Z X1 - p(&-:)) : (5)
=1

where p € NNZ5 pand o € NNir with » € N. The following proposition shows that DeepSets? is

indeed continuous on the space K/ G of orbit closures when both p and ¢ are continuous. The
proof is deferred to Appendix C.2.

Theorem 4.2 (Continuity on sequences). Suppose p € C(R¥ R") and o € C(R",R) are continuous
functions. Then, the map DeepSets?”: Voo /Goo — R defined in (5) is continuous with respect to
the symmetrized metric (1).

As an immediate consequence, we get that all functions in

Fps = {DeepSets@gj7 |reN,pe NNﬁk, o€ NN?T} are continuous.

Step 3 (Universality). Finally, we prove that the above variation of DeepSets is universal for
sequences. The proof of the following result is deferred to Appendix C.3.

Theorem 4.3 (Universality of DeepSets., ). Suppose that the activation ¢ is continuous and
non-polynomial. Let K C £,(R¥) be any compact set. Then, Fps is dense in C(K/Goo).

4.1.2 Universality over measures

Additional details about the constructions in this section are deferred to Appendix C.1.2. We consider

the k-fold direct sum of the duplication embedding consistent sequence Vaefp = {(R™*F), (go%]fn), (Sn)}



defined as in Example 2.2. Given an arbitrary norm || - ||gs on R¥, and a real number p € [1,0),

we endow each R™** with the normalized £, norm, ie., | X|; = (2 X0, ||Xi:||%k)l/p. As explained

in Example 2.6, the resulting limit space is the space of functions LP(]0, 1],Rk), and the space
of orbit closures V., /G can be identified with the Wasserstein space Pp(Rk) equipped with the
Wasserstein-p distance W,,.

Step 1 (Compact sets). We begin with a characterization of compact sets in the orbit space.
Proposition 4.4 (Compacta in P,(R¥) [49]). For p € [1,00), a subset Q C P,(R¥) is compact if,
and only if, it is (i) closed; (ii) tight, i.e., for any € > 0, there is a compact K. C R* such that
SUp,eq M (]Rk\KE) < g; and (iii) p-uniformly integrable, i.e.,

lim Sup/ (12, dpa(z) = 0.
B0 eQ oy >R

For example, the collection of all measures supported on a closed ball of radius R > 0, Q = {u €

Pp(R¥) | supp(p) € B(0, R)}, is compact in this space. We now turn to constructing a family of
continuous models on Pp(Rk) that can approximate any continuous function on a compact subset
to arbitrary precision.

Step 2 (Continuity). We consider the normalized DeepSets architecture proposed in [44],
DeepSetsty (1) = o < / pdu>, (6)

where p € NN;’?’ pand o € NNfr with r € N. To establish the continuity of this architecture we require

that the entries of p do not grow too fast. In particular, we denote by ]-"p(Rk,RT) the class of
continuous functions p = (p1,...,p,)" such that each component p; satisfies a p-th order growth
condition; specifically, for each j € [r], there exists a constant M; > 0 such that

pj(2)| < M;(1+ ||z|By), Ve RE

The following theorem establishes the continuity of DeepSetsgf under this growth condition. We
defer its proof to Appendix C.4.

Theorem 4.5 (Continuity on probability measures). Suppose p € F,(R¥,R") and o € C(R",R) are
continuous functions. Then, the map DeepSetsgf: Py (Rk) — R, defined in (6), is continuous with
respect to W,.

As an immediate consequence of this theorem, we obtain that all functions in
Fps = {DeepSetsgf |reN,pe NNﬁk, o€ NN(f,T}
are continuous provided that ¢ is Lipschitz, since it ensures that NNf e C Fp(RF R"), for p € [1,00).
Step 3 (Universality) Finally, we establish the universality of the normalized DeepSets architec-
ture in (6). We defer the proof of this result to Appendix C.5.

Theorem 4.6 (Universality of DeepSets ). Suppose that ¢ is a Lipschitz continuous, non-polynomial
activation that is asymptotically polynomial at +00.> Let Q C Pp(Rk) be a compact set. Then, Fgg
is dense in C(Q).

"We say that ¢(t) is asymptotically polynomial at +oo if there exist polynomials P and P- (possibly constant)
such that ¢(t)/P+(t) — 1 as t — £00, respectively.



The special case of Theorem 4.6 with () consisting of all measures supported on a fixed compact
set was proved in [44]. The requirement that ¢ is asymptotically polynomial at +oo guarantees the
universality of neural networks on non-compact domains [34]. Representative activation functions
meeting these conditions include ReLU, Softplus, and Sigmoid, among others.

4.2 Graph functions

Additional details about the constructions in this section can be found in Appendix D.1. Recall
the divisibility ordering from the duplication embedding in Example 2.2. We consider a consistent
sequence indexed with this ordering and given by Vgup = {(R&m), (¥Nn), (Sn)}, where REZT denotes
the space of n x n symmetric matrices with real entries, and ¢y, converts each entry into N/nx N/n
blocks with the same entry. We endow R with the cut norm, [|Aljg = % maxy, jcin] | Zier jes Aijl-
The limit space V4, can be identified with the space of kernels W, i.e., measurable symmetric functions
W:[0,1]?> — R equipped with the cut norm || - [|5. The symmetrized metric (1) corresponds to the
so-called cut metric dg. This limit space has been widely studied in the literature on large graphs or

graphons [50]. Intuitively, the functions W model adjacency matrices of infinite-node graphs.

Step 1 (Compact sets). As is standard in the graphon literature, we consider graphs with
bounded edge weights; in particular, we restrict them to the unit interval [0, 1]. With this restriction,
we focus on the subset of orbits corresponding to graphons, that is,

Wo = {W € W | range (W) C [0,1]} / ~, (7)

where Wy ~ Wy whenever dg(Wy, W) = 0 [50]. This is the collection of all limits of simple graphs,
i.e., graphs with edge weights in {0,1}. This entire graphon space is compact.

Proposition 4.7 (Compactness of Wy, [50]). The space Wy endowed with the cut metric og is
compact.

Step 2 (Continuity). Achieving continuity in the cut metric is subtle. In particular, pointwise
nonlinearities are not continuous in cut metric: for any pointwise map ¢, the operator W — ¢(W) is
continuous with respect to || - ||g if and only if ¢ is linear [46]. Since continuity with respect to | - ||o
on the limit space is equivalent to continuity with respect to o on the orbit space (Lemma A.4),
this precludes using pointwise activations. As it turns out, many existing graph architectures are
discontinuous in (W, dg) [4, 5]. One way to circumvent this issue is to coarsen the topology to
make pointwise nonlinearities continuous, as in [46]. In contrast, we work directly with the cut
distance 0, which metrizes a standard notion of graph limits [50].

The continuity with respect to this distance is closely tied to homomorphism densities. Intuitively,
these are functionals that quantify how frequently a fixed motif (a finite graph) appears in a graphon.
Formally, given a motif F' = (V, E) and a graphon W € W), the homomorphism density is

(EW) = [ T W (i) [] da ()
AV ir iV

In turn, the linear span of homomorphism densities of simple graphs, HD := span{¢(F,-) |
F is simple }, is dense in the space of continuous functions C'(Wp, dg) [50]. Thus, it suffices to find
a model class that can be expressed as linear combinations of homomorphism densities of simple
graphs. Importantly, the desired model class must also not contain any homomorphism densities of
non-simple graphs, as these are discontinuous in the cut metric [50]. With these considerations in
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mind, we propose the following family of models

m
(W) = / [T (aiW(zi,z;) +biy) I dze, (9)
0.10™ 1 <i<i<m =1
where a;;, bj; € R are parameters. In particular, the restriction ¢ < j ensures that only simple motifs
can be parameterized. Based on this, we define the function class

Fyy = span{h%’(-) | m € N, m > 2, a,b € RTS™}. (10)

Sym

As we detail in Appendix D.4, this family can be represented by a neural-network-like deep
architecture, making it directly amenable to gradient-based optimization. This property is informally
stated as follows.

Theorem 4.8 (Informal). The family of functions Fyy can be parameterized using a neural network
architecture.

The neural network architecture in this result is somewhat involved; to streamline the presentation,
we defer to Appendix D.4. We mention in passing that the nonlinearities correspond to tensor
contractions, which have been proposed in the past to enhance the expressivity of invariant
architectures [51]. Our discussion thus far yields the following result; its formal proof appears in
Appendix D.2.

Theorem 4.9 (Continuity of Fyy). All functions in Fyy are continuous with respect to dq.

Step 3 (Universality). Separating points in the graphon space (Wp, dg) corresponds to distin-
guishing graphs up to weak isomorphism—a fundamental task in the study of graph neural networks.
Prior work on the expressive power of standard GNN architectures [37, 39, 40] has linked their
expressivity to the Weisfeiler—Lehman (WL) graph isomorphism test [38], which fails to distinguish
certain non-isomorphic graphs. In contrast, the following theorem establishes that our model class
(10) is universal; its proof is deferred to Appendix D.3.

Theorem 4.10 (Universality of Fyy). The class of functions Fyy in (10) is dense in C' (W, 0n).

The proof of Theorems 4.9 and 4.10 essentially proceed by expanding out the product in the
definition of our model (9) and observing that it is a linear combination of homomorphism densities.
By appropriately choosing the parameters a,b in (9), we further show that all homomorphism
densities lie within our parametric family Fyy.

We emphasize at this point that there are two key advantages to working with the parametriza-
tion (9) over directly learning coefficients in a linear combination of homomorphism densities, as
done in [41, 42] for example. The first advantage pertains to the number of parameters needed
to represent all homomorphism densities of simple graphs on m nodes. While the number of
such densities scales as O (2(?) / m!) and these densities are all linearly independent, our model
is able to represent all of them using only m(m — 1) parameters. The second advantage pertains
to the implementation and training of our model. Learning coefficients in a linear combination of
homomorphism densities requires computing each homomorphism density separately for every motif
and every input graph, which is costly. Our parameterization avoids this by encoding graph patterns
implicitly through the learnable coefficients a, b in (9). Moreover, our model is directly amenable to
gradient-based optimization thanks to its neural network-like decomposition in Appendix D.4.

The key enabler of universality here is the use of high-order tensors as hidden layers; the order
of these tensors—as well as the width and depth of our networks—grows with m. Whether universal
approximation is achievable with fixed width or depth remains an interesting open question.
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4.3 Point cloud functions

Details of the constructions in this section appear in Appendix E.1. We consider a consistent sequence
analogous to the one used for sets (measures), namely V(Ifup = {(R™*F), (cp%’fn), (Sn. x O(k))}, where
R™** represents sets of n points in R¥ for fixed k € N, and the maps ¢ N,n are duplication embeddings.
The key difference is that the group is now S,, x O(k), where S,, is the permutation group and
O(k) is the orthogonal group, acting via (g, h)- X = gXh'. We endow R¥ with the Euclidean norm
| - ||gx, and equip each V;, with the normalized ¢5 norm; the limit space can then be identified with
Vi = L2([0, 1; R¥).
Since equivariant operators appear repeatedly throughout, we define the family

LE; . = {L € B(k,l)| Lis S[O,l]—equivariant}, (11)

where B(k,l) =B (LQ([O, 1%, L*(o, 1]l)> denotes the space of bounded linear operators and S )
is the group of measure-preserving bijections ¢: [0,1] — [0,1]. We say that L is S|y ;j-equivariant if,
for every ¢ € Sp 1) and every W € L%([0,1]%), one has L(W¥) = L(W)? almost everywhere, where
WP (x1,...,x5) = W(e(x1),...,0(xk)).

Step 1 (Compact sets). For this setting, we consider the set of orbit closures arising from a set
of bounded functions in the limit space V,, namely

Kp={X € L* ([0,1;R*) | | X ||z~ < R},

where R > 0 is a positive constant. The next proposition establishes that the space of orbit closures
of Kg, which we denote by Kr/Gx, is compact in Vo, /Go. The proof is deferred to Appendix E.2.

Proposition 4.11 (Compactness of Kr/G). The set of orbit closures Kr/Goo is a compact
subset of Vo /Goo-

Step 2 (Continuity). Next, we introduce a class of continuous models on the space of orbit
closures. The architecture decomposes into two stages: given a point cloud X, we first form its
Gram (inner-product) matrix X ' X, and then apply a graph neural network (GNN) to this matrix.
Intuitively, the Gram map enforces invariance to O(k), while the GNN provides invariance to
permutations S,,. Closely related architectures were first proposed in [16].

Let us formally define the architecture in the orbit space. For the first stage, we map each
X € Kr/Gw to a graphon Wx : [0,1]? — [0, 1] defined by

Wi (,9) = 5 (X(@), X)) + 5 (12

where we interpret X as any representative in its equivalence class. Notice that W is a symmetric
measurable function, and so can be seen as a graphon. We endow the space of graphons with the do
metric given by
So(W, W) = inf |W —W¥|s.
©E€S[0,1]
For the second stage, we use Invariant Graphon Networks (IGNs) [46], i.e., functions I, a7, 1.5: Wo —
R of the form

M
Lo (W) = 3 LD (o( LG (W) + b)) ) + 52, (13)
m=1
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where M € No, LY € LEy .y, L'? € LE, 0, b, 6@ € R, and ky, € N for each m € {1,..., M}.
Here o: R — R is a nonlinearity acting pointwise.
Altogether, we consider the family of models given by

Fie ={X = I, mns(Wx)}. (14)

Here the architectural hyperparameters and parameters (i.e., M, the operators L, and the biases b)
range over the admissible sets described after (13); we omit the full specification for brevity. The
next theorem shows that this architecture is indeed continuous with respect to the symmetrized
distance. The proof is in Appendix E.3.

Theorem 4.12 (Continuity of F3.). Let o be continuous. Then, all models in Fp are continuous
with respect to the symmetrized metric.

Step 3 (Universality). To close, we show that our model class for point clouds (14) is universal;
the proof is deferred to Appendix E.4.

Theorem 4.13 (Universality of ]-"I%C). Let o be continuous and non-polynomial. Then, }'I%C 18
dense in C (Kr/Goo).

The above theorem gives universality in the space of continuous functions of point clouds that
are invariant under rotations of the cloud. If we center the input point cloud before applying our
proposed architecture, we also obtain universality in the smaller space of continuous functions
invariant under all rigid motions of their inputs.

5 Conclusions and future work

To summarize, we have (i) formalized universality for any-dimensional invariant architectures, (ii)
proposed a general recipe for constructing and certifying any-dimensional universal model classes,
and (iii) used this recipe to prove universality for several concrete families. A key limitation of our
framework is that it applies only to scalar-valued outputs. Many practically relevant any-dimensional
architectures have both input and output sizes growing and are naturally equivariant as opposed to
invariant. In this setting, the problem no longer reduces to studying functionals on orbit spaces.
Developing tools that exploit such equivariance to obtain universality results for more general
architectures is an important direction for future work. Another limitation is that we only focus on
dense graphs in our current instantiations. There are several notions of limits for sparse graphs
including [52, 53, 54], and applying our framework to these limits is another interesting direction.
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A Missing details from Section 2

In this section, we present missing details from Section 2. We start with a more detailed definition
of a consistent sequence.

Definition A.1 (Detailed version of Def. 2.1). A consistent sequence of group representations
over directed poset (N, =) is a triple V.= { (Vi) ,en» (ONn) < > (Gn)pen} consisting of the following
elements. -

1. (Groups) A sequence of groups (Gy) indexed by N that embed into each other. Specifically,
whenever n X N there is an injective group homomorphism Oy ,,: G, — Gn with
0;; =idg,  forallieN,
000 =0k whenever ¢ < j = k in N.

2. (Vector spaces) A sequence of finite-dimensional, real vector spaces (Vi) indexed by N such
that each Vi, is a Gy -representation.

3. (Embeddings) A collection of embeddings (onn: Vi — VN)n<n such that on, is Gp-
equivariant, i.e.,

ONn(g-v) =0nn(g)  onn(v) for all g € Gy,v € V.

17



and such that
wi; =idy,  for alli €N,
©Ok,j O Pji = Pki wheneveri = j =k inN.

We can take direct sums of consistent sequences to obtain richer consistent sequences, as done
in several of the examples of Section 4.

Definition A.2. The k-fold direct sum of V is defined as
VO = (V7). (5, (Gn)}

where Vn@d denotes the direct sum of d copies of V,, and 4,0?\9,?” : Vn@d — Vﬁ?d is defined by applying
©Nn to each component. The group G, acts on V.4 by simultaneously acting on every copy of Vi,
ie. g-(v1,...,vq) =(g-v1,...,9 vq).

The next two propositions show that compatibility (Definition 2.4) is equivalent to the existence
of a limiting extension.

Proposition A.3 ([7, Prop. B.6]). Let V= {(V4), (¢nn),(Gn)} and U= {(Uy,), (¥nn),(Gn)} be
consistent sequences. A sequence of maps (fn : Vi, — U,) is compatible if, and only if, it extends to
the limit, i.e., there exists a Goo-equivariant map foo: Voo — Uso such that f, = fOO|Vn for all n.

In particular, a sequence of norms || - ||y, is compatible if and only if they extend to a norm
|| - ||V, preserved by the action of G.

Finally, we show that continuity of invariant functions in the limit space is equivalent to continuity
of the corresponding induced function on the orbit space.

Lemma A.4. Let ||-||v,, be the extension of a compatible sequence of norms |-||v, . Let foo: Voo — R
be Goo-invariant function, and let fo be the induced function on the space of orbit closures Vao /Goo.

Then, f is continuous on (K, | - ||V<x>) if, and only if, foo is continuous on (@/Goo,a).

Proof of Lemma A.j. Let 7: Voo — Vio/Goo be the quotient map 7(z) = [z]. Because fu is
G so-invariant, we can write foo o 7 for some foo: Voo /Goo — R. We prove the two implications.

(<) Suppose fuoo: Vao/Goo — R is continuous with respect to d. Note that 7 is continuous with
respect to the norm || - ||y, on Vi and symmetrized metric d on Vi /G o, since d (7(x), w(y)) =
inf,eq, 92 —yllv, < |z — yllvoo. Therefore, the composition fo = foo o 7 is continuous with
respect to || - [y, -

(=) Suppose foo: Voo — R is continuous with respect to || - ||y.,. Then for any € > 0 and any [z] €
Voo/Goo there exists 6 > 0 such that any y € Voo with ||z — y|lv,, < § satisfies | foo(7) — foo ()] < &.
Now, consider any [y] € Voo /G oo satisfying d ([z], [y]) < 6, then by the definition of d, there exists
an element gy € G such that ||go - — /||y, < J. Since for any g € G, the map z — g - x is an
isometry on Vo, we have ||z—gy ¢/ |lv, = [lgo-z—¥'|lv.. < J, which implies | foo () — foo (95 *-¥/)| < €.
Since foo is Goo-invariant, we obtain | foo ([2]) — foo ([¥'])] = | foo () = foolgo ' -4/)| < &, and conclude
that f~ is continuous. O

B Missing details from Section 3

In this section, we establish the claim that the set of functions in LP[0, 1] with uniformly bounded
range is not compact. This is a well known fact, but we prove it for completeness.
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Lemma B.1. The set K = {X:[0,1] — [0,1]} is not compact in LP([0,1]) for any p € [1, cc].

Proof of Lemma B.1. Tt suffices to exhibit an infinite sequence (X,,) C K that has no convergent
subsequence. To this end, let X, (¢) =1ift € U?i;l {21‘71 2"} and X,,(t) = 0 otherwise. Note that

37 o
1 Xn — Xmllp = 41% for all n # m, so (X,,) cannot have a convergent subsequence in LP.
O

C Missing proofs and additional details from Section 4.1

In this section, we present the proofs and additional details about the constructions for set problems.

C.1 Consistent sequences on sets

We start by elaborating on the consistent sequences from Section 4.1. These were studied in detail
in [7, Appx. F], and we refer the reader there for more details and proofs.

C.1.1 Zero-padding consistent sequence V., with ¢, norm

The zero-padding consistent sequence Voo = {(Vi,), (¢nn),(Gr)} is defined as Example 2.2.
Here we set G,, = S,, to be the permutation group acting on R"™ by permuting coordinates, i.e.,
(9-7)i =z4-1(3 for g € S,. For n < N, the embedding of groups O ,,: S, — S is given by

0
HN,n(g) = [ g IN_» ‘| for g € Sp.

For p € [1,00), each V,, is equipped with the £,-norms ||z, = (3Jj-; ]a:i\p)l/p which are permutation-

invariant. By Proposition A.3, this induces a norm on Vi, also denoted as || - ||,. Consequently, the
limit space is identified with the classical sequence space

o] 1/p
Voo = bp = {-’L‘ = (wi)izy [zl = <Z \-’L'z'!p> < 00} :

i=1

The symmetrized distance dp(z,y) = infgeq, ||g - @ — y||, defines a metric on the space of orbit
closures Voo /Goo-
Next, consider the k-fold direct sum VEF = {(R™*F), (gp%lfn), (Sn)} of Vi,ero, as defined in

Zero

Definition A.2. Fix an arbitrary norm || - ||gs on R, and define the £,-norm on R"*% as
n 1/p
1Xlp = (Z \&:Hf@) )
1=1

where X;. denotes the i-th row of X. The corresponding limit space can be represented as:
7 o] 1/p
Voo = p(RF) = X = (Xi)2, : |1 Xl = (Z IIXizHﬁk> <00 .
i=1

C.1.2 Duplication consistent sequence Vg4,, with normalized /,-norms

The duplication embedding consistent sequence Vaup = {(Vi) , (¢nn), (Gr)} is defined as Example
2.2. The group G,, = S,, again acts on R" by permuting coordinates. For n|N, the embedding of
groups Oy n: S, — Sy is given by Oy, (9) =g ® 1 N/n» Where ® denotes the Kronecker product.
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The space Vo can be identified with the space of step functions, whose discontinuity points are
rational. More precisely, each = € R™ corresponds to a step function f, : [0,1] — R given by
i—1 1

fa(t) =25 forte( ,},ie[n],

n n

and fy(0) = z1. For p € [1,00), each V,, is equipped with the normalized ¢,-norms ||z|z =

1/p
(l S Jal? ) , which are compatible. Under the identification with step functions, this cor-

n
1
responds to the LP norm of functions, given by ||f|, = (fol \fx(t)|pdt> /p. By Proposition A.3,

this induces a norm on V... Consequently, the limit space can be identified with the LP space,
specifically,

1
Voo = LP([0,1]) = {f :[0,1] — R measurable : /0 |f(t)[Pdt < oo}.

The permutations in S,, act on functions on LP([0, 1]) by permuting consecutive intervals of length 1/n.
Formally, each o € S,, defines a measure-preserving bijection o: [0,1] — [0,1] via d((i — 1)/n+1t) =
(o(i) =1)/n+t for t € [0,1/n) and i € [n] (and &(1) = 1 for simplicity).

A function f € Vi, gives rise to a probability measure s defined as the distribution of f(T)
for T" uniformly sampled from [0, 1]. Equivalently, uf = fuX is the pushforward under f of the
Lebesgue measure A on [0, 1]. All elements in the orbit of f correspond to the same measure py,
and conversely, two functions are in the orbit-closures of each other if and only if they correspond
to the same measure. Thus, the orbit space Voo /Goo can be identified with P,(R). Furthermore,
the symmetrized distance coincides with the Wasserstein-p distance in this case.

Likewise, for the k-fold direct sum of Vg4,, we fix an arbitrary norm on RF. The limit space Voo

can be identified with LP ([O, 1]; Rk), and the orbit space can be identified with P,(R¥) endowed

with the Wasserstein p-distance with respect to || - [|gx in the same way. More details and proofs
can be found in [7, Appx. FJ.

C.2 Proof of Theorem 4.2

Proof of Theorem 4.2. We show that the model DeepSets?’ can be decomposed as DeepSetsf’ =
oor1 with 7: Voo/Gs — R” continuous. Since V., /G is a metric space equipped with the
symmetrized distance, continuity on V.. /Gw is equivalent to continuity on each of its compact
subset [55]. Finally, by definition, o: R” — R is a continuous function, this decomposition implies
continuity of the entire model.

For any n € N, define the maps 7: Voo =& R" and 7,: Voo — R” by

n—1
ZHX [Rep(Xi) and  7a(X) = > [1Xa|fnp(Xa),
i=1

respectively. We equip R” with a standard norm ||- ||g-. Fix an arbitrary compact subset K C £,(R¥).

1/p
By Proposition 4.1, there exists M > 0 such that supycg (Z;‘;l ||Xj;||]%k> < M. This implies
SUp ye i SUP;en | Xi:|ge < M. Since p: R¥ — R” is continuous, it maps compact sets to compact
sets; thus, there exists M, > 0 such that sup xcx sup;ey ||p(Xi:)||[r- < M,. Each 7, is continuous on
K as it is a finite sum of continuous functions (coordinate projections and p). According to the
uniform tail decay property from Proposition 4.1, we have

lim sup |70(X) — 7(X)||rr < M, hm SUP ZHX H

n—o0
Xe >n
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Hence, 7, uniformly converges to 7 on K. By invoking the uniform limit theorem [56], we conclude
that 7 is continuous on K. Since K was an arbitrary compact subset, we conclude that 7 is
continuous on all of V.. Furthermore, since 7 is G-invariant, it induces a function on the orbit
space Voo /Goo, which we still denote by 7. By Lemma A.4, this induced map 7: Voo /Goo — R” is
continuous, which implies that DeepSets? = o o 7 is continuous. O

C.3 Proof of Theorem 4.3

To facilitate the proof, we introduce the set of invariant functions F.ont given by
Feont = {f K/Go = R, f(X —‘7<ZHX HRMO )> ‘TGNPGC(Rker)aUEC(RrvR)}-

This class serves as an intermediate bridge between the target space C'(K/Gs) and the neural
network class Fpg.

The proof of Theorem 4.3 is split into two main components. We first invoke the Stone-Weierstrass
Theorem to prove that Feont is dense in C'(K /G« ). Next, we show that any element in Feont can be
uniformly approximated by Fpg through the universal approximation property of neural networks.
Finally, the result follows by the transitivity of the density property. The details are organized into
the three lemmas below, Lemma C.1, C.2, C.4.

Lemma C.1. The function class Feont @5 a subalgebra of C (K/Gw).

Proof of Lemma C.1. To establish that Feont is a subalgebra of C(K/Gy), we verify its closure
under scalar multiplication, addition, and pointwise multiplication. Let fi, fo € Feont with f;(X) =

o; ( o |1 X s (X )) for j € {1,2}, where p; € C(R¥,R"™) and o; € C(R™,R).

Scalar Multiplication. For any A € R, (Af1)(X) = o) ( el ||Xi;\|§kp1(Xi:)) where o) = \oy.
Since o) is also continuous, Af; € Feont-

Addition. Define the concatenated map po: R¥ — R"¥72 as pg(z) = (p1(x), p2(z)). Since its
components p; and py are continuous, pg: RF — R™ 72 is continuous by the property of product
topologies. Define 0aqq: R™1"2 — R by 0aqq(u1,u2) = 01(u1) + o2(uz) for ug € R™ us € R"2. 04qq
is also continuous since the addition operator on R is continuous. Consequently,

(f1+ f2)(X (Z 1 X 1 o1 (X ) + 09 (Z 1 X e 2 (X )) = Oadd (i H&':H%WO(&:)) :

i=1
Thus, Feont is closed under addition.

Pointwise Multiplication. Similarly, define the concatenated map pg: R¥ — R™1%72 as po(V) =
(p1(V), p2(V)), which is continuous. Define opy: R™72 — R by o (ur, u2) = o1(u1) - o2(usg) for
u1 € R™ uy € R™, which is also continuous, because of the continuity of multiplication operator on
R. We then have

(fi- f2)(X <ZHX [rp1(X > <ZHX [ 02(X )) = Omul (i”Xi:”ﬁkPO(Xi:)> :

i=1
Thus, Feont is closed under pointwise multiplication. ]

Lemma C.2. Feony separates points in K /G, and contains a nonzero constant function.
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To establish point separation on the quotient space K /G, we first characterize the conditions
under which the metric d(X,Y’) vanishes. Specifically, we identify the properties that distinguish
points in distinct orbits. We claim that points in different orbits must differ in their first finite
coordinate indices, see Claim C.3. Based on this, we can construct functions in Font to separate
them.

Claim C.3. For any compact K C £,(R*) and X,Y € K, if the multisets {X;. : || Xi:||gr > €} and
{Yi. : ||Yi|lge > €} are equal for all ¢ > 0, then d(X,Y) = 0.

Proof of Claim C.3. Define the index sets by I (¢) := {i € N: || Xi.||gr > €}, and Iy (e) == {i € N : || Yy |lgx > €},
respectively. Since X,Y € K, by Proposition 4.1, sup,¢x (Z;’il |\X¢;||%k) < 0. Therefore, I(¢)
and I (e) are finite and have equal cardinality. Thus, there exists 0. € G, such that XU;1(i): =Y.,
for all i € I (e). We then have

d(X,Y)P < o - X - Y| = Z Hngl(i); - Yi:”%k-

igIy(e)

For i ¢ I,(¢), we have ||Y;|[gx < e. Furthermore, since o. is a bijection, the index set {o (i) :
i ¢ Iy(e)} is exactly {j € N : j ¢ I,(e)}, where || X;.||[ge < €. Since p > 1, apply the inequality
la — b||P < 2P~L(||a]|P + ||b]|P) and obtain

d(X,Y)P < 2r ! ( > IXelR + D Hiﬁ:\l%k) :

i1 (e) i¢ly(e)
Letting € — 0 shows that d(X,Y) = 0, meaning X and Y represent the same point in K/Gs. O

We are ready to prove separation of points.

Proof of Lemma C.2. First, Fcony contains a nonzero constant function by taking ¢ = 1, which
yields f(X) =1 for all X.

To establish point separation, consider two distinct points in K/G, represented by X,Y € K
such that d(X,Y) > 0. By the contrapositive of Claim C.3, there exists € > 0 such that the
finite multisets Mx = {X;. : [|Xi||ge > €} and My = {Y;. : ||Yi|[gx > €} are distinct. Thus,
there exists some v € R¥ with ||v||ge > € such that their multiplicities differ: mx(v) # my (v),
where mx(v) = #{i e N: X;. = v,X;. € Mx} and my(v) = #{i e N: Y, =0,Y;. € My}. Let
Q = (Mx UMy)\ {v}, which is a finite set as both My and My are finite. We define the separation
radius

n = min (Eéig e = llgee, [0l — e> .

Consider the ball B(v,n) around v. For any i € N, we distinguish the following two cases.

Case 1. If || X;||gr < ¢, then by the reverse triangle inequality, || X;. — v||gr > ||[v|lgr — || X |pr =
[vllgs —& = 7.

Case 2. If X;. € Mx and X;. # v, then by the definition of @, || X;: —v||gr > min,eq ||u—v||ge > n.
Combined, these cases imply that X;. € B(v,n) if and only if X;. = v. The same logic applies to
the sequence Y. By Urysohn’s Lemma [55], there exists a continuous function ¢: R¥ — [0,1], such

that ¢ (B(v, g)) =1and ¢ (Rk \ B(U,n)) = 0. Define f € Feont by setting r = 1, o(u) = u, and
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p = ¢, then,

=0 <Z||X [ (X )) = [lwligemx (v) # [vlgemy (v) = o (ZIIY [vaes ) fY).

Therefore, we conclude that Feony separates points in K/Goo. O]
Lemma C.4. Fpg is dense in Feont on K.

Proof of Lemma C./J. We invoke the Universal Approximation Theorem (UAT) [32]: for any contin-
uous non-polynomial activation function ¢, the set NN® Tk is dense in C (Rk R") under the supremum
norm on compact sets. More formally, fix a compact set @ C R* and a norm || - ||g- on R”. For any
continuous function h € C (Rk’ R"), and any approximation precision € > 0, there exists h € NN "k
such that sup,cq [|h(v) — h(v)||rr < e.

Given any function f € Feont, it admits the form f(X) = O’( 1 1 X [ (X )) , for some
reN, o € C(R",R), p € C(RF,R"). Since K € £,(R¥) is compact, by Proposition 4.1, there exists

1/p o .

M > 0 such that supycg (Z?L HX]-:H]%,C) < M. This implies supycp sup;en || Xi:||gr < M.
Since p € C(R*, R"), it maps compact sets to compact sets, i.e., there exists M, > 0 such that

Supy e supjen |0(Xi) [rr < M,. Thus for any X € K, Hz <X [5ep(Xir)||, < MPM,. This

means that the input domains of functions ¢ and p are both compact, which we denote by @), and
Q,, respectively.

Approximating 0.  For any ¢ > 0, UAT ensures there exists 6 € NN , such that sup,cq,_ [o(u) —
&(u)| < 5. Moreover, since ¢ is uniformly continuous on compact sets, there exists 0 > 0 such that
[ur — ugflrr <6 =16 (u1) —6(uz)| < 5

Approximating p.  Applying UAT to p, there exists p € Nka such that sup,eq, [|p(v)—p(v)[[rr <
%. Consequently,

> s (p060) — 5(X0) ;

oo
< su X[, su X)) — p(Xi) lwr < MP— =3.
< XGI;(;H illge sup (X)) = P(Xi)lgr < MP 7

su
p p

RT

We define the overall approximating function f € Fpg by f(X) =& ( 21 1 X R (X )), then

. (Zux B p(X ) s (er 2 p(x >)‘

=1

(Z 11 p(X ) —6 (Z X1 (X >)’

sup ‘f(X)—f(X)‘ < sup
XeK

St h

which shows that Fpg uniformly approximates every function in Feone . By the definition of both
of the function classes, Fps C Fecont, therefore, Fpg is dense in Feont on K with respect to the
supremum norm. O

Finally, combining the above lemmas, we prove Theorem 4.3.

Proof of Theorem j.3. Invoking the continuity property of our model, Theorem 4.2, Feont C
C(K/Gx). By Proposition 3.1, the Stone-Weierstrass Theorem, and Lemmas C.1 and C.2, we
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conclude that Feong is dense in C' (K/G) with respect to the supremum norm. Combining this with
Lemma C.4 and the transitivity of density, it follows that Fpg is dense in C' (K/G« ), completing
the proof that the model is universal. ]

C.4 Proof of Theorem 4.5

Proof of Theorem /4.5. This theorem follows directly from the fact that WW,-convergence is equivalent
to weak convergence in P,. Consider any sequence of measures (1;)ien C Pp(Rk) converging to y in
the Wasserstein p-metric, i.e., Wp (i, ) — 0. According to the characterization of convergence in
P,(R¥) [57], this is equivalent to [ ¢ du; — [ @ dpu for all continuous functions p: R¥ — R satisfying
the growth condition |p(z)| < C(1 + [|z||f,.) for some C > 0.

In our framework, p € fp(Rk,Rr) is a continuous mapping whose components p; satisfy
lpj(z)| < Mj(1 + ||lz[|5x)- Tt follows that [ pdu; — [ pdu as i — oo, establishing the continuity of
the map g +— [ pdp. Since o : R” — R is continuous, the composition DeepSetst’ (1) = o ( [ pdp)
is continuous with respect to the W), topology. O

C.5 Proof of Theorem 4.6

We first define an intermediate class of functions, Fo,

= {1003, 0= (o) |- p, (0.2). o <cm)

The proof strategy of Theorem 4.6 is similar to Theorem 4.3 by showing that: (i) F;; is dense
in C(Q) via the Stone-Weierstrass Theorem, and (ii) Fgg is dense in Fgg; via the universal

approximation property. We decompose the proof into three auxiliary Lemmas: C.5, C.6, and C.7.

to bridge C'(Q) and Fqg

Lemma C.5. The function class Fo is a subalgebra of C(Q).

Proof of Lemma C.5. Invoking Theorem 4.5, For € C(Q). To show F; is a subalgebra, it suffices
to verify that it is closed under scalar multiplication, addition and pointwise multiplication. Let

f1, f2 € Feg with fj(p) = 0 ([ pjdp) for j € {1,2}, where p; € F,(R¥,R™) and o; € C(R"7,R).

Scalar Multiplication. For any A € R, (Af1)(n) = o ([ prdu) where oy := Aoy. Since o) is also

continuous, Af; € Feop-

Addition. Define the concatenated map po: R¥ — R™¥72 as po(x) = (p1(z), p2(z)). Since its
components p; and ps are continuous, pg: R¥ — R 772 is continuous by the property of product
topologies. Furthermore, since p; € F,(R¥,R") for j € {1,2}, each individual component function
of po = (P11, Plr1sP21s--+5P2m)  satisfies the p-th order growth condition. Consequently,

we have pg € Fp(RF, R"*72). Define 0a4q: R"1"2 — R by 0a44(u1,us) = o1(u1) + o2(ug) for
u1 € R™ uy € R™. Observe that 0,494 is also continuous since the addition operator on R is

continuous. Consequently,
T
) = Oadd </ podﬂ> -

(f1+ f2) (1) = o1 (/pidu> + 03 </p2du> = Oadd ({/pld,u, /pgdu

Thus, F is closed under addition.

con
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Pointwise Multiplication. Similarly, define the concatenated map po: R¥ — R™1772 as po(V) =
(p1(V), p2(V)), which is continuous. Define opy1: R — R by opu(ur, us) = o1(uy) X oa(us) for
u1 € R™ uy € R™, which is also continuous, because of the continuity of multiplication operator on

R. We then have
-
> = Omul (/podl’l’> .

(f1- f2) (1) = o1 (/ Pldu) o2 (/pzdu> = Omul q/ prdp, /pzdu

Thus, F—; is closed under pointwise multiplication. O

Lemma C.6. The function class F; separates points in @, and contains a nonzero constant
function.

Proof of Lemma C.6. The fact that F_; contains a nonzero constant function is trivial. To show
it separates points in @), suppose u,v € Q C P, (Rk), and p # v. There must exist a Borel
set B C RF such that u(B) # v(B). Without loss of generality, assume u(B) > v(B), and let
§ = u(B) — v(B) > 0. Since R* is a metric space, any measure in P,(R¥) is regular [58]. By the
property of regularity, for any € > 0, there exists a closed set £ C B and an open set O D B such
that
uw(B) < pu(E)+e, v(B)>v(0)-—e.

Since E and R*\ O are disjoint closed sets in R¥, by Urysohn’s lemma [55] , there exists a continuous
function ¢: R* — [0, 1] such that ¢(E) = 1 and p(R* \ O) = 0. It follows that

[eduznE)>uB) < [¢dv<v(0)<vB)+e

Set e = % > 0, we obtain
0
/godu—/godVZM(B)—y(B)—Qe:g>O.

Recall that Fgp i= {f Q—R, f(u) =0 ([ pdu) ’ reN,peF, (Rk,R”> Nels C(RT,R)}. By
choosing r = 1, o(u) = u, and p = ¢, we observe that ¢ is bounded and continuous, which im-
plies |p(z)] < 1 < (1 + [jz[fk,), and thus p € F,(RF,R). Therefore, it follows that for any
v € Q C Py(RF) with p # v, there exists a function f € Fe— such that f(u) # f(v). O

Lemma C.7. The function class Fqg is dense in Fogrr on Q.

Proof of Lemma C.7. The proof for this lemma proceeds by analogy with Lemma C.4 except for
the following subtle issue: the compactness of () C Pp(Rk), as described in Proposition 4.4, does not
ensure that the input domain of p is compact. Consequently, the standard Universal Approximation
Theorem cannot be directly applied. To address this issue, we leverage the property that compactness
in PP(R’“) guarantees the probability mass in the tails of the measures is negligible. This allows us
to replace p with a function vanishing at infinity, which can then be uniformly approximated by
neural networks on the entire space R* using recent results for non-compact domains [34].

For any function f € F, we can represent it as f(u) = o ([ pdp), for some r € N, p €
Fp(RF R"), and o € C (R",R). We fix a compact set Q@ C P,(R¥), and let R” be equipped with the
Euclidean norm || - ||g-. By the growth condition on p, there exist positive constants AM; > 0 such
that for each component function pj, we have [p;(z)| < M;(1 + [|z||p,,) for all z € R*. Defining the
vector M == (My,...,M;)" € R", it follows that ||p(z)||gr < ||M||lrr(1+|2|%y), Yo € R*. Moreover,
Theorem 4.5 ensures the continuity of the map p+— [ pdp. Thus, the image of the compact set @
under this map, denoted by Q, C R", is also compact, forming the input domain for o.
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Approximating 0.  For any € > 0, UAT ensures there exists 6 € NN(z> such that sup,cq, |o(u) —
6(u)| < 5. Moreover, since ¢ is uniformly continuous on compact sets, there exists & > 0 such that
lur — uzflrr <6 = 16(u1) — 6(u2)| < 5.

Tail Control and Truncation of p. Since @ is compact, it is tight and p-uniformly integrable,
by Proposition 4.4. Then for the constant m, there exists a positive constant R > 0 such that

k .
;S}elgu (R \ B(0, R)) < e (tightness),
(5
sup T d -uniformly integrability).

Using Urysohn’s Lemma [55}, there exists a continuous function ¢: R* — [0, 1] such that ¢ (B (0, R)) =
1 and ¢ (Rk \ B(0, 2R)) = 0. We truncate function p with ¢ by

po(@) = p(x)p(x), Vo eR".
Evidently, p, € Co (R¥,R"™), the space of continuous functions vanishing at infinity. Furthermore,

by the tail control of p, the discrepancy between p and its truncated counterpart p, can also be
controlled on @

sup [ lps—plodie < sup [ Jlp(e) ardu(e) < |M | sup |
neq peQ JR¥\B(0,R) peQ JR*\B(0,R)

NGRS

(1+ Y2112, ) () <

Approximating p,. For the approximation of Cy functions, we invoke a specialized UAT [34]:
if the activation function ¢ is continuous, nonpolynomial, and asymptotically polynomial at +o0o,
then any function in Cy(R¥, R) can be uniformly approximated by NN¢ 1k On R*. This result extends

naturally to the vector-valued space C (]Rk, R") and NN:{5 i by approximating each component function
independently. Since p, € Cy (Rk,RT) , there exists p € NN¢k such that sup,cgr [|5(x) — pp ()R- <
%. Thus,
sup H/(p - ﬁ)du
req
We define the overall architecture as f

< SUP/HW P”RTdMJrSUP/H,% pllrrdp < 6.

(J pdp) € Fpg, and estimate the approximation error
sup |f(1) = f(1)] = sup U( > < pdu)‘
HER HEQ
o )+l 25 )+ /)
ueQ HEQ
=3 o 5

which concludes that Fps is dense in F— O

cont*

Proof of Theorem /J.6. By Proposition 3.1, the Stone—Weierstrass Theorem, and Lemmas C.5 and
C.6, we conclude that F is dense in C(Q). Combining this with Lemma C.7 and the transitivity
of density, it follows that Fxg is dense in C(Q). O

D Details and missing proofs from Section 4.2

In this section, we present additional details and proofs for our results on graphs.
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D.1 Duplication consistent sequence for graphs

We start by elaborating on the consistent sequence for graphs used in Section 4.2. More details and
proofs for the following assertions can be found in [7, Appdx. G]

The duplication embedding consistent sequence for graphs Vdup ={(Vh),(enn), (Gn)}is defined
as follows. The index set (N, - | -) is the set of natural numbers with divisibility partial order, where
n =< N if and only if n | N. For each n € N, V,, = RIX". For n < N, the duplication embedding

Sym
ONn: R — ]RS]\;QN is given by on,(4) = A® (ILN/n N/n> for A € R{Y, where ® denotes the
Kronecker product. The group is the symmetric group S;,, and the group embedding is the same as
the case in Appendix C.1.2. S, acts on V,, via g- A = gAg'.

The space Vo can be identified with the space of step graphons Wa: [0,1]> — R given by

1 SR
WA(xay) = AZJ for (-T,y) € <Z n 7TZL:| X <j n 7% 7i7j € [n]
The symmetric group acts on the induced step graphon by
o Wa=Wq  =Walo  z),0  (y)).
We endow each V,, with the cut norm, which is defined as
Allg = A; for Ae RI<"
H HD ng SCln TC[n ZES%:ET 1j or sym

This cut norm extends to a norm in V., which coincides with the cut norm on graphons, defined as:

W (x,y)dxdy| .

|IW|o:= sup
s,rclo,1] 1/SxT
The symmetrized distance coincides with the dg distance, which is defined by

dW,U) = oo(W,U) == inf [(U?=W)|lo,
PES|0,1)

where S[ 0,1] denotes the set of all measure-preserving bijections [0,1] — [0,1]; and U¥(z,y) =
Ul(e ( ,©(y)). The orbit space can be identified with the space of symmetric measurable functions
0,12 — R, modulo the equivalence relation Wy ~ Wy whenever 6g(Wy, Wa) = 0.

D.2 Proof of Theorem 4.9
Proof of Theorem /.9. We expand the formulation (9) and get

b (W) = H (aijW (xi, x5) + bij) H Z (H Qe H be) t(S;w

[0,1]™ 1<i<j<m SCEm \e€S e¢S

where E,, denotes the set of edges of the m-node complete graph. Thus, each h,,(-) is a linear
combination of homomorphism densities of simple graphs, which are continuous with respect to the
cut distance dg [59, Thm. 2.7], and hence Fyy C C (W, dn) as claimed. O

D.3 Proof of Theorem 4.10

Proof of Theorem /.10. To establish the density of Fyy, it suffices to show that HD C Fyy, where
HD := span{ t(F,-) | F' is a simple graph } is known to be dense in C' (W), dn) by [60, Thm. 2.2].
For any simple graph F' = (V, E) with |V| = k < m, consider the functional h,,(W) defined in
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(9) with parameters

1 if{i,j} € FE 0 if{i,j}eF
L ijreE by — 40 lijreE
0 if{ij} ¢ E 1 i) ¢ B
and note that h,,(W) = t(F, W), proving that HD C Fyy as desired. O

D.4 A universal deep model for graphs

First, we introduce a tensor contraction operator that serves as the nonlinear activation function in the
network. For k € Ny, define a class of functions G :== {G : [0,1]¥ — R measurable, bounded }/ ~,.c.
where G ~ae Go if G1 = G2 almost everywhere, and set Gy = R.

Definition D.1. We define the operator T': G411 X Hle Gy — G as

k
(T(P7G177Gk)) (y17"'ayk) = /[0 1 P('rvylaayk)HGz(xayl)dx

i=1

For k =0, the operator T': Gy — R is given by [y ) P(z)dx.

We define the j-th linear layer as

by
a;W + b;
ﬁj(Pﬁ W) = : >
k; k;
a;/W+b/’
where P € G, 11, for some k; € No; al, bt € R, for i € [k;l; W € Wy. We denote the j-th linear

AR
layer map as L;: G, 41 x Wo — (gij X Hfil%) X Wy given by L;(Pj, W) = (L;(P;, W),W) .

Furthermore, we denote the nonlinearity in the network as T: (gk+1 X Hle gz) X Wy — G X Wy

given by T ((P,Gy,...,Gg),W) = (T(P,G1,...,Gi), W), where T is the operator in Definition D.1.
We then contract the output of £; using T" defined in Definition D.1 to get the input of (j +1)-th
linear layer
To L;(P;,W) = Py € Gy,.
Suppose we have m > 1 layers, set P; € G, Pi(x1,...,2,) = 1, and let k; = m — j. For the
J-th tensor output, 1 < j < m+ 1, we have P; € Gy,41—;. The overall architecture A’ : Wy — R
can be written as

(WBEW),W)=ToLpo---0ToLi(P,W). (15)

Theorem D.2. Let Fyeep be the class of functions defined as Fyeep = span{hly | m € N}, where
each W has the form of (15). Then Faeep is dense in C (Wo,dn).

Proof of Theorem D.2. We establish the result by induction, demonstrating that the deep model
form (15) recovers the structure of (9), and complete the proof by Theorem 4.10. We prove
inductively that for any r € N such that 2 < r < m + 1, the output tensor P, € G,,+1—, of the rth
layer can be represented as

r—1 m

Br(x>r) = /[0 et T 7 Wne) [T ] 27 (Wi, 2;)) dxer, (16)

1<i<j<r—1 i=1 j=r
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where LY (W) = a!W + b} with a},b¥ € R, x>, := (Zp, ..., Tm), and dx<, = dx; ...dx,_1. Having
done so, we set r = m + 1 and conclude that

Py = /[0 . H Lg_i(W(:Ui,xj))dx<m+1 = H (ag_iW(xi,:cj) + bf_z) dX <1

" 1<i<j<m 0.1 1 <ici<m

By setting a;j == a] “ and bij = b '  this expression exactly matches the form (9), completing the
proof. Thus, we proceed to estabhsh (16).

Base Case (r =2). Directly applying Definition D.1, we have
Py(za,...,xm) = /[0 ) ] H afW(x1, xys1) + b)) day = / H LJ o (W(x1,2;5))dzy
which is consistent with the inductive hypothesis (16).

Inductive Step. Suppose the hypothesis holds for some r € N (2 < r < m), such that
P, € Gy y1-r takes the form of (16). Then, for r 4+ 1, we obtain

P7-+1(.ZU7«+1, - ,.Tm)

:/ Po(@r, @ity s ) [ (@2W (@0, 2pya) + BY) da,
0,1] u=1

r—1 m m
[ ) T s W) TTTLE Ve axe, | T L7 (W) de,
0.1 \ /00" i Zicr1 i=1 j=r j=r+1
r—1
SR | L) (n LW (i, ) [T I 2 WG | dxcres
01" \1<icj<r—1 =1 i=1 j=r+1
—/ H Lj “( W (i, x;) H H LJ “ W(xi, x;))dx<pi1.
0,1]" 1<i<y<r i=1j=r+1
This confirms that the hypothesis holds for r + 1. O

We remark that the above architecture can be made more expressive by allowing general widths
for the linear layers, and by using general linear equivariant maps [46]. The latter would require
adapting the nonlinear operators in Definition D.1 appropriately, and we do not further explore
these extensions.

E Details and missing proofs from Section 4.3

E.1 Duplication consistent sequence for point clouds

We elaborate on the consistent sequence used in Section 4.3. See [7, Appx. H] for more details and
proofs of the following assertions.

Similar to the case of graphs, the duplication embedding consistent sequence for point clouds
V(Ifup = {(Va),(¢nn),(Gp)} is defined as follows. The index set (N,- | -) is the set of natural
numbers with divisibility partial order, where n < N if and only if n | N. For each n € N,
V;,, = R™* swhich represents sets of n points in R*, and & is fixed. The group is G,, = S,, x O(k),
where S,, is the permutation group, and O(k) is the orthogonal group. The group action on V,, is
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defined as

(9,h)- X =gXh'.
For n < N, the duplication embedding ¢n,,: R™* < RN** i5 given by oy n(X) = X ® 1n/n, and
the group embedding Oy, : S, x O(k) — Sy x O(k) is given by Oy (g9, h) = (g ® Inyn, h) . We
consider the Euclidean norm on R* denoted by | - ||gx, which corresponds to the inner product
preserved by elements of O(k). We equip each V,, with the normalized ¢2 norm:

X[l = < ZHX Hm)lm-

Similarly to the case of sets, we can identify each matrix X € R™ ¥ with a step function [0,1] — RF.
Then the limit space can be identified with Vs = L? ([0, 1]; ]Rk), and the symmetrized metric can
be written as:

_ ) 1/2

axy) = it it ([ IhCE0) - Y)IRar)
where S|g ) is the set of measure preserving bijections.

We can further identify each matrix X € R™**¥ with an empirical probability measure in R”.
The space of orbit closures Vo /G can then be identified with the space of orbits of probability
measures on R¥ under the O(k) action by pushforwards h - pu = hyu for h € O(k). From this
perspective, we can further rewrite the symmetrized distance as

d(X,Y)= inf Wy (h- for X,Y € Vo
( 3 ) hélg(k) 2( MX?/’I‘Y) or ) € )

where iy = XA, X is the Lebesgue measure on [0, 1].

E.2 Proof of Proposition 4.11
Proof of Proposition /.11. Consider the set of probability measures corresponding to the set Ky,
denoted by Qr = {Xx\ | X € Kr}. We show that Qg is equal to the set of probability measures
with R-bounded support P (B(O )) ={u e Py (Rk) | suppp € B(0,R)}.

First, we show that Qr C Ps ( (0, R)) For any p € Qpg, there exists a function X € Kpg

such that 1 = X4\, By the definition of the push-forward measure, for any Borel set B C Rk,
we have u(B) = AM(X~1(B)). Since X € Kg, for almost every t € [0,1] we have || X (¢)|gr < R.

Consequently, supp u C B(0, R), which implies Qr C P> (B (0, R))
Conversely, we show that P (B (0, R)) C Qg. For any pu € Py ( (0, R)) there exists a Borel

mapping X : [0,1] — B(0, R) such that Xy = u because B(0, R) is a standard Borel space [61,
Thm. 3.3.13]. Since the image of X is contained within the ball, we have || X (¢)||gx < R for all ¢.
Moreover, since [ | X (8)[|21dA(t) < R? < o0, it follows that X € L2([0,1]; R¥), and thus X € K.

This concludes that Ps (B (0, R)) C Qr.
Consequently, the set Qr = Ps ( (0, R)) is a compact subset of the Wasserstein space Po (Rk)

with respect to the Ws metric by Proposition 4.4. Since the canonical projection map m: Po (Rk) —

Ps (Rk> /O(k) is continuous (see the proof of Lemma A.4), we conclude that Kr/Go, which can
be identified with Qr/O(k), is compact in Vo /Goo. O
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E.3 Proof of Theorem 4.12

Proof of Theorem /.12 . By [46], the IGN architecture in (13) is continuous with respect to da
distance. Therefore, to establish the overall model is continuous, it suffices to show that X — Wy
is continuous with symmetrized distance d in its input and d2 distance in its image. For X,Y €
Kr= {X € L? ([O, 1];Rk) X oo £ R} , the distance of their corresponding covariance functions
can be bounded by

1
BWx W) = 1o int ( o 1@ X)) - <Y(90(:v)),Y(s0(y))>!2d$dy>

1 nf
= —— 1
4R4 LPES[OJ]

</[o o | @) =Y (0, X)) + Y (o), X ) = Y(w<y>>>|2dmdy>

inf </ (X (2) = Y (p(x)llre + 1 X (y) — Y(w(y))\kadxdy) :
[0,1]2

4R2 4,0650 1]

Applying Young’s inequality, namely, (a + b)? < 2(a? + b?), we obtain

62<WX,WY>2§2% inf (/W (HX(x)—Y(so(sc))llﬂik+HX(y)—Y(so(y))ll@)dxdy)

R vE€S0,1)

— s, dut ([ 1@ - Ve)la)
For any h € O(k), we have Wj,.x = (h- X(x),h- X(y)) = (X(z), X (y)) = Wx, so

1 . 1
So(Wx, Wy )2 = 6o(Wh.x, Wy )? < 2 inf </ - X(x) - Y(‘P(@)H%deff) .
PES[o,1]

Taking the infimum over the orthogonal group O(k), the inequality still holds:

1 2
So(Wx, Wy) < — inf f h-X(x 2d =—d(X,Y
e )< gt ([ (e@lds) = FAXY),
which implies that the map X — Wx is Lipschitz continuous. 0

E.4 Proof of Theorem 4.13

The proof relies on the correspondence between Kr/Go and the orbit space of (Wp, d2) under the
action of the orthogonal group O(k), together with the universality of the model I§, M,Lp O0 compact
subsets of (W, d2) [46]. We first state and prove several auxiliary lemmas.

Lemma E.1. For X,Y € Kg, and Wx ,Wy are the corresponding covariance functions defined in
(12), then d(X,Y) = 0 if and only if 52(Wx, Wy) = 0.

This lemma not only ensures that the architecture is well-defined, but also implies that point
separation on Kr/Go is equivalent to separate points on (Wp, d2) /O(k). The proof is built on the
following claim that if the covariance functions are equal almost everywhere, then there must exist
an orthogonal transformation between the original functions. More formally,

Claim E.2. Let X,Y € L? ([0, 1],Rk>. Suppose that
(X(2), X () = (Y(2),Y(3)) for almost every z,y € [0, 1].
Then there exists an orthogonal transformation h € O(k) such that Y = hX almost everywhere.
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Proof of Claim E.2. First, we can identify the space L> ([0, 1], Rk) with B (LQ([O, 1)), ]Rk), which is
the set of bounded linear operators between two Hilbert spaces L%([0,1]) — R*, equipped with the
Hilbert—Schmidt norm || - || gg. In more detail, each X € L? ([O, 1},Rk> can be written as

X =(X1,...,Xp) " with X;eL%([0,1]),
which defines a bounded linear map ®: L?([0,1]) — R¥ by
(I)XSO = (<X17§0> D) <Xk790>)—r :

Conversely, by Riesz Representation Theorem any bounded linear operator ® € B (Lg([O, 1]), Rk>

can be written as this form for some Xi,---, X € L?([0, 1]).

Define V,, :=span {Xy,..., X;}. Then ®x vanishes on the orthogonal complement V,i‘. Since
Py : V; — R¥ is a linear map between finite-dimensional vector spaces, it admits a singular value
decomposition [62]. Thus, there exist non-negative singular values o1, ..., 0 € R>(, orthonormal
bases {v1,...,vx} € R¥ and {uy,...,u} C L?([0,1]) such that

k
(I)X = Zai (ui, > Vi.
=1

Moreover, for each o; > 0, the u; is an eigenvector of the self-adjoint operator ®% ® x corresponding
to the eigenvalue 022. For indices ¢ with o; = 0, the vectors u; can be chosen to complete the set
{u1,...,ux} into an orthonormal basis of V.

The self-adjoint operator ®% ®x evaluated on ¢ € L?([0,1]) yields

k k 1 1
(@5 Pxp)(@) = 3 (Xio) Xi@) = 3 Xilw) | Xiwew)dy = [ (X@). X@) ew)dy.
i=1 i=1
Since (X (z), X (y)) = (Y (z),Y (y)) almost everywhere, then &% ®x = ®3 ®y. Therefore, we can
choose the same orthonormal bases {u1,...,us} C L?([0,1]) for ®x and ®y, such that
k k
Dx =Y oiui,yvi, Py = 0y (us,-) w,
i=1 =1
where {v1,...,v5} and {wy,...,w;} are both the orthonormal bases in R¥. Then there exists
h € O(k) such that h(v;) = w;, which implies
k k
h(I)X = ZO’i <Ui, > (h’U,L) = ZO',L' <’LLI', > w; = (I)y.
i=1 i=1

For any w € RF (Y (-),w) = ®%w = (h®x)" w = (hX(-),w), which yields Y = hX in L2([0, 1], R¥).
O

Proof of Lemma E.1. First, by Theorem 4.12, if d(X,Y) = 0, then do(Wx, Wy) = 0. We only
need to show that do(Wx, Wy) = 0 implies d(X,Y) = 0. Since dy (Wx,Wy) = 0, there exists
measure-preserving maps ¢,y € 5’[0,1], such that W§ = W;,p almost everywhere [50, Cor. 10.35],
hence

(X(p(2)), X((y))) = Y (¥(2)),Y (¢(y)))  for almost every z,y € [0,1].
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By Claim E.2, there exists h € O(k) such that hX¥? = Y%, where X¥(z) = X (o(z)). Therefore,
1/2

AX,Y) = il int (/1uh<X<t>>—Y<so<t>>uﬁkdt)

1/2
= inf inf (/ h(X P(t 2 dt)
(i Y (6 (0)
<0,

where S| 1] denotes the set of measure-preserving maps [0, 1] — [0, 1]. This proves that d(X,Y’) =0,
as desired. ]

Proof of Theorem 4.13. We define the class of functions Fj, as
Fp = span{X — t(F,Wx) | F is simple },

where ¢ denotes the homomorphism density defined in (8). It is straightforward to see that Fj, is a
subalgebra, since t (F1,-)t (Fa,-) =t (F1 U Fy,-). By Lemmas E.1 and [50, Cor. 10.34], F}, separates
points. Therefore, Fj, is dense in C' (Kr/Gwo).

By Theorem 4.12, X +— Wx is a continuous mapping. Since the input Kr/Go is compact by
Proposition 4.11, the image of Kr/Gx is a compact subset of (W), d2). The IGN model is universal
on compact subsets of (W, d2), and thus can approximate arbitrarily well any homomorphism
density of simple graphs [46]. Consequently, Fp is dense in C' (Kp/Go). O
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